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Abstract. In this paper, our aim is to study the following critical
Choquard equation on the Heisenberg group:

Q3 .
fAHu:,u\u|q72u+/ %dmek*Qu in Q,
o Int¢|
u=0 on 0f),

where Q@ € HY is a smooth bounded domain, Ay is the Kohn-Laplacian
on the Heisenberg group HY, 1 < g < 2 or 2 < ¢ < Q%, p > 0,
0<A<Q@Q=2N+2,and Q3 = 23:2’\ is the critical exponent. Using
the concentration compactness principle and the critical point theory,
we prove that the above problem has the least two positive solutions for
1 < g < 2 in the case of low perturbations (small values of 1), and has
a nontrivial solution for 2 < ¢ < Q3 in the case of high perturbations
(large values of u). Moreover, for 1 < g < 2, we also show that there is
a positive ground state solution, and for 2 < ¢ < @3, there are at least
n pairs of nontrivial weak solutions.
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1. INTRODUCTION AND MAIN RESULTS
In this paper, our aim is to study the existence of solutions for the following

critical Choquard equation on the Heisenberg group:

—Apgu = plu|?” 2u+/ “ “Igph dn\u|QA in Q,

u=0 on 01,

(1.1)

where Q C HY is a smooth bounded domain, Ay is the Kohn-Laplacian on
the Heisenberg group HY, 1 < ¢<20r2<¢<Q3, p>0,0<A<Q =
2N +2, and Q) = QQQ 2 is the critical exponent.

The study of this problem was mainly inspired by two aspects. On the one
hand, in the Euclidean case, more and more mathematicians are beginning
to pay attention to the Choquard equation. As is well known, Fréhlich [12]
and Pekar [24] established the following Choquard equation

—Au+u= (i * |u\2)u in R3,
|z

for the first time in their pioneering work of the modeling of quantum po-
laron. Such problems are often referred to as the nonlinear Schrédinger-
Newton equation. Many authors began to study these problems by using
variational methods. For example, Lions [19] obtained the existence of an
infinite number of radially symmetric solutions in H!(R"). Ackermann [1]
proved the existence of an infinite number of geometrically different weak
solutions for a general case was established. Moroz and Van Schaftingen
[22, 23] obtained the properties of the ground state solutions, and also
proved that these solutions decay asymptotically at infinity. Recently, more
and more mathematicians have shown a strong interest in studying critical
Choquard type equations. Brézis and Lieb [7] originally addressed the criti-
cal problem in his seminal paper, which dealt with the Laplacian equations.
Liang et al. [17] proved the multiplicity results of the Choquard-Kirchhoff
type equations with Hardy-Littlewood-Sobolev critical exponents. More re-
sults about Choquard equations are available in [18, 31, 35, 37].

On the other hand, the study of nonlinear partial differential equations
on the Heisenberg group has brought about widespread attention of many
researchers. One of the reasons to study such equations is due to their
many significant applications. Over the last few decades, many scholars have
paid close attention to Heisenberg group’s geometric analysis because of its
significant applications in quantum mechanics, partial differential equations
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and other fields. For example, Liang and Pucci [16] applied the Symmetric
Mountain Pass Theorem to considering a class of the the critical Kirchhoff-
Poisson systems on the Heisenberg group. Pucci and Temperini [29] proved
the existence of entire nontrivial solutions for the (p,q) critical systems on
the Heisenberg group by an application of variational methods. Pucci [26],
applied the Mountain Pass Theorem and the Ekeland variational principle to
prove the existence of nontrivial nonnegative solutions of the Schrodinger-
Hardy system on the Heisenberg group. For more fascinating results, see
[3, 6, 20, 21, 25, 26, 28, 30]. However, once we turn our attention to the
critical Choquard equation on the Heisenberg group, we immediately notice
that the literature is relatively sparse. Recently, Goel and Sreenadh [13] have
studied the following critical Choquard equation on the Heisenberg group:

Ju ()| %5 2
—Agu=au+ ( 7>\u A2y inQ,
o [n1Er

u=20 on Of).

They applied the boot-strap method, iteration techniques, the linking theo-
rem, and the Mountain Pass Theorem to obtain the regularity of solutions
and nonexistence of solutions for this kind of problems.

Sun et al. [33] studied the following critical Choquard-Kirchhoff problem
on the Heisenberg group:

u(m)[*
N e
where f is a Carathéodory function, M is the Kirchhoff function, p > 0
is a parameter, and Q) = 23__3 is the critical exponent in the sense of
Hardy-Littlewood-Sobolev inequality. A new version of the concentration-
compactness principle of the Choquard equation on the Heisenberg group
was established. Moreover, they also applied the Mountain Pass Theorem to
obtain the existence of nontrivial solutions for the above-mentioned problem
under non-degenerate and degenerate conditions.

Inspired by the above achievements, with the help of the concentration
compact principle and the critical point theory, we prove that problem (1.1)
has at least two positive solutions for 1 < ¢ < 2 and g small enough, and
this equation has a nontrivial solution for 2 < ¢ < Q3 and p large enough.
Moreover, for 1 < g < 2, we also show that there is a positive ground state
solution for problem (1.1), and for 2 < ¢ < @3, there are at least n pairs of
nontrivial weak solutions.

M([Jull?)(~Dgu+ u) = /H dnfou|® 2 1 puf (€, ),
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Before presenting the main results of this paper, we list some notions
about the Heisenberg group. Let HY be the Heisenberg group. If & =
(z,y,t) € HY, then the definition of this group operation is

(@) =¢od =(x+ay+y t+t' +20'y —y'x)) forall ¢& eH".

¢l = —¢ is the inverse, and therefore (£ 0 &)1 = (¢/)"to ¢ L.

The definition of a natural group of dilations on HY is 6,(¢) = (sx, sy, s2t)
for all s > 0. Hence, d5(&p 0 &) = d5(&o) © 0s(&). It can be easily proved that
the Jacobian determinant of dilatations d, : HY — HY is constant and equal
to s9 for all £ = (x,y,t) € HY. The natural number Q = 2N + 2 is called
the homogeneous dimension of HY and the critical exponents is Q* := &
The Koranyi norm is defined as follows

1
€l = [(22 +y»)? + 2] forall € e HY,

and is derived from an anisotropic dilation on the Heisenberg group. Hence,
the homogeneous degree of the Kordnyi norm is equal to 1, in terms of
dilations

S5 : (z,y,t) — (sz,sy,s%t) forall s> 0.
The set
BH(§07T) = {é € HN : dH(é.Oag) < T}

denotes the Koranyi open ball of radius r centered at &. For the sake of
simplicity, we denote B, = B,(0), where O = (0,0) is the natural origin of
HN.

The following vector fields

0 0 0 0 0
X, = — 4 Yy — V.= — — Qp.— T— —
I an; T Yigr T 5y T M at’
generate the real Lie algebra of left invariant vector fields for j = 1,--- ,n,

which forms a basis satisfying the Heisenberg regular commutation relation
on HY. This means that

(X;,Y;] = =40, T, [V, Y] =X, Xe) = [V;,T] = [X;,T] =0.

The so-called horizontal vector field is just a vector field with the span of
[X;,Yj]7_;. The Heisenberg gradient on HY is

VH = (X17X27"' aXnvyla}/Qa"' 7Yn)7
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and the Kohn Laplacian on HY is given by
N

2 2
> X7+
J=1

Ap

N
P P o o2 g O
; [axg T o T Wigmr  ae A v g

The Haar measure is invariant under the left translations of the Heisenberg
group and is Q-homogeneous in terms of dilations. More precisely, it is
consistent with the (2n 4 1)-dimensional Lebesgue measure. Hence, as is
shown in Leonardi and Masnou [15], the topological dimension 2N + 1 of
HY is strictly less than its Hausdorff dimension @ = 2N + 2. Next, ||
denotes the (2N 4 1) dimensional Lebesgue measure of any measurable set
Q C HV. Therefore,

10:(Q)] = s€|Q|,  d(6:8) = s9d¢

and
|B(&0,7)| = agr?, where ag = |By(0,1)].

Now, we are ready to present our main results.

Theorem 1.1. Let Q@ ¢ HY be a smooth bounded domain and 1 < q < 2.
Then there exists ji. > 0 such that if p € (0, p), then problem (1.1) has at
least two positive solutions. Moreover, problem (1.1) has a positive ground
state solution.

Theorem 1.2. Let Q € HY be a smooth bounded domain and 2 < q < Q-
Then there exists p* > 0 such that if p > p*, then problem (1.1) has a
nontrivial solution.

Theorem 1.3. Let Q € HY be a smooth bounded domain and 2 < q < Qx-
Then there exists u** > 0 such that if p > p**, then problem (1.1) has at
least n pairs of nontrivial weak solutions.

The paper is organized as follows. In Section 2, we collect some notations
and known facts, and introduce some properties of the Folland-Stein space
S%(Q) Moreover, a key estimate, i.e., Lemma 2.2, is introduced. In Section
3, we make use of the variational methods to prove some basic lemmas. Then
we demonstrate Theorem 1.1. To be more specific, in the first subsection,
Ekeland variational principle is used to prove the existence of the first posi-
tive solution, and in the second subsection, Mountain Pass Lemma is used to



158 SHUJIE BA1, DUSAN D. REPOVS, AND YUEQIANG SONG

prove the existence of the second positive solution. Furthermore, in the third
subsection, we prove that problem (1.1) has a positive ground state solution.
In Section 4, we use the general Mountain Pass Theorem to accomplish the
proof of Theorem 1.2. Finally, in Section 5, we prove Theorem 1.3 by using
Krasnoselskii’s genus theory.

2. PRELIMINARIES

In this section, we have collected some known facts which will be useful
in the sequel. Set @ = 2N + 2 and Q* = Qz—% Let |lullp = [q [u[Pd€ for all
u € LP(Q), represent the usual LP-norm. Following Folland and Stein [10],
we define the space S?(f2) as the closure of C$°(Q) in SZ(H”). Then S%(9)
is a Hilbert space with respect to the norm

2 _ 2
a0y = [ IV

For the sake of brevity, we shall denote ||ul| = ||ul|? By [10], we know

52(Q)°
that the Folland-Stein space is a Hilbert space and the embedding S% (Q) —
LP(Q) for all p € [1,Q*) is compact. However, it is only continuous if p = Q*.
By Jerison and Lee [14], we have the following Best Sobolev constant

Vyul?d
S= inf fQ| HUl 52 ‘

2 * ¥

uESHE) (o lul@"dg) @

Proposition 2.1. (see Goel and Sreenadh [13]) Let r,s > 1 and 0 < A < Q
with  + % +1=29g€L"(Q), and d € L*(Q). There is a sharp constant

C(t,r, N\, Q), independent of g, d, such that

/Q /Q ‘wdndéSC(th,Q)!g!r\d!s- (2.2)

(2.1)

Ifr:s:%%%, then

N\ NQNIT((Q — N)/2
O(t.r.0.Q) = (0. Q) = (5v=1) r2(<<2(c2 - A>)//2>)’

where I' is the standard Gamma function.

From Goel and Sreenadh [13], we get

\u )| %3 |u(n \Q* 2%
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and the best constant Sy is defined by

Vyuld
SHG = inf fQ|Q il Q§ — (2.3)
ueS2(Q)\{0} (f Iy [u(©)] jl\ia(n)l Adndé)Qii

Lemma 2.1. (see Goel and Sreenadh [13]) We obtain the best constant Sga
if and only if

u() = u(z,y,t) = CZ(5s(a"'€)),

where C' > 0 is a fized constant, 0 € (0,00) are parameters, a € HY and Z
is defined in [13, (1.6)]. Furthermore,

1
SHG = S(C(Q7 A))Qk )
where S is the best constant defined in [13, (1.5)].

On the other hand, from the proof of [13, Lemma 2.1], we know that a
unique minimizer of Sy is the function

(Q=M)(2-Q) 2-Q
P(77) = § 4Q-x+2) C(Q, )\)Q(Q—/\+2) Z(U)
and it satisfies the following:

@ )
—Agu = (/ mdn)\ul%ﬁu in HY

HN |77_1§|)‘

P2 ’ — Qf)\+2‘
/ |VuP|7d§ = /HN /HN = 1§|A dndé = S5q

Furthermore, for v > 0, the function P, is defined as follows

and

92 ¢Sy O(\, Q) Te B ¢
T (74152 (1 + 72|z]2 +~2|y[2)2)(@-2/4’

and satisfies

P (€)|93| Py (n)| @A 292
/|VHP ‘Qdf //| ’|n_>‘1|€>\ )’ /\d d§ SQ A+2

and

[ 1P @ = s7Hmon @,
Q
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More generally, we can suppose that 0 € 2 and that there is » > 0 such
that B(0,4r) C Q C B(0, kr) for some k£ > 0. Choose v € C2°(2) such that
0<v <1, |Vyy|is bounded, and

1, if ne B(0,r),
v(n) = {0, it e Q\B,2r). (24)
Then for the following function
vy, = vP, € S}(Q), (2.5)
we have asymptotic estimates as follows.

Lemma 2.2. (see Goel and Sreenadh [13]) Let 0 < A < Q. Then the
following holds:

(4)
—2 —Q+2 4
2 TTHOOTET), Q>4
/Q|U7‘ 620{7_210g’7+0(7_2), Q=4

@
[ 119 de = sTREC0, 755 1+ 0079,
Q
(i)
0299 o ()] % S
// g dndé < Sp ™ +0(y™%).
(iv)

v (€)] 95 vy ( 29-2 _2Q-A
[ R e > e - 062

2Q-A
/‘VHUW‘ d£<SQ A2 —I-O( —min{22=2 Q- 2})

3. LOW PERTURBATIONS OF PROBLEM (1.1)

We say that u € S2(Q) is a solution of problem (1.1) if

/VHuVHvd§ u/ u|? 2uvdE — / ‘77_15‘/\ ]u\Qi_qudndfzo
Q
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for any v € $2(Q). Furthermore, if u > 0, then we call u € $2(2) a positive
solution to problem (1.1). In order to prove our results, it is necessary to
define the energy functional I, : S?(€2) — R related to problem (1.1):

()] )| %
Vuzdf—/ u|ldé — //' dnde.
=5 J, v g PRs
(3.1)
Then I, is C! on S3(Q) and its critical points are solutions of problem (1.1).

Indeed, let IL(U) denote the derivative of I,, at u, that is, for any u € 52(Q),

(I, (u / VyuV godé — / lu| ™ 2uvdé

u(€)|9A |u(n)|9A
//\ 3l \’n_lﬂ/\ ()()dndé.

Then I,,(u) continuously maps S2(Q) in the dual space of S2(£2), which
can be shown by standard calculations. Therefore, we conclude that u is a
solution of problem (1.1) if and only if I, is C' on S7(€2) and I/, (u) = 0.

3.1. The existence of a positive solution of problem (1.1).

Lemma 3.1. Let 1 < g < 2. Then for all

*

11\ a0 2
— — — ) SN T — Duza 3.2
e< (3 2@;) He TR (32)
where
2Q% — . S =
D= (Q)\ q|Q|Q _g)2 q( ZQ:\ )2 .
20%q Q-1
I, satisfies the (PS). condition.
Proof. Suppose that {u,} C S2(Q) satisfies
Ii(un) = ¢, I(up) =0 as n— oo, (3.3)

where c¢ is taken from (3.2). It follows from the Young inequality that

1
1+ c+o(|lunll) > Iu(upn) — ﬁ1‘,{L(un)un (3.4)
_(1_ 1 2 (11
= (5~ g el =~ 57 [,
Q —q

11 ) 11 q
> (= — —u(= = ~410] 9% fJu, ||
> (5= ag ) Iuall = (5 = 5 ) 7HO



162 SHUJIE BA1, DUSAN D. REPOVS, AND YUEQIANG SONG

This means that {u,} is bounded in $2() since 1 < ¢ < 2. More generally,
let us assume that u, — u weakly in S?(Q) and u,, — u strongly in LP(Q)
with 1 < p < Q*. Applying the concentration compactness principle on the
Heisenberg group (see Sun et al. [33], Theorem 3.1), one has

[un|9" = ¢ 2 [ul 4+ (s

JjeJ
IV srunl® = dp > [V irul® + ) ;.
jeJ
\un(n)\Qi Q* \U(n)\QK Q*
PV an ) lun (€)]95 — UL dn) (€)@ + w0,
([ ot ) lun(@19 = (| 5 gmdn) €)% + 3 vide

jed
where J is at most countable index set, §; € (2 and J¢; is the Dirac mass at
§j. Furthermore, we have

1

- _Q Q
Cja Mg, Vs > 07 SHGV]‘Q)\ < i, V;Q_A < C(Q7 )‘) QQ_)\C]" (35)

Now, we claim that J = (). In fact, let us assume that the hypothesis p; # 0
holds for some j € J. Then for ¢ > 0 small enough, by Lemma 3.2 of
Capogna et al. [8], we can take the cut-off function v, ; € C5°(Bg(&j,¢))
such that 0 < . ; <1 and

¢s,j =1 in BH(E,]’ %)7
1#573‘ = 0 in Q\BH(fj,ﬁ), (3.6)
Vil < 2.

Now, by the boundedness of {t. ju,} and (3.3), we have

lim I;L(un)[d}g,jun] = lim </QVHunVH1/)€’jund§p/{zu%_lz/}g,jundf

n—00 n—00
Bl jun(m)

_/Q/Q‘Un‘Qﬂun(fZ})_lg/\ dnd§> =0,

/|VHun|2¢s,jd§+/VHunVst,jundE (3.7)
Q 0

_ q—1 ) ’Un(f) A Un(n)’Q;_lwe,jun(n)
,U'/Qun ¢8,jund§+/§2/ﬂ ’ ,16‘/\

which gives

dndg + o(1),
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where o(1) — 0 as n — oco. From (3.6), we obtain

Qi—q . _a_
[t egunds < 1Bl 5 ([ | %dg) S
Q Bu(&5.€)

< Jage?| A S72 ||uy %

Thus, by the boundedness of {u,}, we obtain that

lim lim [ u? Y4, ju,dé = 0. (3.8)

e—0n—o00 Q

Furthermore, by (3.7) and the Holder inequality, we have

lim lim ’/UHVHUan¢E,jd£’
Q

e—0n—o0

1 1
< C'lim (/ |un|Qidg> S (/ \VH¢E7j\Q§d§> % —0. (3.9
20N Bu(ge) B (&j.€)

Hence,

lim lim / IV g |*be ;(€)dE (3.10)

e=0n—00 Jo

> hm (,uj +/B

|VHUI2¢a,j(§)d€> = i

H(&558)
and
N [ (&) 9 Jun () |93 5 (€)
il_r)l(l) nlgrolo / pr dnd§ (3.11)

:ll_r,% <Vj +/}3H o / lu(§) |n512|>\ ww(é)dnd{) — ;.

So, from (3.7)-(3.11), we conclude that v; > p;. Hence, it follows from (3.5)
QX
that p; > SI?*GA
Furthermore, according to (3.3) and the Young inequality, we obtain

¢= lim {I“(un)— TR (un)un}

n—oo
— 1 }_ 2 _ 1_ 1 q
11 1 s 11 a4 9
> (2 . - — 2
> (5~ g i+ (5~ g Il =G, — 505740
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Let

11 11 9

f(t) = 2 — (= — s—4|0| 9% 1.
()= = 500~ 1, = 550870

Then by a simple calculation, we see that

( (1 1 ) ’ |Q5 q)(Q* Ci)i('z )

to = (p -3 20) A AT HEma
q 2@,\

is the minimum value point of f(z), and the minimum value of f(x) is

1 1 Q—(l

9 ¥ 2 q q
— - QY )2-— 2—q¢(X _
t0) = (1~ 50)8 ™21 )07 - )
1 1 B a 2
< - — -3 2|Q| Q% )2—q A q)2—a = Du2-a,.
(1, — )8~ HOL ) (5250 = D
Thus,
Q3
1 1 oF -1 2
©7 G Tagy e e

which contradicts (3.3). Thus, J = (), and one has

[n (1) 95
o It
From (3.3) and (3.13), we get

/ ViV rpdé — / 9 e

@5y (17)| B L
// [un (& "77’?1‘5‘)‘)‘ gOalndfzo(l). (3.14)

T~ dn|un (€ ny->/ |’ T dnyu( HI9 as n— oo (3.13)

Choose ¢ = w in (3.14). Then

QA QA
||u]!2—ﬂ/u|qd§ // [u(¢ ||77_1’z|A DI e = o. (3.15)

y (3.3) and (3.13), we also have

u(€)|93 u(n
lim ||Un||2—u/|u|qd§ //‘ !‘n Jélk [ dndé = 0. (3.16)

Combining (3.15) and (3.16), we obtain that lim,_, ||u,|| = |Ju||. Thus,
uniform convexity follows from S?(Q2), so we can conclude that u, — u in
S2(€2). This completes the proof of Lemma 3.1. O
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Lemma 3.2. Let 1 < q < 2. Then there exist Ag,po > 0 such that if
€ (0,Ag), then

inf I,(u)<0
u€Bpo

and )
I,(u) > §g(p0)pg >0 forall uesS,,
where g(s) = 15277 — ags?@ 71,

Proof. First, by the Young inequality, we obtain that

£)|9x
Iu(ﬂ)Z%HuIF /Iu!qdf 2%//'“ ‘L] J?I(A” dnde  (3.17)

Q-

1 2 M _9g T / * Q
—|lul]* = =572|Q QA u ¢« CA.Q) Q df
sl = £ 810y 5 uyp — S ([

v

1 h 1 .
> lull* = £57 20| X ||ul|7 - P
2 q 2Q% S5
1 @a 1 .
= lful*{ Sl = ES=310] 9 - —fu% 7},
A
q 20350
Let ag = Qi > 0. Then it follows from (3.17) that
2Q%S
af Ly n2—a _ HFg-tg % 2034
u(w) > e Sllull*0 = £ — a0} (3.18)
Take )
g(s) = 582_‘7 — aps?Qi9,

Then the maximum value point of g(s) is

2 _ 1
o (e
2(10(2@)\ —q)

and the maximum value of g(s) is

9(po) = p02 (1 2g;fq)>o.

Hence, if
1 4 @
Ao = 5452191 % g(po),
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then for all p € (0,Ap), we have from (3.18) that
1
I,(u) > §g(po)pg >0 forall uesS,.
Furthermore, for any u € $2(Q)\{0}, one has

1
lim Tulsu) = _,u/ |u|d¢ < 0,
51 q Jo

s—0t

which implies that u € B,, makes I,(u) < 0. From this, we can conclude
that infuep, | u(u) <0, and the proof of Lemma 3.2 is complete. O

Lemma 3.3. Let 1 < ¢ < 2 and assume that p € (0,Ao). Then problem
(1.1) has a positive solution uy € S?(S2) such that I,(u1) < 0.

Proof. Let pg be as in Lemma 3.2 and set

w= inf I,(u) <0< inf I,(u). (3.19)

u€Bp, u€Sp,

Note that I,(|u|) = I.(u). According to the Ekeland variational principle
(see [9]), we know that

. 1 1
OO R AR ADES AT

for all v € B,, and some nonnegative minimizing sequence {u,} C B,,.
From this and (3.19), we get I}, (u) — 0 and I,,(u,) — w. Because of u, > 0
and ||u, || < po, there is u; € By, and u; > 0 satisfying u,, — u; in 52(Q) as
n — oo. It follows from Lemma 3.1 that u,, — u1 in S?(Q) and

w= lim I,(up) = Iu(u1) <O0.

n—o0

Hence, we have u; > 0 and u; # 0. Moreover, u; is a solution of problem
(1.1), that is

- g (17)] <5 1
—Agu; = plug |91 —I—/ L g |93
o [ntEP
The maximum principle (see Bony [5]) implies that u; > 0 in Q. Thus, u;
is a positive solution of problem (1.1). This completes the proof of Lemma
3.3. [l
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3.2. The existence of the second positive solution of problem (1.1).

Lemma 3.4. Let1 < q <2 and p € (0,Ag). Then I,,(u) > 0 for allu € Sp,.

Moreover, there is e € g%(Q)\BpO satisfying I,(e) < 0, where Ao, po are as
in Lemma 3.2.

Proof. It is evident that Lemma 3.2 proves the first assertion. Therefore,
we only need to prove the rest of Lemma 3.4. Let u € S7(£2)\{0}. Then one
has

Q,\ Q3
o) = Sl = 2 / |u|ngff2QA [ [ O
2 Q* 2QQ
d
<l - A 2 eae)
— —00 as 8§ — +o00. (3.20)

Thus there exists e € S’%(Q)\BPO satisfying I,,(e) < 0. This completes the
proof of Lemma 3.4. U

Lemma 3.5. Let 1 < g < 2 and assume that v, is defined by (2.4). Then
there exists Ay > 0 such that € (0,A1), and

*

1 1 eres 2
sup I (uy + 5v,) < (5 = 557 ) Sies | — Duee, (3.21)
s>0 Qy

where uy is the positive solution from Lemma 3.4 and D is from (3.2).

Proof. Because u; is the positive solution from Lemma 3.4, there exist
positive constants ¢ and T satisfying t < u1(§) < T for any £ € supv, where
v is as in (2.4). Moreover, one has I},(u1)u; = 0 and I,,(u1) < 0.

Next, it is easy to prove that for any a,b > 0, we have

(a+b)7>a"+0a” b, 1<o<?2 (3.22)

and
(a1 + b1) @ (ag + ba) A > afag + bIb3 + 20aSag by + 20aJaxbg ", 2 < 0.
(3.23)

Hence, for any s > 0, we have

2
s
Tu(ur + svy) = Ty(ur) + EHU’Y|2 + 51, (u1)vy

— % /Q [(ul + 50,)7 — ud — gsu? o, | de
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/ / w1 () + 505 ()93 |ur (n) + sv- ()] ¥

- 2Q% TR
|ug (€)X |uy (1) |95 . Jui(§) ()| (n)]
— -2 dnd
g @ P mat
£ SR (O]9 vy ()]G
sguvvu S
QA -1
» / / s (€)] \T; 1>§\||§7<n> i
‘i 2 Q*
< Tl - 2% / 0,9 de)
|n 15|A G '

Let
Q—x

de

82 2
8(s) = llen | - QQA
1

Q
g [ [ @) A|v7 )
T R

The definition of ¢(s) enables us to obtain ¢(0) = 0 and ¢(s) — —oo as
s — 400. Thus, we can find s, > 0 and positive constants s1, so independent
of v, u, satisfying

¢(sy) = §‘§§¢<S>’ ¢'(s4) =0 (3.25)
and
0 <51 <8y <59 <00. (3.26)
Therefore, one has
. 2Q-2
sollos | = L@ oy ag) ¢ (3.27)

Q’i*l
—H(Q — 1)sTA //‘“1 \n‘lé\*’ dndé = 0 (3.28)

and
202
Q*dg) Q (3.29)

lon 12 = CcOn Q)25 - D555 (
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x Q)\ Q-1
—HQ — (@5 — 257 3/ / [ual€ ',nf},@' dnd¢ < 0. (3.30)
From (3.29), we obtain that there exists s; > 0 (independent of v, ) satis-
fying 0 < s1 < s,.
Next, from (3.27) one has

2Q—X

‘Lgvi”i _C()HQ)(/ ‘leQ*df) ¢

URZD [ [ IO
R

This implies that sy has an upper bound for v > 0 small enough. If not,
making s, — oo in (3.31), one gets [, |v,|?"d¢é = 0, which contradicts
Lemma 2.2 for  small enough. It follows from (3.24), (3.25), (3.26), Lemmas
2.1, and 2.2 that

(3.31)

sup I, (u1 + sv,) < sup ®(s) = ®(s,)

5>0 520
<o { Sl - Ca) T )
u —|lv
- u1 (€)% s ( )IQA
— ts9A 1// | A1 dnd§
!n‘%P
s 2 c;A
§sup{—v d{ }
up { 5 0 - 2%

— ts%710(, Q) /Q |u1<s>rQ*d5)W( /Q o))

s2 29 C(\Q)s*9A /o g\ X2
{ESIQ;GAH _ zQ;(SQ_H_Q C(\ Q) Q—,\+2> }

< sup
s>0

g QA2
—Ci(y77)2@

Q3 @
S QF -1 ()\ Q) QF -1 _Q—-X+2
= su —S N = 75 A } e Q—2
52]8{ 9 PHG 20} HG 1Y
1 1 el _Q-at2
Z_ — Q—2 .32

where C7 > 0 is independent of v and p.
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_Q-A+2 _q_
Let v @2 = ;ﬂzq and Ay = %. Then for any u € (0,A;), one has

Oy~ 2% > Duza. (3.33)
By (3.32) and (3.33), equation (3.21) holds if u € (0,A;). This completes
the proof of Lemma 3.5. O

From the above discussion, we get the following result.

Lemma 3.6. Let 1 < g < 2. Then there exists j1. > 0 such that for all
p € (0,A), problem (1.1) has a positive solution us € S3(Q) satisfying
IH('U/Q) > 0.

3.3. Existence of a positive ground state solution of problem (1.1).
In this subsection, we will show that problem (1.1) has a positive ground
state solution. Indeed, let

N={uesS?Q):u#0, (I,(u),u) = 0}.
Since any nontrivial solution of problem (1.1) belongs to N, we can set
7 = infyen I, (u). Clearly, if u € N, one also has |u| € N and I,,(|u|) = I,(u),
and therefore we can consider a nonnegative minimizing sequence {u, } C

and such that

I,(up) =7 asn — oo. (3.34)
By Lemma 3.3, 7 < 0 and {u,} is bounded in $?(Q). More generally,
suppose that u, — uy weakly in 512 (Q) and u,, — wuy strongly in LP(£2) with
1 < p < @Q* Thus, uy # 0. In fact, if uy = 0 and | = limy,—0 ||t ||, then
since u, € M, one has

Qx Q§

\n‘lé\A
SC(A,Q)< / lun\Q &) T+ oll) < S ual % +o(1). (335)

_Qx
From this, one can infer that either [ = 0 or [ > S, 2%

(3.34), one has

)19 o ()|
T:nm un2—/ up|9dE — //'“” WS fun M) e
Jmn Gl =5 [ e — 5o e e}

:(;_ZQ*)HMHUHHQ (% 2Q§>52' (3.36)

Besides, from
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If I = 0, then from (3.36), we get 7 = 0, which is a contradiction. Thus
1 1 Q*igl
2 (5- 2@;)5}16
It follows from Lemma 3.5 that

1 1 Q*igl 1 1 Q% 2
(- 2@;>5H?¥ <7< (3- QQ;)SH?; — Duz,

which is also a contradiction. Therefore, we must have uy # 0 in S(Q).
On the other hand, u, — uy in S2(Q) is derived from Lemma 3.1. In
other words, uy is a positive solution of problem (1.1) and I, (uy) > 7.
Next, we show that I, (uy) < 7. Indeed, by the Fatou Lemma and (3.33),
we get

T = nh_)rgo {Iﬂ(un) — chgf\jzll(u”)u”}
=, m { (% - 222;) Jean - "((11 - 222;) /Q“’qldg}
> (% - 2223)”%”2 _ u(; _ ZCl)) /Qu‘)]\dﬁ. (3.37)

Furthermore, because u) is a positive solution of problem (1.1), we have

IM(U)\) = I'u(u;\) — 25#;\[/2(1”‘)“/\

= (5 507 Il =G - 5) | e

From (3.37), we have I)(uy) < 7 and I)(uy) = 7 and u) # 0. This means
that uy is a positive ground state solution of problem (1.1). Consequently,
invoking Lemmas 3.3 and 3.6 completes the proof of Theorem 1.1.

4. HIGH PERTURBATIONS OF PROBLEM (1.1)

This section focuses on the proof of Theorem 1.2. To this end, we shall
apply the general Mountain Pass Theorem.

Theorem 4.1. (see Rabinowitz [32]) Let E be a real Banach space and
I € CY(E, R) satisfying (PS) condition. Suppose that I1(0) = 0 and that
(i) there are constants p, o > 0 satisfying I(u)lop, > o;

(ii) there exists e € E\B, satisfying I(e) < 0.
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Then I has a critical value ¢ > o. Moreover,

=i >
°= jof B 1) 2 o

where
F={heC(0,1],E): h(0) =1,h(1) = e}.
Next, we prove that the geometric properties (i) and (i7) of Theorem 4.1
are satisfied by I,,.

Lemma 4.1. Let 2 < q < Q}. Then the properties (i) and (ii) of Theorem
4.1 are satisfied by the energy functional I,,.

Proof. From (3.17), we have

L(w) > L ju? - £s7j0 o e - ! 205
p(u) = Slul]” - 209 Al = —— [Jul| 7 (4.1)
2 * G
\PHG
Now, we can take p, o > 0 satisfying I,(u) > « for all u € 0B,, since 2 < g,
2 < 2Q3. Thus, property (i) of Theorem 4.1 holds.
Now, we show that property (ii) of Theorem 4.1 also holds. From (3.20),

one has

2Q3 QA QA
(s = Sl - 2 / \Uqué—ZQK L e

2 Q*d 5
e - S [ 10/ de)
A

Since 2 < QQK, we can deduce that Iu(sou) < 0 and sgl|u|| > p for s¢ large
enough. Let e = spu. Hence, e is the desired function and the proof of
property (ii) of Theorem 4.1 is complete. O

Lemma 4.2. Let 2 < q < Q. Then for all

(4.2)

*

11y a0
CH<<§_§>SHG ) (4'3)

I, satisfies the (PS)., condition.

Proof. We assume that {u,} C S2(Q) satisfies

Iu(un) = cpy T(un) =0 as n— oo, (4.4)

where ¢, is as in (4.4). It follows that

1 1 1
1t ollunll) 2TaCun) = - T m)uin = (5= - ) un
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€)|95 Juup ()| @5
+ () [ e
>(5 - 7)™ (4.5)

From this, we can derive that {u,} is bounded in $?(Q).
The rest of the proof is similar to the proof of Lemma 3.1. We have

Q3
i > S ;g_l and by using the concentration compactness principle, we have
) 1
ey = nll)n;o {Iu(un) - QIL(un)un}
— 1 1 2 4 |t (€)] 95 [ (1) | %5
= tim {G = luel®+ (5= ) [ [ S dnac)

QX
. 1 1 1 1 1 1 1\ o1
> lim {(5 - >uunu2} > (5= s+ G Dl > (52 )sis

From (4.3), we have J = (). As in the discussion of Lemma 3.1, one knows
that u, — u in S2(Q). This completes the proof of Lemma 4.2. O

Proof of Theorem 1.2. We claim that
Q3

. 1 1\ o1
0<c,= ég%ggfﬁxl I,(h(t)) < (2 - q)SHG . (4.6)

Assume that (4.6) holds. Then Lemmas 4.2 and 4.1 and Theorem 4.1 assure
the existence of nontrivial critical points of I,,.

In order to prove (4.6), we choose vy € S2(Q) such that

”UOH =1 and SEI—&I}OO IM(SU()) = —0OQ.

Then

sup I, (svo) = 1,(s,v0) for some s, > 0.
s>0

So, s, satisfies
Q Q3
ool = [ It [ [ FenE R0 g )

Now, we demonstrate that {s,},~o is bounded. Indeed, suppose that the
following hypothesis s, > 1 is satisfied for all y > 0. Furthermore, we can
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deduce from (4.7) that

Q Q3
S ’U(] ASuvo(M A
st lsnl? = [ Isyoalra + [ [ oSO e (as)

Q Q3
203 //!vo )% o (n)|x
> s, dndg. (4.9)
7
It follows from (4.8) that {s,},>0 is bounded, since 2 < 2Q3.
Next, we demonstrate that s, — 0 as u — oo. Suppose to the contrary,
there are s, > 0 and a sequence (uy)n, With p, — oo as n — oo, satisfy-

ing s,, — s, as n — oo. Invoking the Lebesgue dominated convergence
theorem, we have

s, vol|ldé — s,v0l4dE  as n — oo.
|Nn 0‘ nvo
Q Q

It now follows that

,un/ |suvo|?dE — 00 as m — oo.
Q

Thus, invoking (4.7), we can show that this cannot happen. Therefore,
sy — 0 as p — oo. Furthermore, we can apply (4.7) to show that

hm u/ |suvo|?dE =0

and

)| @A @3
lim / / [5u20(O)] 1’3“;} oDI™ e 0.
00 In=1¢|
Therefore, s, — 0 as u — oo and by the definition of I,,, we get that
lim (sup I,(svg)) = lim I,(s,vp) = 0.
Mﬂoo(szg u( 0)) fracl u( W 0)
So, there is p* > 0 such that if 4 > p*, we have
Q3
1 1. o=
sup I,,(svp) < (5 - =)Sqe -
s>0 q
Letting e = sqvg with s; large enough to have I,,(e) < 0, we get

0<e¢, < Jnax I,(h(t)) where h(t)=tsivo.

Therefore,

1 =
0 < ¢, < supL(svo) < (= —=)Spa |
s>0 2 q
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for p large enough. The proof of Theorem 1.2 is now complete. O

5. PROOF OF THEOREM 1.3

In order to prove Theorem 1.3, we shall use the Krasnoselskii genus theory
[32]. Let X be a Banach space and let A denote the family of all closed subsets
A C X\{0} which are symmetric with respect to the origin, that is, u € A
implies that also —u € A. If z1,--- , 2z, are in Z, then the span of all liner
combinations of z1,- -, zx is denoted by span{zi,--- , 2z} and is called the
subset of Z generated by z1,-- -, 2g.

Theorem 5.1. (see Rabinowitz [32]) Let E be an infinite-dimensional Ba-
nach space and let I € C*(X) be even, with I(0) = 0. Assume that E =
X @Y, where X is a finite-dimensional space, and I satisfies the following
properties:

(i) There is @ > 0 such that I satisfies the (PS). condition for all c € (0,6).

(#7) There are p,a > 0 such that I(u) > « for allu € 0B,(Y.

(i3i) For any finite dimensional subspace E C E, there is R = R(E) > p
such that I(u) <0 on E\ Bg.

Moreover, suppose that X is k-dimensional and X = span{zy,---,z;}.
For n > k, inductively select z,41 ¢ X,, = span{z1,---,2,}. Let R, =
R(X,) and Y,, = Bg, () Xn. Define

Wy, ={peC(Ty,E): @!aBRn Nx, = id and ¢ is odd}
and

i ={o(Tp\V): 9o e Wy,n>i,VeAn(V)<n-—i},
where (V') is the Krasnoselskii genus of V. For i € N, let

¢i = inf maxI(u).
XeT; ueX
Hence, 0 < ¢; < ¢;41 and ¢; < 0 for ¢ > k. Then, we get that ¢; is a critical
value of I. Moreover, if ¢; = ¢i41 = -+ = ¢j4p = ¢ < 0 for i > k, then
v(K.) > p+ 1, where

K.={ueE:I(u)=c and I'(u)=0}.

Proof of Theorem 1.3. It is well known that S$2(9) is a reflexive Banach
space and I,, € C'(52()). The energy functional I, satisfies 1,,(0) = 0. We
have three steps to prove Theorem 1.3.

Step 1. The proof is similar to the proof of (i) and (ii) in Theorem 4.1.
We can see that (i7) and (i7i) of Theorem 5.1 are satisfied.
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Step 2. We show that there is a sequence (¥,,), C RT, with ¥,, < ¥, 14,
satisfying

H — inf I U
c inf max/l,(u) < ¥,,.
™ Xeln uexX u(w) "

For this purpose, applying an argument given in Wei and Wu [36], according
to the definition of ¢, one has

O u(m)| 9
= joh, o) < o et - o [ [ S = anae
Set
)| 95
_ 2 [u()1¥3 u(m) |45
U = inf max{]ul|” 2%// g dndg}.

Then ¥,, < co and ¥,, < W, 11, by the definition of [',,.

Step 3. We show that problem (1.1) has at least n pairs of weak solutions.
As in (4.6), a similar discussion yields that there exists pu** > 0 satisfying
11 e
<Y, < (5 - f)S;gl for all u > p**

q

Thus, one has

Q3
0<c’f§cgg---§cg<\1}n<(;—;)Sfjé‘l.
An application of Rabinowitz [32, Proposition 9.30] ensures that the levels

I < c“ < ... < ¢ are critical values of I,.

If d = cZJrl where i = 1,2,--- ,k—1, then by Ambrosetti and Rabinowitz
2, Remark 2.12 and Theorem 4.2], the set K consists of infinite number
of different points and problem (1.1) has infinite numbers of weak solutions.
Hence, problem (1.1) has at least n pairs of solutions. The proof of Theorem
1.3 is completed. ]
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