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1. Introduction

All topological spaces will be assumed to be Tychonoff. For a space X and its compactification bX the
complement bX \ X is called a remainder of X.
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The study of the interplay between covering properties of Tychonoff spaces and those of their remainders
takes its origin in the seminal work of Henriksen and Isbell [16]. Being highly homogeneous objects, topo-
logical groups restrict the properties of their remainders in a special, strong way, unlike general topological
spaces. The study of this phenomenon in our context was started by Arhangel’skii [1,2] and further pursued
in his joint works with Choban, van Mill, and others, see [3,4,6,5] and the references therein.

This motivated the study in [8] of topological groups whose remainders have combinatorial covering
properties which lie between the o-compactness and Lindel6f property. Recall from [26] that a space X is
said to be Menger (or has the Menger property) if for any sequence (U,, : n € w) of open covers of X one
can pick finite sets V,, C U,, in such a way that {{JV,, : n € w} is a cover of X. A family {W,, : n € w} of
subsets of X is called an w-cover of X, if for every F' € [X]|<¥, the set {n € w: FF C W, } is infinite. The
property of Scheepers is defined in the same way as the Menger property, the only difference being that we
additionally demand that {{JV, : n € w} is a w-cover of X. It is immediate that

o-compact = Scheepers = Menger = Lindel6f.

Through a sequence of reductions it was proved in [8] that there exists a Scheepers ultrafilter if and only
if there exists a topological group G such that SG \ G is Scheepers and not o-compact if and only if there
exists a topological group G such that all finite powers of SG \ G are Menger and are not o-compact. Here,
P(w) is as usually identified with the Cantor space 2 via characteristic functions, and subsets of P(w) are
considered with the subspace topology. Thus the existence of a topological group G such that G \ G is
Scheepers (resp. has all finite powers Menger) and not o-compact is independent from ZFC: Such a group
exists under ? = ¢, and its existence yields P-points, see [8] and the references therein. Furthermore, it was
proved in [8] that the existence of a topological group G such that (3G \ G)? is Menger but not o-compact
is independent from ZFC as well.

Since the same approach does not allow to solve the question whether consistently every Menger remainder
of a topological group is o-compact,' it was asked in [8] whether the Scheepers and Menger properties
can be distinguished by remainders of topological groups at all, and whether a Menger remainder of a
topological group can have a non-Menger square. In case of a negative answer outright in ZFC this would
give the consistency of all Menger remainders of topological groups being o-compact, simply by applying
the aforementioned results. However, we provide here two alternative proofs that both of these questions
have consistently the affirmative answer, by constructing counterexamples using different approaches, see
Theorems 2.4, 3.1, and Corollary 2.5. Our topological groups are actually non-meager P-filters on w, hence
metrizable, 0-dimensional, totally bounded, and hereditarily Baire by [23]. Since the Menger property is
preserved by finite products of metrizable spaces in the Miller model [29] and coincides with the Scheepers
property under u < g by [28] (this inequality holds in the Miller model by [10, Theorem 2] combined with the
results of [11]), filters like in Theorems 2.4 and 3.1 cannot be obtained in ZFC. Theorem 3.2 is a variation
of Theorem 3.1 motivated by the question whether the density one filter can be diagonalized by a (proper)
poset adding no dominating reals.

As discussed above, Theorem 2.4 (stating that there exists a filter F such that among other properties,
both F and F* are Menger, and hence F cannot be meager by [28, Prop. 2]), cannot be proved in ZFC.
In section 4 we investigate how far the assumptions on F can be weakened so that it is still impossible
to get such a filter in ZFC. In this context let us recall that there are Menger non-meager filters in ZFC,
see [25]. On the other hand, the existence of a filter F in ZFC such that F* is Menger is unknown and
constructing such a filter without additional set-theoretic assumptions (if it is possible at all) would be
extremely difficult: If 7' is Menger then F is non-meager and P, see Corollary 2.3, and it is a famous open

L This question remains open.
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problem to construct a non-meager P-filter in ZFC. In Theorem 4.3 we show that consistently there are no
Menger filters F such that FT is Menger as well.

Let us note that the properties of Menger, Scheepers, having Menger square, etc., are preserved by perfect
maps in both directions. This implies that if one of the remainders of a space X has one of these covering
properties, then all other also have it, see the beginning of [8, §3] for more detailed explanations.

All undefined topological notions can be found in [13]. For the definitions and basic properties of cardinal
characteristics used in this paper we refer the reader to [9].

2. The main result

We need to recall some standard as well as introduce some ad-hoc notation and terminology. A family
H C [w]¥ is called a semifilter if for every H € H, n € w, and X D H \ n we have X € H. For a set
F C P(w) and n € w we denote by (F),, the set {F': F' € [F]="}, and (F) stands for

{X Cw:3IndY € (F),(Y\nC X)}.

F is said to be centered if (F),, C [w]* for all n € w, i.e., if the intersection of any finite subfamily of F is
infinite. In this case, (F) is the smallest free filter on w containing F. Let us note that if F is compact then
s0 is (F), for any n € w, being a continuous image of F". Similarly, by (F); we shall denote the smallest
semifilter containing F), i.e.,

(Fls={XCw:3dFeFInhecwF\ncCX)}

For a family F of subsets of P(w) (i.e., F C P(P(w))) we define the ().-saturation of F as the smallest
subfamily F1 D F of P(P(w)) such that ((JF'),, € Fy for any F’ € [F1]<¥ and n € w. It is easy to write the
()-saturation of a family F in a precise way, thus proving that the ().-saturation of an infinite F has the
same cardinality as F, and it consists of compact subsets of (| JF) if each F € F is compact. We say that F
is ()«-saturated if it coincides with its ().-saturation.

Given families F,H of subsets of w, we denote by F A H the family {FFNH : F € F,H € H}. Again, if
F,H are compact, then so is F A H. For F,H C P(w) we define the (F, A)-saturation of H as the smallest
subfamily H; D H of P(P(w)) such that F AH € H; for any F € F and H € Hy. Again, it is straightforward
to write the (F, A)-saturation of H in the precise way, thus proving that it is a subfamily of P({|JF)A|JH) of
size at most max{w, |F|,|H|}, and it consists of compact sets if so do F and H. We call H to be (F, A)-saturated
if it coincides with its (F, A)-saturation.

The next easy auxiliary fact is very similar to [14, Prop. 7] and can be derived from the latter one in a
rather straightforward way. However, for reader’s convenience we give a direct proof.

Lemma 2.1. Let F be a family of compact subsets of [w]¥ of size |F| < min{0,t} and ¢ : w — w a finite-to-one
surjection. Then there exists Z C w such that

6 ZINFl=|(w\¢ ' [Z)NF|=w
for all F € |JF.

Proof. Let us first assume that ¢ is monotone and consider the strictly increasing number sequence (k,, :
n € w) with kg = 0 such that ¢=*(n) = [k, knt1) for all n € w.

For every F € F let hr : w — w be a strictly increasing function such that [hx(n),hz(n+1))NEF #(
for all F € F and n € w. Since |F| < 9, there exists a strictly increasing h € w® such that
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Ir:={new: (|[h(n),h(n+1))Nhrw] >2)}

is infinite for all F € F. Without loss of generality we may assume that hlw] C {k, : n € w}, and hence for
every (infinite) I C w there exists (an infinite) Z C w such that {J,,c,;[h(n), h(n +1)) = ¢~ 1[Z].
Since | F| < ¢ there exists I C w such that |[I N Ix| = |Ix \ I| = w for all F € F. We claim that

‘U ﬂF|—} U h(n),h(n—!—l))ﬂF}:w

nel new\I

for all F' € |JF. Indeed, let us find F € F containing F' and pick n € I N Ix. Then there exists m € w such
that [h(n), h(n 4+ 1)) D [hxr(m), hr(m + 1)), and hence

0 # F O [hy(m), hg(m + 1)) € F[A(n),h(n+1)) € FN | J[h(n), h(n+ 1)) N F.

The case of w \ I is analogous.

Now suppose that ¢ is arbitrary finite-to-one surjection from w to w. Fix a bijection 6 : w — w such that
¢ o 6 is a monotone surjection. It follows from the above that there exists Z C w such that

|($o6)™" [FIl = [@\ (90 0)[Z) no~[F]| =w
for all F € |JF, i.e.,
07 o ZI N7 F] = |[(w\ 0~ o ZI) N [F]| =w

and thus also

o7 ZINFl=|(w\ ¢ [Z)NFl=w
for all F' € |JF because 0 is a bijection. O

A semifilter F is called a P-semifilter if for every sequence (F, : n € w) of elements of F there exists a
sequence (K, : n € w) such that K, € [F,]<* for all n € w and J,c, Kn € F. H Ft ={X Cw:VF €
F(XNF #0)} is a P-semifilter, then we also say that F is a Pt-semifilter. Each semifilter F on w gives
rise to the semifilter F(<%) on [w]<% \ {#} generated by the family {[F]<“\ {0} : F € F}. If F is a filter
we shall call FT the coideal of F.

Next, we put together several known facts about Menger semifilters established in [12] and [14] and get
a potentially useful characterization.

Theorem 2.2. Let F be a semifilter on w. Then the following statements are equivalent:

(1) F is Menger;

(2) For every sequence (K, : n € w) of compact subsets of F* there exists an increasing sequence (m,, :
n € w) € w with the property |, c.,(Kn Nmy) € FT for any (K, :n € w) € [],e., Kn;

(3) For every sequence (K, : n € w) of compact subsets of F* there exists an increasing sequence (m,, :
n € wy € w* with the property U, c., (Kn N [Mn—1,my)) € FT for’ any (K, :n € w) € [1,c., Kn: and

(4) F<9) s a P*-semifilter.

new

new

2 We set here m_; = 0.
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Proof. The equivalence (1) < (4) was established in [12, Claim 2.4], and its proof works verbatim also for
semifilters. The implication (1) — (3) was obtained in [12, Prop. 3.4], its proof again works for semifilters
without any changes, while (3) — (2) is straightforward. Thus it remains to prove (2) — (4). Let (F,, : n € w)
be a sequence of elements of (F(<“))*. For each n set K, = {X C w:Ve € E, (X Ne # ()} and note that
Kn CFT:If KNF = for some K € K,, and F € F, then there is no e € E,, N [F]<*, which contradicts
our choice of E,. Let (m,, : n € w) be as in (2). We claim that U, ., E, N P(m,) € (F(<)*, which will
imply (4). Indeed, otherwise there exists F' € F such that e \ F' # () for each e € E,, N P(my,) and n € w.
Thus

K, ::U{e\F:eEEn,eCmn}U(w\mn)EICn

for all n. However,

Fn U(Knﬁmn):FﬂUU{@\F:eeEn,eCmn}:

new new

= U(FﬂU{e\F:eEEn,eCmn}):@,

new

and hence J{K, Nm,, : n € w} ¢ F, which contradicts (2). O
Corollary 2.3. Each Menger semifilter is P+.

Theorem 2.2 will be crucial for the proof of the following fact, which is the main result of the paper.
Theorem 2.4. (v =0 = c¢). There exists a filter G on w such that

(1) G and G are Menger;
(2) For every finite-to-one surjection ¢ : w — w there exists X C w such that ¢~1[X], ¢ w \ X] € G*.

Proof. Let us fix the following enumerations:

o {{K%:n€w):a<c}=:the family of all sequences of compact subsets of [w]*;

)

e {¢a : @ < c}=: the family of all finite-to-one surjections from w — w.

By recursion over o < ¢ we shall construct a sequence ((F,,H,) : @ < ¢) such that

(@)
(b) UF, is centered and F, is ().-saturated;

(¢) Fo CFo NHy and H, C Hy for any o < o
(d) UHa € {JFa)™, and H, is (Fq, A)-saturated;
(e)

e) If U,c., Kn C (UFa), then there exists an increasing number sequence (mj : n € w) such that Foy1 >

Fa, Ho are families of compact subsets of [w]* of size < ¢ with Fg = Hy = {{w}};

Ko, where Ko = { U, e, (Kn Nm2) : (K, :n € w) € [[,c, K&}

(f) I U,eo K & (UFa), then there exists Ko € U, ., K5 such that {w\ Ko} € Haq1;

(9) If U, eo, K9 C (UHa)s, then there exists an increasing number sequence (If) : n € w) such that Hyq1 3
Le, where Lo = { U, o, (Kn N1Z) : (K in € w) € [1,e, K&}

(h) If U,ec., Ko & (UHa)s, then there exists Ly, € [, ¢, Ko such that {w\ Lo} € Fay1;

(4) There exists Z, C w such that {¢;1[Za], ¢5 1 [w \ Za]} € Hat1-
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First, let us assume that we have constructed a sequence ((F,,Hy) : a < ¢) satisfying (a)-(j). We claim that

U{UF ta<c})

is as required. It follows that G equals

G1 = (|J{UHa 1 e < c}),

Indeed, G; C G follows directly from (d). To prove that G C Gy let us fix any X ¢ G;. Let a < ¢ be such
that K& = {X} for every n € w and note that (K : n € w) satisfies the premises of (h). Therefore there
exists Lo € |, ., K& = {X} (i.e., Ly = X) such that {w\ Lo} € Fay1, and hence w \ X € G which yields
X ¢gt.

Next, we shall establish that both G and G are Menger. Let (K, : n € w) be a sequence of compact
subsets of G and a be such that £ = K for all n € w. It follows that (J, ., K5 C (UFa). Indeed,
otherwise by (f) there exists K, € J, ., Ky such that {w\ Ko} € Hay1, and therefore w\ K, € G", which
contradicts K, € G. Thus (K% : n € w) fulﬁlls the premises of (e), which yields an increasing sequence
K, Nmy) € G for any (K, : n € w) € [], ., K. Applying

new

(m, :n € w) € w with the property (J,,(
Theorem 2.2, we conclude that G is Menger.

To see that also G is Menger let us consider a sequence (IC :n € w) of compact subsets of Gt and find
a such that K¢ = Ky for all n € w. It follows that |, Ky C (UHa)s. Indeed, otherwise by (h) there
exists Lo € U, e, Kn such that {w\ Lo} € Faq1, and therefore w\ L, € G, which contradicts L, € G*.
Thus (K% : n € w) fulfills the premises of (g), which yields an increasing sequence (l,, : n € w) € w* with
the property U, c.,(Kn Niy) € GT for any (K, : n € w) € [], ., K. Applying Theorem 2.2, we conclude
that G is Menger.

Finally, we show how to construct a sequence as above satisfying (a)-(j). Limit stages are straightforward,
so suppose that we have already constructed ((Fg,Hg) : 8 < a) satisfying (e)-(j) for all 5 < «, (a), (b) and
(d) for all < «, and (c) for all 8 < ' < a. Two cases are possible.

1). Unew K% € (UFa). Then for every # € H, we can find an increasing sequence (mlf : n € w) € w
such that

KnHN(mM*\n)#0

for every K € (K),,, H € H, and n € w. Such an m’ exists because of the compactness of the involved

e}

sets and H C [JHa C (JFa) ™. Since |H,| < 0, there exists an increasing sequence (m¢ : n € w) € w* such

that [{n € w:m? <m2}| = w for all H € H,. Set

]Ca:{U(Knﬂmg):<Kn:n€w>€H/Cﬁ},

new new

and F,41 to be the ().-saturation of F, U {K,}. Since |Fot1| < ¢, Lemma 2.1 yields Z, C w such that
{054 Z0], 05w \ Zal} € (JFas1)t. We define H, 41 to be the (F,i1, A)-saturation of

Ho U {65 [Za).w \ 05" [Za]}}-

We are left with the task of checking that conditions (a)-(j) are satisfied. Indeed, (a), (c), and (e)-(j) hold
immediately by the construction, in case of (f) and (h) because of the premises being violated.

Proof of (b), (d) for a+1: By (b) and (d) for « it suffices to prove that (K, )i AH C [w]“ for any H € H,
and k € w. Let us fix



G. Molica Bisci et al. / Topology and its Applications 340 (2023) 108725 7

{(K;:new%igk}CHle{

new

and H € H, and find n > k such that m* < m&. Then Ni<k K7, € (K7)n and therefore

0+ (VK,nHNmI\n)c(KiNHN(@mg\n)C
i<k i<k

C (mU{Kﬁlﬂmﬁ:new}ﬂH)\n,

i<k

which proves (b) and (d) for a + 1 and thus completes this case.

2). Upew K & (UFa). Two subcases of 2) are possible.

20). Unew K ¢ (UHa)s. It follows that there exists Lo € (U, ¢, Ko such that w\ Ly € (UHa)T C
(UFa)™, which allows us to define Fqy1 as the (),-saturation of Fo U{{w\ Lo }}. Lemma 2.1 yields Z, C w
such that {¢;1[Za], ¢35 [w \ Za]} C (UFa+1)™ Let Hop1 be the (o1, A)-saturation of

Ho U{{$5'[Za).w \ ¢5'[Za]}}.

Conditions (a)-(c), and (e)-(j) hold for e+ 1 immediately by the construction, in case of (e) and (g) because
of the premises being violated, and for (f) we can simply take K, to be L,. Regarding (d) for a + 1, by
(b) and (d) for « it suffices to prove that Fy N Fy N (w \ L) N X is infinite for any Fy, Fy € |JF, and
X € {6, Za),w \ ¢, Z4]}, which again has been guaranteed in the course of the construction above.
21). Upew £ € (UHa)s. In this case we set Foy1 = Fq.
For every F € F,41 we can find an increasing sequence (I : n € w) € w* such that

KNFn(lZ\n)#0

for every K € K& and F € F. Such an [ exists because of the compactness of the involved sets and
K& C (UHa)s € (UFa) ™. Since |F,| < 0, there exists an increasing sequence (I : n € w) € w* such that
Hnew:l7 <19} =wfor all F € Foyq. Set

za:{U(Knmg):mn:neme]'[/cg}.

new new

Lemma 2.1 yields Z, C w such that {¢5'[Za], 05w \ Zal} C (UFas1)t. From Unen K2 ¢ (UFa) it
follows that there exists Ko € ¢, K7 such that {w\ Ko} € (JFa)". Finally, we define Hoq1 to be the
(Fa+1, A)-saturation of

new

Ho U {{gb;l[Za], {w) ¢;1[Zoz]vw \ Ka}} U{La}

It is straightforward to check that conditions (a)-(j) are satisfied, the only slightly non-trivial step being
Lo C{JFa+1)T, which can be proved analogously to (but more easily) “(Ky)x AH C [w]¥ for any H € H,
and k € w” in case 1).

This concludes our proof, since all possible cases have been considered. 0O

In the proof of the following corollary we shall use the classical result of Hurewicz [19] (see also [20,
Theorem 4.3]) stating that X C P(w) is Menger if and only if f[X] is not dominating for any continuous
f:X = w.
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Corollary 2.5. If a semifilter H satisfies condition (2) of Theorem 2./, then H? is not Menger and H is not
Scheepers. In particular, there is no continuous surjection from H onto H?2.

Proof. Suppose that H? is Menger, then so is H x (~ H), where ~ H = {w\ H : H € H}, because ~ H
is homeomorphic to H. Therefore X := H x (~ H) N {(X,X) : X C w} is also Menger being a closed
subspace of H x (~ H), and hence so is H N (~ H) as the projection of X to the first (as well as the second)
coordinate. Let us note that H N (~ H) consists of infinite co-infinite subsets of w, and hence the map
h:HN(~H) > w?, h(X)={ne X :(n+1) ¢ X}, must have a non-dominating range.

On the other hand, given a strictly increasing z € w* with 2(0) = 0, let us consider the monotone
surjection ¢ : w — w such that ¢=*(n) = [z(n),z(n + 1)) for all n. It follows that there exists Z C w such
that ¢=1[Z] € HN(~ H), and it is easy to see that h[¢p~![Z]] C z[w]. Thus for every z as above there exists
X € HN (~ H) with h(X) contained in the range of =, which clearly yields a dominating continuous range
of HN (~ H) and thus leads to a contradiction.

Now, suppose that #H is Scheepers and consider the clopen cover O = {Of : k € w} of H, where
Or ={X Cw: ke X} By |[7, Theorem 2] (see the equivalence of items 1 and 4 there) there exists a
disjoint sequence (O,, : n € w) of finite subsets of O such that for every finite H' C H there exists n with
H c |JO,. Let s, € [w]<¥ be such that O,, = {Of : k € s,} and consider the finite-to-one surjection
¢ :w — w such that ¢~!(n) = s, for all n € w. It follows from the above that for every finite H' C H there
exists n € w such that H N s, # 0 for all H € H'.

On the other hand, using Theorem 2.4(2) pick Z C w be such that H' := {¢~'[Z],w \ ¢71[Z]} C H and
note that there is no n € w such that both sets

¢ Z]Ns, =9 ' [Z]N¢7 (n) and (w\ ¢ '[Z])Nsn = (w\ o ' [Z])N o7 (n)
are non-empty, a contradiction. 0O

Let us note that the proof of Corollary 2.5 could be actually extracted from that of [8, Lemma 3.1],
but we have nonetheless presented it for reader’s convenience. Since every Menger subspace of P(w) has
Menger square and is Scheepers in the Miller model, Theorem 2.4 cannot be proved in ZFC, as follows from
Corollary 2.5.

Since each filter has a structure of a topological group, Theorem 2.4 combined with Corollary 2.5 answers
[8, Question 1.8] in the affirmative, the coideal G being the needed counterexample. Another motivation
for Corollary 2.5 comes from [24] where it was proved that each filter on w is homeomorphic to its square.
According to [24, Prop. 8], this result fails for semifilters, and the counterexample is a Borel comeager
semifilter. However, until now no semifilter F such that both F and F*+ are non-meager, which in addition
is not homeomorphic to its square, was known, and Theorem 2.4 combined with Corollary 2.5 gives a
consistent example of coideal like that.

For curiosity we exclude below one more possibility for spaces related to filters G satisfying Theorem 2.4
to be homeomorphic.

Corollary 2.6. If a filter G satisfies Theorem 2./, then G x GV is not homeomorphic to G.

Proof. G? is Menger by [24] (see also [12, Claim 5.5] for a simpler proof), whereas (G x G7)? can be mapped
continuously onto (G*)? and hence is not Menger. O
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3. Examples by forcing

This section was inspired by [15, §4] as well as [22, §6]. More precisely, one can obtain a filter G such as
in Theorem 2.4 by countably complete forcing, namely let P be the poset consisting of conditions p = (F, H)
such that

(i) Fis a countable collection of compact subsets of [w]“ such that |JF is centered;
(#4) H is a countable collection of compact subsets of [w]¥ such that F C H;

(ii1) UH C (UF)™.
A condition (F1,H;) is stronger than (Fo, Hp) (and written (Fq1,H;) < (Fg,Ho)) if F1 D Fg and H; D Hy.

Theorem 3.1. Let G be a P-generic filter, G = J{UF : IH{F,H) € G)}, and H = J{UH : IF((F,H) € G)}.
Then G is a filter, H = G, and both G and H are Menger. Moreover, for every surjection ¢ : w — w there
exists X C w such that $~1[X], ¢ w\ X] € GT.

We leave the proof of Theorem 3.1 to the reader, as it is more or less a kind of a repetition of that of
Theorem 2.4, with the only difference being that now everything we need would happen “generically”, i.e.,
the set of suitable conditions is dense, while for Theorem 2.4 we had to “manually” guarantee all that by
going over appropriate enumerations.

Instead, we shall address a similar poset tailored to analyze the density one filter Z* on w consisting of
| ZNn|

those Z C w such that lim,,_, = 1. It is a well known open problem whether there exists a proper
poset adding no dominating reals but adding an infinite subset of w almost included into all ground model
elements of Z*, see, e.g., [17, Question 2.12]. This motivated us to introduce the following poset.

Let Q be the set of conditions (F, H, €) such that

(i) Fis a countable collection of compact subsets of [w]“ such that |JF is centered;
(#4) H is a countable subset of [w]* and e : H — (0, 1]; and
(i7i) For every F € (F) and H € H there exists X € [w]¥ such that lim,cx ol — 1 and

n
liminf, e x W > e(H).

A condition (Fi,Hi,e1) is stronger than (Fo, Ho,eo) (and written (F1,H1,e1) < (Fo,Ho,0)) if F1 D Fo,
H1 D Hop, and g = &1 [ Hg. Clearly, Q is countably closed.

Theorem 3.2. Let G be a Q-generic filter and G = J{UF : IHIe ((F,H,e) € G)}. Then G is a filter,
Z* C G, and GT is Menger.

Proof. To see that G is a filter note that for any (F,H,e) € Q and finite F C (UUF) we have
(FU{{NF}}, H,e) € Q, and hence the set of all conditions in Q whose first component contains {(|F} as
an element, is dense below (F, H,¢).

The fact that Z* C G, follows from the observation that for any T' € Z* and (F, H,¢) € Q, we have that
(FU{{T}},H,e) € Q. Indeed, if for some F' € (F), H € H, and X € [w]* we have lim,¢cx | IFQ"H =1 and

liminf,, ¢ x |W| > e(H), then also lim,ex ||(anﬂ| =1 and liminf,cx |‘(FmTi170Hmm| >e(H).

Thus we are left with the task of showing that for every sequence (K,, : n € w) of compact subspaces of G

there exists an increasing sequence (m, : n € w) € w* such that for every (K, : n € w) € [, ., Kn we have
Unew I Nmy) € G. Let (Fo,Ho,€0) € G be such that (Fo, Ho, <o) IF U, e, £n € G. We claim that there
exists (F1,H1,e1) € G such that |
two cases are possible.

new

K. C {((JF1). Indeed, given any condition (F,H,e) < (Fq,Ho, o)

new =
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1. There exists K € (|, .., n) such that w\ K € H, or there exists § > 0 such that for every F' € (F)
there exists X € [w]* with properties lim,cx \anl = 1 and liminf,cx w > J. In this case
(F,FHU{w\ K} ey IF K ¢ G, wheree' | H=¢ and g(w\K)=0if w\K ¢ H. The latter leads to a
contradiction.

2. For every K € (U,,c.,
every X € [w]* with lim,ecx

necw

Kp) we have w\ K ¢ H, and for every ¢ > 0 there exists F' € (F) such that for
‘Fm"‘ = 1 the following holds:

|F'N(w\ K)Nn| oy
n

V'neX (1)
Let us note that if for some § > 0 an element F' € (F) is a witness for Equation (1), then any smaller F’ € (F)
is also one. Given any F' € (F) and K € (|
elements of (F) such that Fy = F and

(
new Kn), let us construct a decreasing sequence (F; : 4 > 1) of

VXe[w]w(nmm:h»v*neX' AICA )ﬂ”‘<-_). (2)
nexX mn n i
Equation (2) implies
F;nN F,NnKN 2
ox et (1 B0 1 e x [B0K DAL 2y .
nexX n n i

Let us fix now any H € H and for every ¢ find X; € [w]¥ such that lim,cx, [FiOn] ﬂ"‘ =1 and m >

e(H) — 1 for all n € X;. This is possible by item (iii) of the definition of Q. Removmg ﬁmtely many
elements of X, if necessary, by Equation (3) we may assume that ‘Fn%"l >1-— % for all n € X;. Now
let (n; : i € w) € w* be an increasing sequence such that n; € X; and X(F,H,K) = {n; : i € w}. It
follows that m > (H) — = and m > 2 —1/i for all i € w. Since F; C F for all i, we have
that M > E(H) — 1 and M > 1 — 2/i and therefore m > e(H) — 2 for all i € w.
Thus (FU {Kpn :n € w},H,e) € Q, Where for each F € (F), H € H, and K € (U,eux,) the infinite set
X (F,H, K) is such as required in (¢i¢) for F'N K and H.

Summarizing, we have proved that for any (F,H,e) < (Fo, Ho,e0) we have (FU{IC, : n € w}, H,e) € Q,
and thus there exists (F1,H1,e1) € G with U, ¢, K C (UF1)-

Let us now fix (F, H,e) < (F1,H1,e1) and enumerations (H; : i € w) of H as well as (F; : i € w) of F. Set

Elz{ﬂy : ye[U]:jUUK:j]Sl

J<i J<i
and by recursion over i construct an increasing number sequence (m; : ¢ € w) such that for every L € L;

and j < i there exists n; € [m;_1,m;) such that ‘Lg—n” >1-1and lLﬁHngjmn” > e(H;)(1 — 1). This is
J J
possible by (#i7) and the compactness of £;. Letting

]C:{U(Kiﬁmi) : <K¢:i€w>€H’C¢}a

we claim that (F U {K},H,e) € Q. Indeed, let us fix k € w and a family {Y; : s < k} C K, where
Y = Ujeo (Kis N'my) for some K, € K;. Also, let us fix a family {R, : s < k} C Usgk Fs and set
R = ﬂsgk R,. Then for every i > 2k + 1 and s < k we have that

y::{RS:SSk‘}U{Ki,s18§k}€[LJ]:J’ULJ’CJ’]Sz

J<i J<i
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and therefore for every and j < i there exists n; € [m;_1,m;) such that m’i—ﬁn]‘ >1-— % and m >
J J
e(H;)(1—1). Since

(Ynn; C(URs:s<k}n[[{Ya:s<k}nny, (4)

(because K; s Nm; C YsNm, for all s < k), we conclude that (i7) is satisfied for (FU {K},H, ), and hence
it is a member of Q. Thus for arbitrary (F,H,e) < (Fy,H1,e1) we have (FU{K}, H,¢) € Q, and hence there
exists (Fa, Ha,e2) € G with K € Fy, which yields K C G. It remains to apply Theorem 2.2. O

It is well-known and easy to see that the filter Z* cannot be extended to any PT-filter, and hence G
from Theorem 3.2 is not Menger by Corollary 2.3. In addition, the Menger co-ideal G* does not contain
any P-point, and hence also no Menger ultrafilter. We do not know whether such examples can be obtained
in ZFC, see Section 5 for more questions related to Z.

4. Impossibility results

Here we show that Theorem 2.4 cannot be proved without additional set-theoretic assumptions, see
Theorem 4.3 below. Following [8] for a semifilter F we denote by Px the poset consisting of all partial
maps p from w X w to 2 such that for every n € w the domain of p, : k — p(n,k) is an element of
~F ={w\ F : F e F}. If, moreover, we assume that additionally dom(p,,) C dom(p,+1) for all n, the
corresponding poset will be denoted by Px. A condition g is stronger than p (in this case we write ¢ < p) if
p C q. For filters F the poset Px is obviously dense in Pz, and the latter is proper and w*-bounding if F is
a non-meager P-filter [27, Fact VI.4.3, Lemma VI1.4.4]. This result has the following topological counterpart
proved in [8]. Recall that a poset P is called w*-bounding if (w*)" is dominating in V'?.

Lemma 4.1. If F* is a Menger semifilter, then both Px and Px are proper and w*-bounding.

We shall need the following game of length w on a topological space X: In the nth move player I chooses
an open cover U, of X, and player II responds by choosing a finite V,, C U,,. Player II wins the game if
Unecw UVn = X. Otherwise, player I wins. We shall call this game the Menger game on X. It is well-known
that X is Menger if and only if player I has no winning strategy in the Menger game on X, see [18] or [26,
Theorem 13].

For a relation R on w and z,y € w* we denote by [z Ry] the set {n : x(n) Ry(n)}. The next lemma
improves [8, Lemma 4.3].

Lemma 4.2. Suppose that F is a semifilter such that F C F* and F* is Menger. Let x be Pi-generic,
Q € Viz] be an w¥-bounding poset, and H a Q-generic over V]z|. Then in V]x x H| there is no Menger
semifilter G containing F such that G C G and GT is Menger.

Proof. Suppose that a semifilter G € V [z H| as above exists. Throughout the proof we shall identify = with
Uz : wxw — 2. Suppose to the contrary, that such a G exists. Set z;(n) = z(j,n). Since G C G*, G cannot
contain two disjoint elements, and hence for every j there exists €; € 2 such that X; := x;l(aj) e gt.
Without loss of generality we may assume that there exists an infinite 7" C w such that ¢; = 1 for all j € T'.
Since Pz * Q is w*-bounding we can get an increasing sequence (j : k € w) € V such that for every k € w
there exists tx € [jg, jr+1) NT.

Given k € w, for every s € wl*+1 set

Ups ={X Cw : s[jr+1] C X}
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Then {Uy s : s € Xk}, where Xy = Hj<jk+1(Xj \ 1), is an open cover of G for every k,l € w, because
each Y € G has infinite intersection with each X;. We shall define a strategy © for player I in the Menger
game on G as follows. ©(0) = {Ups : s € Xpo}. If II replied with some finite subset Vy of O(0), I
finds h(0) € w such that this reply is contained in {Ups : s € h(0)7* N Xgo} and his next move is then
O(Vo) == {U1s : s € X1 5(0)}- And so on, i.e., after k many rounds player I finds h(k) € w above h(k — 1)
(here h(—1) := 0) such that the reply of II is contained in {Uy s : s € h(k)?*+' N Xy pk—1)} and his next
move is then

@<V0, . ,Vk> = {uk+175 RS EkJ’,l’h(k)}.

Since G is Menger, © is not winning, and hence there exists an increasing sequence h € w* € V]z x H] such
that

g cC U { U{Uk,s 1S E h(k)jk+1 N Ek,h(k—l)} ke w}. (5)

Next, we shall define a strategy Y for player I in the Menger game on G as follows. Y(0) = {Up s :
s € Soo}, where Spy =TI, (w\ (dom(p;) U1)) for all k,I € w. If IT replied with some finite subset Vg
of Y(0), I finds ly € w such that this reply is contained in {Up s : s € h(lp)’*} and his next move is then
T(Vo) := {Ur,s : 5 € S1,p3,)}- And so on, i.e., after k& many rounds player I finds [, € w above [;_1 such
that the reply of II is contained in {Uy s : s € h1(l;)7*+1} and his next move is then

T<V0, .. .,Vk> = {L{HLS s e SkJth(lk)}.

Since T is not winning, there exists an increasing sequence (I : k € w) (we set also I_; = 0 for convenience)
such that

Gt c YU Whs s € hle) 0 Spnaen }- (6)

kew

Let hy € V Nw* be an increasing function such that hy(k) > h(k) for all k € w, and (p,q) € v+ H a
condition forcing all the above to happen. Let also h, i1, G, X.]M, z, Tj, Xj, T,... be P * Q-names of the
objects in V[x * H| considered above. Consider the condition p* € P% below p defined as follows:

pj =p; U{(n,0) :n € ha(l) \ dom(p;)}

whenever j € [k, jr+1) and k € w. Thus (p!, §) forces Equations (5) and (6). Thus (p!, ) forces the following:
If for every k € w and s € h(k‘)jk+1 Ny hk—1) We pick js € jr41, then

{s(js) : s € h(k)7+1 N Y1)k € w} € G*: and (7)
if for every k € w and s € h(ly)?*+ N Sk,h([k,l) we pick j, € jry1, then
{s(4) : s € h(x)™ NS, i,y kew} G (8)

Given a P% * Q-generic filter 2! x H' containing (p', ¢), we shall work in V[z! «+ H'] in what follows. For
abuse of notation we shall again use notations for the evaluations with respect to z' * H' of all names
considered above, obtained simply by removing “'”, ie., h := h*'*H' cte. This way letting ji := t; for
each s € h(ly)7*+1 N Sk,h(lx_y), the set B’ defined in Equation (8) belongs to G. For every k € w and s €

h(k)Ix+1 N Yk h(k—1) €t Js := tp(r), Where m(k) = min{m : I, > k}. The set B defined in Equation (7) for
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this choice of j,’s belongs to G, and hence BNB’ # (). Thus there exist k, k' € w, s’ € h(l: )7+ NSk bl )
and s € h(k)I=+1 N Yk h(k—1) such that

5(tm(ky) = 8 (tr)- 9)

Since s(tmky) € h(k) \ h(k — 1) and s'(t)r) € h(lg/) \ h(lpr—1), from Equation (9) we conclude that h(k) \
h(k — 1) C h(lg) \ h(lxr—1), and hence ¥’ = min{m : l,, > k}, which yields ¥ = m(k). Recall that

5(tmr)) € Xt and therefore

m(k)?
Tt (s(tm(k))) = Etpy = 1 (10)

On the other hand,

xtm(k) (s(tm(k))) = xtm(k) (S/(tm(k))) = p%m(k) (sl(tm(k:))) (11)

1
because Pty © Tty and

S (tm(k)y) € Mlmky) C ha(lnry) C dom(ptl,,,L<k))7

the last inclusion following from t,,(x) € [jm(k)s Jm(k)+1) and the definition of p'. Recall that 5 (tmr)) ¢

dom(ptm(k)) by the definition of Sy nq,,_,) = Sm(k)vh(lrn(k)—1)7 which implies that p%m(k) (s’(tm(k))) =0 by
the definition of p'. Thus z; . (8(tm))) = 2,0, (' (tm(x))) = 0 by Equation (11), which is impossible by

Equation (10). This contradiction completes our proof. O
The next theorem improves [8, Theorem 4.5] and is the main result of this section.
Theorem 4.3. It is consistent that there is no semifilter G on w such that G C G and both G,GT are Menger.

Proof. Let us assume that V' = L and” consider a function B : wy — H(w2), the family of all sets whose
transitive closure has size < ws. Let (P, Q g1 B < a < ws) be the following iteration with at most countable
supports: If B(«) is a P,-name for IP’;_ for some semifilter F such that IFp, “F c Ftand F, Ft are Menger”,
then Q, = B(a). Otherwise we let Q,, be a P,-name for the trivial forcing. Then P, is w*-bounding forcing
notion with we-c.c. being a countable support iteration of length wy of proper w“-bounding posets of size w;
over a model of GCH. Now, using the suitable diamond in V for the choice of B together with a standard
reflection argument, we can guarantee in addition that for any P,,-generic filter G over V and semifilter
F € V[G] such that F € F* and F, F+ are Menger, the following holds:

The set {a : Fo = (FNV[GNP.]) € VI[GNP.], Fo C FJ, Fo,Fy are Menger in V[G N PyJ, and
ngm =P3 } is stationary in ws.

Now, a direct application of Lemma 4.2 implies that F, cannot be enlarged to any semifilter &/ C U™ in
V[G] such that U, U are Menger, which contradicts the fact that F is such an enlargement. O

5. Open questions

Theorem 2.4 together with Corollaries 2.5 and 2.6 motivate the following

3 It suffices to assume 2% = wy, 2*1 = wy, and OfsCws:cf(8)=w, }» See [27, Theorem 5.13].
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Question 5.1.

o Is there a ZFC example of a non-meager filter F such that F* is not homeomorphic to (F1)2?
o Is F x F* homeomorphic to FT for every non-meager filter F?

In light of Theorem 3.2 it is natural to ask the next question. Let us recall from [12] that for a filter F
the Mathias forcing associated to it adds no dominating reals iff F is Menger, so the following question is
especially interesting when F is not an ultrafilter.

Question 5.2. Let F be a filter such that T is Menger. Is there a (proper) poset adding no dominating
reals and adding an infinite pseudointersection of F? What about the Mathias forcing associated to F+?

Theorem 4.3 leaves open one possibility whose inconsistency we are unable to establish.
Question 5.3.

« Is there a ZFC example of a filter F such that FT is Menger?
o Is there a ZFC example of a semifilter 7 C F* such that F*+ is Menger?

The first item of the question above has been mentioned to us by Mikotaj Krupski in private communica-
tion and is related to his work [21]. By [8, Lemma 3.1] the negative answer to the second item of Question 5.3
implies that consistently every Menger remainder of a topological group is o-compact.
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