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Codimensions of identities of solvable Lie superalgebras

M. V. Zaicev and D. D. Repov§

Abstract. We study identities of Lie superalgebras over a field of char-
acteristic zero. We construct a series of examples of finite-dimensional
solvable Lie superalgebras with non-nilpotent commutator subalgebra for
which the PI-exponent of codimension growth exists and is an integer num-
ber.
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§ 1. Introduction

We study identities of Lie superalgebras over a field F of characteristic
zero. The existence of a non-trivial identity of an algebra plays a important role in
the study of its properties and structure. For example, if A is an associative finitely
generated Pl-algebra, then its Gelfand—Kirillov dimension Gkdim(A) is finite,
and the Jacobson radical J(A) is nilpotent. Moreover, if A is simple, then
dimA < oo. If A and B are two finite-dimensional simple algebras (not neces-
sarily associative) over an algebraically closed field, then they are isomorphic if
and only if A and B satisfy the same polynomial identities.

Analysis of numerical invariants is one of the fundamental directions in the study
of identity relations. One of the most significant numerical invariants that charac-
terize the quantity of identities of algebra A is the sequence ¢, (A), n = 1,2,...,
called the codimension sequence. In the general case, the sequence {c,(A)} has
an overexponential growth. For example, if A is a free assocative algebra of count-
able rank, then ¢, (A) = n!l. For a free Lie algebra, we have ¢,,(A) = (n—1)!. Even if
a Lie algebra L satisfies the sufficiently strong identity [[z1, z2, z3], [y1, y2, y3]] = 0,
its codimension sequence {c, (L)} grows like v/n! (see [1]). Nevertheless, for a wide
class of algebras, the codimension sequence is exponentially bounded. So, for any
associative PI-algebra A, there is a constant a such that ¢,(A) < a™ for all n > 1
(see [2], and also [3]). If A is an arbitrary finite-dimensional algebra, dim A = d,
then ¢, (A) < d"! (see [4] or [5]). If L is an infinite-dimensional simple Lie alge-
bra of Cartan type or a Virasoro algebra, then ¢,(A) < a™ (see [6]). A similar
restriction holds also for any affine Kac-Moody algebra (see [7]). If L is a Lie
superalgebra with nilpotent commutator subalgebra, (L?)**! = 0, then the codi-
mension sequence {c, (L)} grows asymptotically not faster than (2¢)" (see [8]). For
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any Novikov algebra, A the codimension sequence is also exponentially bounded,
cn(A) < 4™ (see [9]).

In the 1980s, S. Amitsur posed a conjecture that the limit of the sequence
{V/cn(A) } exists and is a non-negative integer for any associative Pl-algebra A.
This conjecture was confirmed in [10], [11], and the limit

exp(A4) = lim V/c,(4), (1)
n—oo
was called the Pl-exponent of algebra A. Later on, the existence and integral-
ity of the limit (1) was proved for any finite-dimensional Lie algebra [12], Jor-
dan algebra [13], and some other algebras. It turned out that in the case of
finite-dimensional associative, Lie, or Jordan algebra over an algebraically closed
field, the PI-exponent of A is equal to dim A if and only if A is simple.

If A is graded by a group G, one can also study, along with usual identities,
G-graded identities of A and their numerical invariants. Graded identities form
a more precise charateristic than ordinary identities. For example, if G = Z,
then any multilinear identity of degree n is equivalent to the system of 2" graded
identities. Therefore, it is reasonable in the Lie superalgebra case to consider both
graded and non-graded identities.

It turned out that, in the super Lie case, the situation differs significantly from
the ordinary Lie or associative case. In [14]-[16], examples of finite-dimensional Lie
superalgebras are given for which graded and ordinary PI-exponent exist but they
are not integer numbers. It was also shown that the Pl-exponent of a simple Lie
superalgebra L can be less than dim L.

In the above mentioned examples, the finite-dimensional Lie superalgebras are
not solvable. So, the natural question arises: Is it true that graded and non-graded
exponents exist for any finite-dimensional solvable Lie superalgebra L? If the com-
mutator subalgebra of L is nilpotent, then the answer is affirmative (see [8]). On
the other hand, for solvable Lie superalgebra L = Ly & Ly with non-zero odd com-
ponent Ly, its ideal L? can be non-nilpotent. In [17], a series of finite-dimensional
solvable Lie superalgebras S(t), ¢t > 2, with non-nilpotent commutator subalgebras
was constructed. It was also shown that exp(S(2)) = exp®'(S(2)) = 4. In the
present paper, we prove existence and integrality of graded PIl-exponent for any
superalgebra S(t), t > 3. We also compute the value of this exponent.

All the necessary information about polynomial identities and their numerical
invariants can be found in the monographs [18]-[20].

§ 2. Preliminaries

Let F be a field of characteristic zero and let F{X,Y} be an absolutely free
algebra over F' with two infinite sets of generators X and Y. The algebra F{X,Y}
can be naturally endowed with Zs-grading F{X,Y} = F{X,Y} @ F{X,Y}; if we
define all generators from X as even and all from Y as odd. If L = Ly L, is some
Zso-graded algebra over F', then a non-associative polynomial f = f(z1,...,Zm,
Y1y, Yn) € F{X,Y} is called a graded identity of algebra L if f = f(ay,...,am,
b1,...,b,) = 0 for any as,...,a, € Lo, b1,...,b, € L1. The set of all identities
Id®"(L) forms a graded ideal of F{X,Y} invariant under all endomorphisms of
F{X,Y} preserving grading, that is, it is a T-ideal.
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Denote by Py ., the subspace of all multilinear polynomials of degree n = k+m
of z1,...,2r € X, y1,...,Ym € Y. It is well-known that the family of all subspaces
P, N1d8" (L), k,m > 1, uniquely defines Id®' (L) as a T-ideal. Let also

Pin—k

Popp(L) = —hnzk
k(L) Pn_i N 1A% (L)

In this case, the value
Ck,n—k(L) = dim Pk,n—k(L)

is called the partial (k,n — k)-graded codimension, whereas the value

(1) =3 (Z) hnil(L)
k=0
is called the nth graded codimension of L.

As in the non-graded case, the sequence of graded codimensions of a finite-dimen-
sional algebra L is exponentially bounded (see [4]). This implies the existence of
the limits

exp® (L) = limsup ¢/c% (L), exp® (L) = liminf {/c5 (L),
n—00 - n—00
which are called the upper and the lower graded Pl-exponents of L, respectively.
If the ordinary limit

exp® (L) = lim {/ci (L),

exists, it is called the (ordinary) graded PI-exponent of L.

Representation theory of symmetric groups is the main tool in the study of
numerical characteristics of polynomial relations. The permutation group S,, acts
naturally on multilinear expressions

g o f(Zl, .. ~7Zn) = f(zo(1)7 .. .,ZU(n)).

Let us recall some elements of the symmetric groups required in what follows.
All the required details of the representation theory of permutation groups can be
found in [21].

Denote by R = F'S,, the group algebra of group 5,,. Recall the construction
of minimal left ideals of R. Let A F m be a partition of m, that is, an ordered
set of integers (A1,...,A;) such that \y > -+ = A\ > 0, Ay +---+ Ay = m. To
this partition there corresponds the so-called Young diagram, that is, the tableau
consisting of m cells, where \; cells stay in the first row, A cells stay in the second
row, etc. In this case, the Young tableau T) is the Young diagram D) filled up by
integers 1,...,m.

Given a Young tableau T in F'S,,, one can construct two subgroups Rr, and Cr,
in S,,. The first one is called the row stabilizer and consists of those o € S,,, which
move integers only within rows of 7. The second one is called the column stabilizer
and consists of permutations which move numbers 1,2, ..., m only within columns
of T. Given Young tableau T, one can associate with it the element

e = (2 o)X o). )

oE€RT, Te€CT,
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of group ring called the Young symmetrizer. It is well-known that Young sym-
metrizer is quasi-idempotent, that is, e% = ver, where v € Q is a non-zero scalar.
Moreover, the left ideal Rer, is minimal. Its character is denoted by x,. Any
irreducible left R-module M is isomorphic to some Rer,. In this case, its char-
acter x(M) is equal to x. Recall also that Rer, and Rer, are isomorphic as
FS,,-modules if and only if A = pu.

Any finite-dimensional S,,,-module M can be decomposed into a direct sum of
irreducible components M = M; @ --- ® M;. In this case, the expression

M) = Z MAXA (3)

AFm

means that among My, ..., M; there are exactly m) summands with character y.
The sum of multiplicities my in decomposition (3) (that is, the number t) is called
the length of the module M.

When we study identities of Zs-graded algebras, we need to use the action
of the direct product of two symmetric groups on multilinear components of the
direct product of two symmetric groups. The group Si x S,_j acts on the space
Py n—k. The intersection Py ,_x NId® (L) is invariant under this action for any
algebra Lo @ L. Hence Py, (L) is also an (Sk x Sp,—x)-module. Any irreducible
S X S, _g-module is isomorphic to the tensor product M ® N of irreducible Si-
and S,_-modules, respectively. The character of this module is denoted by xx .,
where xx = x(M), x, = x(IV). In this notation, the decomposition of Py (L)
into irreducible components has the form

Xk,n—k(L) = X(Pk,n—k(L)) == Z mx,u X\, @ (4)
puEn—k

where my ,, is the multiplicity of x , in the decomposition of x,(L). Hence

Crn—k(L) = Z mxudady, (5)
A
pFn—k
where dy and d, are, respectively, the dimensions of irreducible Sj- and S, _j
representations with characters x and x,, respectively.
There is another important series of numerical invariants for estimating the
growth of codimensions. The value Iy ,,—x (L)

lgn—i(L) = Z My s

AFE
pEn—k

is called the partial colength of L. Here, my , is an integer on the right-hand side
of (4). The total sum

lgl Zlkn k: Z Z mxu

k=0 XFk
pkEn—k

is called the graded colength.
An important role is played by the estimate of colength obtained in [22].
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Lemma 1 (see [22; Theorem 1]). Let L = Lo® Ly be a finite-dimensional Zy-graded
algebra, dim L = d. Then

l%r(L) < d(n+ 1)d2+d+1.

§ 3. Upper estimates for codimension growth

In this section, we obtain an upper bound estimate for codimension growth of
Lie superalgebras close to finite-dimensional. We shall need a technical statement
related to the choice of generators in (Sy X S, —_k)-submodules in Py .

Lemma 2. Let M be an irreducible (Si X Sp—x )-submodule in Py, ,,—y, with character
X, A= (A1,..., ) Fk, o= (p1,...,089) F (n—k). Then there exist 0 # f =
fl@r, . xp,y1, - Yn—k) € M and decompositions {x1,...,z}=X3 U--- U Xy,
{y1, .., yn—r} =Y1U- - -UY,,, into disjoint subsets such that f is skew symmetric on
each of the subsets X1,...,Xx,, Y1,...,Y,, . Here, the cardinality | X;| of each X;,
1 < i < Ay is equal to the height of the ith column of Young diagram D), whereas
the cardinality of each |Y;|, 1 < j < pa is equal to the height of the jth column
of the diagram D,,.

Proof. By the hypotheses of the lemma, M is isomorphic to F'Sier, ® F'S,_xer,,
where A F k, u - (n—Ek). In particular, M is generated, as an F'[Sj x S,,_x]-module,
by elements of type (er, ® er,)h, where h = h(z1,...,2Zx, Y1, -, Yn—k) is a mul-
tilinear polynomial. Denote h' = ep h. If er, has the form (2), and then we

take
h//(xh ey Tk Y1y ey ynfkr) - ( Z (_1)00> h/-
UECTX

Let X1 C {z1,..., 2k} consist of all z; such that indices ¢ are in the first column
of the tableau Ty, Xo C {z1,...,2} consists of all x; such that indices i are in
the second column of T, and so on. Then {x1,...,2x} = X3 U---U X),, and h”
is skew symmetric on each of the sets Xi,..., X,,. Besides, b’ # 0, since 62TA #0,
and

( Z p> ' =epnh = e%h.

PERT,

Next, we set

r=( X o

‘I'EC'TM

and decompose {y1,...,yn—r} into the union Y3 U---UY), according to the distri-
bution of the indices y;’s among the columns of T),. We have f # 0, and Y7,...,Y,,
satisfy all the required conditions. This completes the proof of Lemma 2.

Recall that any ideal of a Lie superalgebra is by definition homogeneous in
Zo-grading. For an upper bound of codimension growth, we need the following
observation.

Lemma 3. Let L=Lo® Ly be a Lie superalgebra and Iy @® I be its nilpotent ideal
of L of finite codimension, I™*1 = 0. Let also dy = dim(Lo/Iy), d; = dim(Ly /).
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If X=(M,..,0) Bk, pw=(u1,...,1uq) F (n— k) are two partitions such that
my,, # 0 in the decomposition (4) for L, then Agy+1 + -+ + Ay < m and pg,+1 +

Proof. We fix a basis uj, us, ... of Ly such that uy, ..., uq, are linearly independent
modulo [y, whereas all the remaining u; lie in Iy. Similarly, we choose a basis
V1,V2,... in L; such that vy, ..., v4, are linearly independent modulo I; and v; € I3,
7 >d;.

Consider an irreducible Si x S,_p-submodule in Py, _; with character x ,
and take in M a generator f = f(x1,...,%k,Y1,.-.,Yn—k) and distributions
X1,..., X\, Y1,...,Y,, constructed in Lemma 2. Suppose that Ag,41+---+ A, =
m + 1. In order to check whether f is an identity of L or not, it is sufficient to
replace variables with elements of fixed bases of corresponding parity. Let exactly
t first columns of the diagram D) have the height strictly greater than dy, that is,
| X1], ..., | X¢| > do, | Xt41] < do. If we substitute instead of variables from one of
the sets X;, 1 <14 < t, more than dy basis vectors u; with j < dy, we get zero value
of f due to skew symmetry. Otherwise, we need to substitute at least

N = (| X1]| —do) + - + (| X¢| — do)
basis elements from I. But since
N=Xgjgr1+- -+ Xp=>2m+1,

and I"™t! = 0, we again obtain zero value for f. Analogously, f = 0, provided
that pq,+1 4 --- + pg = m+ 1. Since the inequality my , # 0 implies that f is not
an identity of L, the proof of Lemma 3 is completed.

We now estimate the dimensions of irreducible components in the decomposition
of Pk)n,k(L).
Lemma 4. Let A = (\1,...,\,) b n be a partition of n such that p > d+ 1 and
Ad41 + -+ Ap <m. Then, given, p and m, the inequality dy < n™d" holds.

Proof. Consider a partition v = (A1, ..., Aq) of the integer n’ = A\; +-- -+ X;. Hence
n—n' < m, and, by Lemma 6.2.4 in [20], d\ < n™d, and by Corollary 4.4.7 in [20],
we have d, < d".

Proposition 1. Let Ly & L; be a finite-dimensional Lie superalgebra dim L=d
and let I = Iy & I be a nilpotent ideal in L, I™Y = 0, dim(Lo/ly) = do,

dim(L, /1) = dy. Then there exists a polynomial o(n) depending only on m, d,
do and dy such that

Chm_k(L) < @n)didr™"  forall 0<k<n. (6)
In particular,
i (L) < p(n)(do + di)". (7)

Proof. Consider expression (5) for cgn—r(L). Since all multiplicities my , are
bounded from above by [8"(L), we have, by Lemma 1,

chnk(L) = d(n + 1)THHL N dyd,. (8)

AFE
pEn—k
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Skew symmetry considerations applied in the proof of Lemma 3 allow us to claim
that the height of partitions A and p (that is, the height of corresponding Young
diagram) does not exceed d. Clearly, the number of such partitions is < n¢. Hence,
applying Lemma 3 and 4, we deduce from (8) the bound (6) for some polyno-
mial p(n). Now inequality (7) follows from (6) and the definition of the graded
codimension. This completes the proof of the proposition.

§ 4. Lie superalgebras of the series S(t)

In this section, we define an infinite series of finite-dimensional solvable Lie
superalgebras with non-nilpotent commutator subalgebra. We will use the following
agreements. If A is a Lie superalgebra, then we denote the product of elements
of A by an ordinary commutator bracket [z, y]. If A is an associative algebra, then
[x,y] = 2y —yx. If A= Ay ® A; is an associative algebra with Zs-grading and x
and y are homogeneous elements from A, then

where |z| is the parity of z, that is, 0 or 1. We agree to omit the brackets in the
case of left-normed arrangement, that is, [x1,...,2g+1] = [[1,. .., 2k], Tx+1] for all
k>2.

First, let R be an arbitrary associative algebra with involution *:R — R. Con-
sider the associative algebra Q = Ms(R),

A B
Q:{(C D) 'A,B,C,DER},

and endow @) with the Zs-grading @ = Qo ® Q1 by setting

@{( p)} @={le o)}

It is well-known that @ with the product [-,-] is a Lie superalgebra. Given
an associative algebra R with involution, we denote by R and R~ the subspaces
of symmetric and skew elements of R, respectively:

Rt ={z e R|a2* =1}, R ={zeR|z" =—z}.

Hence the subspace

)

is also a Lie superalgebra with the same product as in R where

w2} {0 D)

Remark 1. In fact, one of the series of simple Lie superalgebras, namely p(t), is
constructed in this way (see, for example, [23]).

~

xER,y€R+,z€R} (9
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Remark 2. For the Lie superalgebra L constructed above, the following conditions
are equivalent:

1) L is solvable,

2) Ly is a solvable Lie algebra,

3) R is Lie solvable,

4) the maximal semisimple subalgebra of R is commutative.

Thus, the proposed construction gives us a wide class of finite-dimensional
solvable Lie superalgebras with non-nilpotent (as a rule) commutator subalge-
bra. As an example, we can take the algebra of upper triangular (¢ x t)-matrices
R = UT,(F), the finite-dimensional incidence algebra, or any associative subalgebra
in UT;(F'). We restrict ourselves to the case R = UT.(F).

Recall the description of involutions on UT(F). One of them o: R — R
is the reflection along the secondary diagonal. That is, efj = €t41—j,t+1—i (eij are
the matrix units). It is defined for all ¢t > 2. We will call it orthogonal. Another
one if defined only for even ¢t. Let t = 2m. We set

E 0
o=(0 %)

where F is the identity (m x m)-matrix. The map s: R — R,
XS — DXOD_17

is also an involution on R. It is said to be symplectic. If we write X as
u v
(0 W),

we —-Vve°
s _
e ()
Proposition 2 (see [24; Proposition 2.5]). Any involution on UT(F) is equivalent
to o or s.

Definition. A Lie superalgebra (S(t),*), t > 2, is algebra (9), where R = UT(F)
and x = o or s, is the orthogonal or symplectic involution on R.

Sometimes we will denote both (S(¢),0) and (S(t),s) just by S(t). We need
multiplication formulas in L:

then

[(é _?4*>,<8 lg) <0 ABT)BA*)» 0
Kgl —(A)(g 8) (A*CO CA 8) (11)
Kgl %)7(? %*)_:(AB e (ABOBA)*)’ (12)
60 0] -0 o) 1
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Let us introduce a few more notation. First, we note that both involutions o
and s act similarly on diagonal matrix units: e}, = e;y1-;¢+1-s. Now, for even
t=2m > 2 or for odd t = 2m + 1 > 3, we denote

_ (ei—ej 0 (0 eite; - 0 0
Xi o < 0 (73 —6;2) ’ }/7 o (0 0 > ’ Z, o <6”‘ —efi 0)

foralli=1,...,m, and

o ei]‘ 0 . . o E 0 . 0 F
E’L_<O _e?j)7 1<Z<j<t7 I_(O _E>ﬂ }/0_<0 O bl

where E is the identity (¢ x t)-matrix. The following relations follow from multi-
plication formulas (10)—(13):

where d;; is the Kronecker delta. We also have

[Eik, Exj] = Eij, 1<i<k<j<2m,
(EBrkt1, Xet1] = —[Erior1, Xi) = Bk kg1,
[Brit1, X1 =0, j#kk+1, [I,E;;] =0, [1,Y,] = 2. (15)

To conclude this section, we give a lower bound for the PI-exponent.

Proposition 3. Let L be a Lie superalgebrra of type S(t). Then exp® (L) < 2t
for even t or exp® (L) < 2t —1 for odd t.

Proof. We first note that, in addition to Zs-grading, the algebra L is also endowed
with Z-grading of type L = L(® @...@ L1, The initial algebra R has Z-grading
R=ROag...q R(t—l)7 where

R™ = Span{e,; | j —i = k}.

Now, if we put

L® = {(é i*> ‘ AeR® BeR*NRW, CeR mR<k>},
then the multiplication rules (10)-(13) show that L = L @ ... @ Lt~V is the
required Z-decomposition. All the subspaces LU) are homogeneous in Zs-grading,
hence LM @ --- @ L*Y is an ideal of L of codimension 2t. Since this ideal is
nilpotent, Proposition 1 completes the proof for even t¢.

Now let t = 2m + 1. In order to apply Proposition 1 again, it is enough to show
that I = (b) + L) @ --- @ L~V is a nilpotent ideal of L, where

b= <8 Em+(1)vm+1) eLinLO.

First, we need to check that [a,b] € I if a is an even or odd element from L(®). If a is
even, then [a,b] = ab, a € F, as follows from (10) and the definition of L(®). If

o= (g g) , (16)
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then [ab] = 0, since the product of any two elements of type (16) is zero. On the

other hand, if
(0 0
“=\¢ o)

then c is a diagonal matrix with zero entry at the (m+1)th position. Hence [a,b] = 0
according to (13).

Now let us prove that I** = 0. Let a = [by, ..., by be a left-normed commutator
of elements which are homogeneous both in Zs- and in Z-gradings. If, among b;’s,
there appear at least ¢ factors from L) @ --- @ L*=1 then a = 0, as follows from
Z-grading arguments. On the other hand, if the number of such factors is smaller
than ¢, then b appears at least three times in a row, since I(®) = (b). In this case, we
also have a = 0, since (ad b)® = 0, and since ad x is the operator of the right-hand
side multiplication on z. We have

dim(L/T) =2m+1+2m =2t — 1,

and now the required result follows again from Proposition 1. This proves Propo-
sition 3.

§ 5. Exponents of superalgebras of series S(t)

For a lower bound of codimension growth, we need to consider multialternat-
ing polynomials. It will be convenient to use the following agreement. If some
expression depends on skew symmetric set of arguments, then instead of alternat-
ing sum we will mark these arguments from above by some common symbol (line,
tilde, etc.). For example,

Tl Tn = D (1) To(n)
€Sy
is the standard polynomial in an associative algebra,
Yzt = zyzt — xtzy,
and
TYZTY = TY2ZTY — YYZTT = TYZTY — TTZYY — YYZTT + YT 2YT.
We first consider superalgebras S(¢) with even ¢.

Lemma 5. Let S(t) be a Lie superalgebra defined by orthogonal or symplectic invo-
lution * and t = 2m. Then exp® (L) = 4m.

Proof. In the algebra of upper triangular matrices UTsy,,, we have the following
relation:

[[6127511}7~--,[6m7m+17€mm]] = [[612,611],---7[€m,m+1,€mmﬂ = (—=1)"e1,m1-
It follows that

a1 = [[B12, E11l, -, [Bomym+1, Emml ]
= [[E127 Ell]; sy [Em,'m—i-lv Ean]] = (_1)mE1,m+1- (17)
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The expression a; contains an alternating set of even elements F11, ..., Emnm. Let
us complicate its construction by adding m-alternating odd set. Since [Y;, Z;] = X;

[Yi, Z;] = 0 if i # j (see (14)) and [Eg k41, Xit+1] = [Eg ki1, Bry1,1+1] (see (15)),
we have

[[Ei2, [Yi, Z1]]s - - s [Bomet1s [Yons Zom) ]
= [[Er2: V1, Z1]], - - [Bmgmet1s Yo, Zin]]]
= (_1)m[E127 SERE) Em,erl] = (_1)mE1’m+1.

Now let us double the number of alternating odd elements. We put
az = [[E127 [i;la Zl]a [Yh ZIH g ety [Em,m-i-la [?’ma Zm]; [Yma Zm]“

Since [Z;, Z;] = 0 if i # j, we can omit an alternation in ap not changing the value
of whole expression, that is

az = [[Br2, V1, Z1), [Y1, Z1]], - s [t 15 (Yo, Zin) [Yins Zin]]] -
Finally, we put

az = [[E12;E11a [}717 Zl]7 [Yla Zl]] yeeey [Em,m—i-hEmma [i;mv Zm}v [Yma Zm]]a

[Ermt1,m+2, Ematmt1)s - [Bam—1,2m, Bam—1,2m-1), [Yo, 1]
It follows from the multiplication formulas (14), (15) that one can omit both alter-
nations in ag preserving the value. In particular,

0 erom—1=E 62,2m> (18)

a3 = [E12m—1, Yo, 1]] = 2[E1 2m—1,Y0] =2 (0 0

where the plus or minus sign on the right-hand side of (18) depends on the choice
of the involution .

The construction of the element ag allows us to replicate skew symmetric sets
of even factors {E;, ;, I} as well as odd factors {Y;, Z;} of A. Namely, we set

AEO) = [Ei,i+17 [Y(1)7 Z(O)]]v

i A
AP = 140, [v, 2077),

Here, all Yi(J ) are copies of the element Y;. We use the upper index only for further
indication of the alternation set in which it will be included. A similar remark
holds also for Zi(j ),

Further, we set

AP [A(p),E(})}, AP _ [A(pvq—l) E(Q)]’

» Hig
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and, for j=m+1,...,2m — 1, we define

A(O) _ Ej,jJrl ,

M _ 140 @)
Ay =47 B

Finally,

Now let (ra) (q) (2)
W) — (AP ,A%’Q)»Anirb LAY

for all p,¢ > 1. Note that for computing the value of the product W®9 it is
useful to remember that the right-hand multiplication by FE;; commutes with the
right-hand multiplication by [Y;, Z;] = X;.

The commutator W (p, q) depends on

e p sets of odd elements Y( ) Y,Sf), Z(i), ngf), 1 < i < p, of size 2m;
e ¢ sets of even elements Eﬁ), - 7E§37)z—1,2m—17 I 1< j < g, of size 2m;
e and also on 4m factors Eia,. .., Eam_12m, Yo, Zfo), L7 Yl(pﬂ), o

outside these sets.
Applying to W9 the alternation on the sets of order 2m, we get the expression

Yr,%erl)

W) — Altgo) . -Alt,(lo) Altgl) .. Altl(,l)(W(”"q)).

Here, Altgm is the alternation on Eg)7 Eéj ) 1,2m—1 and [ () whereas Altgl) is the

m—
alternation on Yl(l)7 R ACK Zfz), oz,

As in computing expressions ai, az and as, alternation in W®% does not play
any role, that is,

W) — e — 29[} 51, Yo] # 0. (19)

Now we construct @9 in F{X,Y} using the same procedure as for the product

W @9 only changing E1o, . .., E2yn—1,2m by the even generators x12, ..., Tam—1,2m,
changing Y .. ,Eéﬁ%_mm_l, 1) by the even generators z\, . .. xéj,zl om» chang-
ing Yl(i), e Yn(f) by odd yy), . ,y,(,?, changing Z£i)7 R (Z) by odd z(l) .. ZS,ZL),

and replacing Yy with odd yg. _
The element zﬂ(p a) 1nc1udes ¢ skew symmetric sets of even variables X() =

{xg , (J)} 1 < j < g, and p skew symmetric sets of odd variables Y(¥ =
{y(l)7 ... ,yﬁ,), (1)7 ) } In addition to these variables, @("9) contains 4m vari-
ables z12,...,Z2m—1,2m, Yo, y§p+1),...,y7(ff+1), zfo) ,(,?) not participating in
alternations

Fixing now n = 2mp 4+ 2mq + 4m and k = 2mqg + 2m — 1, we have n — k =
2mp + 2m + 1. The subgroup H = Somq X Samp of Sk X Sp_r acts on the space
Py n—r. The left factor Ssp,4 acts on X = X W Y. U X@, whereas Somp acts
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onY =YD uU-..uY®. Relation (11) means that @(p,q) is not an identity
of L. Moreover, p(w(p,q)) # 0 for the evaluation ¢ such that ¢(X) C Vo, ¢(Y) C
(V1), where Vo = Lo N LO, Vi = Li N L are subspaces of dimension 2m. It
follows from the structure of essential idempotent (see (2)) and skew symmetry of
w(p, ¢) that the decomposition of the FH-submodule in Py ,,_, generated by w(p, q)
involves only irreducible components with character x»,,, where

A=) =(¢,--,9), w=0E")=/,...,p)

2m 2m

are two rectangular partitions. Hence ¢y n—(L) > deg xx,. = drd,.

It is well-known that the dimension of an irreducible representation with rect-
angular Young diagram is exponential, where the ratio of exponent is the height of
the diagram. For example, by Lemma 5.10.1 in [20], for v = s¢ - N = sd for all s
large enough,

d, > N_d(d_l)/2dN

provided that d is fixed. In our case, for k = N +2m — 1, N = 2mgq, we have

1

1 (2m)*
x> Nm(m—1)

d nm(m—l) (2m)2m—1 '

(Zm)k72m+1 >

Similarly,
1 (2m)n—F
nm(m—1) (2m)2m+1 ’

d, >

Hence we have proved the inequality

Chn—k > (2m)” (20)

n2m(m—1) (Qm)2m

for k=2mg+2m—1,n—k=2mp+2m+ 1.
To obtain an analogous lower bound estimate for ¢y, ,,—j for arbitrary k£ and n—k&
large enough, we note that

(WD, By, En ] #0, WP vy, 2], Ve, Z4]] #0

T r

in L for any » > 1. Hence the polynomial
[u’j(pyq)vxla"'axiayly"'3yj] (21)

is not a graded identity of L.

Now, for an arbitrary pair k,n, we can find 0 < ¢,j < 2m — 1, p and ¢ such
that k = kg + ¢, n = ng + j, where kg = 2mq +2m — 1, ng — kg = 2mp + 2m + 1.
Proceeding with polynomial (21) as for @9 we obtain the lower bound

. 2m)ko 2m )"0 ko
dlmPkm_k(L) 2 d)\du 2 m(m—(l) ) m(r(n—l))
ng (Qm)2mfl g (2m)2m+1
(2m)"o _ (2m)"

= n2m(m71)(2m)4m - n2m(m—1) (Qm)4m+j '
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Hence, taking into account (20), we get the restriction

(2m)"
k(L) 2 Ty

for all k£ and n — k large enough. Hence

n—C
. (2m)" n
P pE—L o ) (22)

k=C+1

where C' is some constant depending only on m. Since the sum of the binomial
coefficients is 2", we obtain from (22) the estimate

exp® (L) > 4m

for the lower limit, thereby completing the proof of Lemma 5.
Now consider the case of odd ¢.

Lemma 6. Lett = 2m+ 1 and | = s(t) = (S(t),0). Then exp® (L) > 2t —1 =
4m + 1.

Proof. The proof in this case largely repeats that of Lemma 5, we omit the
repetitive details. The values Al(-p ) and Al(-p ’q), 1 < ¢ < m, remain the same
under the above notation. Also, A§1)7...,A§-q), m+1< 7 < 2m—1 do not
change. The elements Al Al? are defined inductively: AL = g

2moy L 2m 2m 2m,2m+1>

AL = Al Bl and Aé‘i}wl is defined as A in Lemma 5. In the

2m,2m
expression for W9 we need to replace the last factor Agf,)l by Agf,)1 1
The modified element @9 depends on g skew symmetric sets of even variables
of order 2m + 1, depends on p skew symmetric of odd sets variables of order 2m,
and has total degree n = 2mp+(2m+1)g+4m+1. The lower bounds for dy and d,,
are slightly different:

1 (2m + 1)* J 1 (2m)n—F
nm(2m+1) (2m + 1)2m’ w > nm(2m+1) (2m)2m+17

dy >

where A = (¢?™*1), p = (p*™); for cx n—i(L), we have

(2m + 1)k (2m)n—*
n2m(2m+1) (2 4 1)8(m+1)”

Chn—k(L) =

Therefore, the lower bound estimate for graded codimension takes the form

n—C

1 n
gr E k n—k
e (L) = n2m(2m+1)(2m + 1)8(m+1) (k’> (2m + 1% (@2m)"™
k=C+1

which implies
exp® (L) > 4m +1,

This completes the proof of Lemma 6.
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The main result of the paper is now immediate from Lemmas 5, 6, and Propo-
sition 3.

Theorem 1. Let L = (S(t),*) be a Lie superalgebra of type S(t), where * is the
orthogonal or symplectic involution. Then the graded PIl-exponent of L exists, and
o exp® (L) =2t if t is even;
o exp® (L) =2t —1 if t is odd.
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