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ABSTRACT. We study a class of p(x)-Kirchhoff problems which is seldom stud-
ied because the nonlinearity has nonstandard growth and contains a bi-nonlocal
term. Based on variational methods, especially the Mountain pass theorem
and Ekeland’s variational principle, we obtain the existence of two nontrivial
solutions for the problem under certain assumptions. We also apply the Sym-
metric mountain pass theorem and Clarke’s theorem to establish the existence
of infinitely many solutions. Our results generalize and extend several existing
results.

1. Introduction. The purpose of the present paper is to study the existence and
multiplicity of solutions for the following p(z)-Kirchhoff equation, with an additional
nonlocal term:

M (fQ ﬁ|Vu|p<x)da:) Apzyu = )\|u|”(”)_2u + fz,u) UQ F(Jc,u)dm]r in Q,
(1)

u=0 on 09,
where Q2 C RY is a bounded smooth domain, p € C(Q), N > p(z) > 1, r > 0 and

A are real parameters, M : R[{ — IR{SF is a Kirchhoff function, f : 2 x R - R is a
continuous function satisfying certain conditions which will be stated later, and

F(z,u) = /Ou f(z,t)dt > 0.
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We consider the p(x)-Laplacian operator of the form:

N
: x)— x)— du
Ay = div(|VuP") 2 Vu) =3 (Vup( ) ani) ,

i=1

which is not homogeneous and is related to the variable exponent Lebesgue space
LP@®)(Q) and the variable exponent Sobolev space W1P(®)(Q).

These facts imply some difficulties. For example, some classical theories and
methods, including the Lagrange multiplier theorem and the theory of Sobolev
spaces, cannot be applied. Problem (1) is called a bi-nonlocal problem because of
the presence of the terms

/L\Vu\p(x)dﬂc and [/ F(sc,u)dx} )
o p(z) Q

which implies that the first equation in (1) is no longer a pointwise identity. This
phenomenon provokes some mathematical difficulties that make the study of such
problems particularly interesting.

Besides, such problems have some physical motivations. Indeed, problem (1) is
related with a physical model introduced by Kirchhoff [20] as follows:

0%u L 2 0%u
Poz ~ (a + b/o da:) =0, (2)

Ox?
where p, a, b, L are constants. Here,

M(/OL Zm) —as [

describes the changes of the tension due to the increment in the length of the strings
during the vibrations.

It therefore seems reasonable to be possible to give a realistic meaning for M (0) =
0, i.e., when the basic tension of the string is zero. Problem (2) has received a lot
of attention only after Lions [22] proposed an abstract framework for this problem.
We refer the reader to [6, 7, 9] for the Laplacian operator and [10, 14, 16, 19] for
the p-Laplacian operator.

On the other hand, there are only a few papers which deal with nonlocal p(x)-
Kirchhoff equation via variational approach, we can see [1, 2, 3, 12, 13,17, 18, 29] and
the references therein. Using variational methods, Corréa-Costa [12] investigated
the following nonlocal p(z)-Laplacian Dirichlet problem

-M (fﬂ ﬁw)|Vu|P(x)dx) Apeyu = h(z,u), in Q,
u =0 on 09,

Ju
ox

2

ou dx

ox

Ju
ox

(3)

where

q(z)

Here, my and my are positive constants, and

1 T
h(z,u) = Au|?® 2y [/ |u|q($)daj} , mo < M(t) <mgy.
Q

M(t)=t*"" ¢ (r+1)<ap, <
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They proved several results on the existence of positive solutions. Recently, their
result was extended in Corréa-Costa [13] to the general nonlinearities cases: h(x,u)
and M (t) were replaced respectively, by

F ) [ / F(z,uﬂr, Q1 < f(a,) < Q) T,

Ag + At*®) < M(t) < By + BtP@),

where Ag, A, By, B, Q1, Q2 are positive constants and a(z), B(x), (), q(z) € C(Q)
satisfy the following conditions

«_ _Np(z)
a(z) < B(x) and v(z) < gq(z) <p N p@)
By using Krasnoselskii’s genus, they proved the existence of infinitely many solutions
for (3). For a deeper treatment, we refer to [8, 30] and the references therein.
Motivated by the above results, we are interested in the existence and multiplicity

of solutions for the p(x)-bi-nonlocal type problem (1). We first state the following
conditions for the Kirchhoff function M:

(My): M :[0,400) — [0,+00) is a continuous function such that there exist tg > 0
and v € (1, (p*)- /p+) satisfying

t
tM(t) < yM(t), for all t > ¢y, where M(t) = / M(z)dz.
0

(My): There exist positive constants o, A and C such that
M(t) > Ct* for t>A>1withap™ > p*.
A typical prototype of M is given by
M(t) =a+bt*" ! for all t>0, where a,b>0,b>0and a > 1. 4)

When M (t) > 0 for all ¢ > 0, Kirchhoff problems are said to be nondegenerate and
this happens for example if a > 0 and b > 0 in the model case (4). Otherwise, if
M(0) =0 and M(t) > 0 for all ¢ > 0, the Kirchhoff problems are called degenerate
and this occurs in the model case (4) when a = 0 and b > 0.

Moreover, we assume that f is a continuous function which satisfies the following
conditions:

(H7): The subcritical growth condition holds:
|f(z,8)] < C(1+]s|7@ 1) for all (z,s) € QxR,where C > 0, p(z) < q(z) < p*(z);
(Hz): The Ambrosetti-Rabinowitz (abbreviated as (AR)) condition holds:

S
F(z,s) = / f(z,t)dt
0
is f-super-homogeneous at infinity, i.e. there exists s4 > 0 such that

+

0<0F(z,s) <sf(x,s), forall|s| >sa, z €8, where § > %;

(H3): The following holds uniformly in z € Q:
lim Iz s)

s—0 |S|P($)_25

(Hy): f(z,—s) = —f(z,s), for all (x,s) € 2 xR.
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Remark 1. An example of our conditions being satisfied is given by the following
functions:
M(t) =bt*"!,  where a>1,b>0,
and
fla,t) = [t]"®) 7, where p(x) < g(x) < p* ().

Remark 2. The Ambrosetti-Rabinowitz superlinearity condition was originally in-
troduced by Ambrosetti and Rabinowitz [4] and is still used in many works. This
condition depicts a superquadratic growth and is used to ensure the boundedness of
Palais-Smale sequences of the energy functional and hence in obtaining the moun-
tain pass geometry. We note that the Palais—Smale condition on the functional
is relevant in establishing critical point results and their applications (see also the
discussion in [5]).

Now we are in position to state our main results.

Theorem 1.1. Suppose that function p € C(Q) satisfies yp™ < (r + 1)p~. Then
there exists Ag > 0 such that for every A < o, with conditions (My), (Ms), (Hi),
(Hs) and (Hsj) satisfied, problem (1) has at least two nontrivial weak solutions.

Theorem 1.2. Suppose that function p € C(2) satisfies yp© < (r + 1)p~. Then
there exists Ao > 0 such that for every N < Ao, with conditions (M), (M),
(Hy), (Hs), (Hs3) and (Hy) satisfied, problem (1) has infinitely many solutions
in Wi (q).

Theorem 1.3. Suppose that conditions (M), (Ms), (Hy), (Ha), (Hs) and (Hy)
are satisfied. Then for every A € R, problem (1) has infinitely many solutions in
Wy P (9).

We conclude with an outline of the structure of the paper. In Section 2, we
introduce some preliminary results concerning Lebesque and generalized Sobolev
spaces and we recall some results that will be used later. In Section 3, we study
the Palais-Smale condition. Section 4 is devoted to the proof of Theorem 1.1. In
Section 5, we prove Theorem 1.2. Finally, Section 6 is dedicated to the proof of
Theorem 1.3.

2. Preliminaries. In this section, we recall some definitions and basic properties of
the generalized Lebesgue space and the variable exponent Sobolev space W1»() (Q).
For this purpose, let consider £ be a bounded domain of RY and denote

Ci(Q)={heC)|h(z)>1,foralzeQ},
hT =maxh(x), h~ =minh(z), heC(Q).
€S €N
The generalized Lebesgue space is defined as
LP@)(Q) = {u - is a measurable real-valued function, [ |u[P™® dz < oo}

Q
and it is equipped by the following norm

p(z)
\u|p(x)=inf /\>02/ de <1p.
Q

Thus (LP@®)(Q),| - |p(x)) becomes a Banach space. Let us recall now some results
which will be used later.

u(z)
A
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Proposition 1 ([28]). (1) (LP®(), |-|p(x)) is a separable, uniformly convez Ba-
nach space and has conjugate space LI (Q), where 1/q(zx) + 1/p(x)
= 1. For every u € L*®)(Q) and v € LI®)(Q), we have

1
/ uv dx
Q

1
< =+ 2l vl
(2) The inclusion between Lebesgue spaces also generalizes the classical framework,
namely, if 0 < || < oo and p1, p2 are variable exponents such that p; < po
in Q, then there exists a continuous embedding LP*®)(Q) — LP1(*)(Q).

An important role in working with the generalized Lebesgue—Sobolev spaces is
played by the m(-)-modular of the LP()(Q) space, which is the modular pp(.y of the
space LP()(Q)

(@)= [ [l do.
For more details about these variable exponent Lebesgue spaces see [23, 25].

Lemma 2.1 ([15]). Denote

1
Au) = [ —=|VulP@ Wy P ().
(u) /Q p(m)‘ ulP*®dx,  for all u € Wy Q)

Then A(u) € Cl(Wol’p(z)(Q),R) and the derivative operator A’ of A is
(N (u),v) = /Q IVulPD =2V uVuda, for all u,v € W™ (Q),

and the following holds:
1. A is a convex functional;
2. A Wol’p(‘r) (Q) — (W-tr'@)(Q)) = (V[/'Ol’p(‘r)(&'lo>k is a bounded homeomor-
phism and strictly monotone operator, and the conjugate exponent satisfies

1 1 —_ 1.
@ T @ = b

3. N is a mapping of type (S5), namely, u, — u and limsup(A’(u,), u, —u) <0,
imply w, — u (strongly) in Wol’p(m)(Q).

Definition 2.2. We say that u € W, ?")(Q) is a weak solution of problem (1), if

1
M (/ Vu|p(”’)d33> / |Vul[P® =2 VuVds — )\/ [P~ 2ypde =
o () Q Q
{/ F(Jc,u)dx] / f(z,u)vdx, where v € Wol’p(x)(Q).
Q Q

The energy functional J, : Wo*™(Q) — R associated with problem (1)

— [ |Vu[p@® / |u|P(@) 1 / r+l
= M dx — dx — F d
) /Q p(x) v o p(z) ! r+11Ja (& w)da

®(u) — Ex(u) — U(u), for all u € Wo ™ (Q), (5)

is well-defined and of C'-class on Wy ") (Q). Morcover, we have

Vul|P@)
(Ji(u),v) = M [Vl dz [ |[VulP®=2VuVode — X [ |ulP™ " 2uvdz
a p@) Q Q
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- [/ F(x,u)d:c} T/ f(z,w)vdz, for all u,v € Wol’p(x)(Q). (6)
Q Q

Hence, we can observe that the critical points of functional J are the weak solutions

for problem (1). In order to simplify the presentation we will denote the norm of
1, .

Wy (Q) by ||.| instead of || - [

denote general positive constants whose exact values may change from one place to

another.

. For simplicity, we use C;,7 = 1,2, ... to

3. The Palais-Smale compactness condition.

Definition 3.1. Let (Wol’p(m)(Q), [I.]l) be a Banach space and Jy € Cl(Wol’p(I)(Q)).
Given ¢ € R, we say that Jy satisfies the Palais—Smale condition at the level ¢ € R
(“(PS). condition” for short) if any sequence (u,,) € Wol’p(x)(Q) satisfying

Ja(un) — ¢ and J}(up) — 0 in W HP#)(Q) as n — oo, (7)
has a convergent subsequence.

Lemma 3.2. Assume that conditions (My),(Ms),(Hy) and (Hs) are satisfied. Then
functional Jy satisfies the (PS). condition for any ¢ # 0.

Proof. We proceed in two steps.

Step 1. We prove that (u,) is bounded in Wol’p(w)(Q). Let (u,) C W()l’p($)(Q) be
a (PS). sequence for any ¢ # 0. By (M), for ||u|| large enough,

() = vt M(A(w) = p* M(AW)A(w) = M(A(w) / VulP®de = &' (u)u.
(8)

By (Hs) we can see that there exists C; > 0 such that
-0 < G/QF(z,u)dx < /Qf(as,u)udz +Cy, forallu e Wol’p(m)(Q),
and thus, given any ¢ € (0, 6), there exists A, > A such that
(0 —¢) /Q F(z,u)dz < /Qf(x,u)udac i /QF(x,u)dx > A.. 9)

We may assume A, > %. Note that in this case the inequality fQ F(z,u)dz > A
is equivalent to UQ F(x, u)dx| > A., because

C e
/ F(x,u)dr > —71, for all u € Wol’p( )(Q)
Q

We claim that there exists C. > 0 such that
' (wyu — (r+1)(0 — £)(u) > —C., for all u € Wy (Q). (10)
Indeed, if | [, F(z, u)dz| < A., then the validity of (10) is obvious. When

/ F(z,u)dz
Q
it follows by (9) that

> A, ie. / F(z,u)dx > A,
Q

(r+1)(0 —&)¥(u) = (6 —¢) </Q F(x,u)dxyﬂ
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=(0—¢) (/Q F(z,u)d:c)r/QF(x,u)dx
< ( /Q F(:mu)d:r:)T /Q F(, w)udz = W (w)u,
and so (10) holds.

Now let (u,) C Wol’p(m)(ﬂ)\{O}, Ji(un) — 0 and Jx(up) — ¢ with ¢ # 0. Since
vpt < (r+1)6, there exists € > 0 small enough so that yp+ < (r+1)(0 —e). Then,
since (uy,) is a (PS). sequence, applying (8), (10) and (M>), for sufficiently large n
we have

(r 4 10— e+ 1+ un]l > (r 4+ 1)(0 — 2)a () — T} (),

Z ((T + 1)(0 - 6) - 7p+) (I)(un) + (7p+¢(un) - (I)/(un)un)

(W ()it — (7 1)(0 = &)W (un)) = A(r +1)(0 — ) / ]ﬁwwx
r+1)0-¢)
p(z)

Collun||*? - C3 — Cx, ifA<0
=\ Collunl®® — C5 — C. — A (7“*113&9—5) - 1) Cullunll?™, it A > 0.

—l—)\/ \un‘P(m)dx > Collun||*? — Cs — C. — )\/ ( _ 1) |un|p(“‘)dx
a Q

Since ap™ > pT > 1, the above inequalities imply that (u,,) is bounded in Wol’p(z)(Q).

Step 2. Now we claim that (u,) has a strongly convergent subsequence. To
complete the argument we need the following proposition.

Proposition 2. (i) Functional ® : X := Wol’p(m)(Q) — R is sequentially weakly
lower semi-continuous, ¥, Ey : X — R are sequentially weakly continuous,
and thus Jy is sequentially weakly lower semi-continuous.

(13) Mappings ¥, E} : X — X* are sequentially weakly-strongly continuous. For
any open set D C X\{0} with D C X\{0}, mappings ® and J§ : D — X*
are bounded and of type (S+).

Proof. (i) Since function M (t) is increasing and functional A is sequentially weakly
lower semi-continuous, we can see that functional ® : X := WO1 P (z)(Q) - R
is sequentially weakly lower semi-continuous.

(ii) Noting that embedding X < L4(*)(Q) is compact, we can see that U, ¥/, E},
and E} are sequentially weakly-strongly continuous. Now let D C X\{0}. It
is clear that mappings ® and J§ : D — X* := (W1 (#)(Q)) are bounded.
To prove that ® : D — X* is of type (S+), assume that (u,) C D, u, — u
in X and limsup,,_, o ®'(un)(un, —u) < 0. Then there exist positive con-
stants C; and Cs such that C7 < A(u,) < Cy and therefore there exist
positive constants Cs and Cy such that C3 < M(A(uy)) < Cy. Noting that
D' (uy) = M(A(up))A (uy), it follows from limsup,, _, | o ' (un)(u, —u) <0
that limsup,,_, o A'(up)(un, —u) < 0. Since A’ is of type (S+), we obtain
Uy, — u in X. This shows that mapping ® : D — X* is of type (S+). More-
over, since U’ and E} are sequentially weakly-strongly continuous, mapping
J5 D — X* is of type (S+).

O
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We can now complete the proof of Step 2. Since Jx(0) = 0 and Jy(uy) — ¢ # 0,
there exists € > 0 small enough such that for sufficiently large n, ||u,|| > €. Setting

D ={uce Wol’p(z)(ﬂ) / lun|l > €}, then w, € D for n sufficiently large. Because
(uy,) is bounded, we can consider a subsequence of (uy, ), still denoted by (u, ), such
that u,, € D and u,, = u. The condition J§(u,) — 0 implies J} (up)(u, — u) — 0.
Since J} : D — Wol’p(x)(ﬂ)* is of (S+) type, we have u,, — u € D. O

4. Proof of Theorem 1.1. In this section, the existence of nontrivial weak solu-
tions for (1) is shown by applying the Mountain pass theorem and a variant of the
Ekeland variational principle under suitable assumptions. To verify the conditions
of the Mountain pass theorem (see e.g., [27]), we first need to prove two lemmas.

Lemma 4.1. Suppose that conditions (M),(H;) and (Hs) are satisfied. Then for
any w € W&’p(x)(Q)\{O}, Jr(sw) = —o00 as s — +o0.

Proof. Let w € Wol’p(m)(ﬂ)\{O} be given. From (M;) and for ¢ > 1, we can easily
obtain that M (t) < M(1)t". Then

— 1
E(sw)=M / —— |Vsw|P®dz ) < dis™?"
o (@)

for s large enough and d; a positive constant depending on w. By conditions (H)
and (Hs), we have

r+1
[/ F(x, sw)dx] > dysTHD
Q

for s large enough and where ds is a positive constant depending on w. Finally, we

have
1 1
/ pT@'SMp(w)dx < pj (/ w|p(w)dx> Pt = d3sp+,
Q Q

for s large enough, where d3 is a positive constant depending on w. Hence for any
wE Wol’p(m)(Q)\{O} and s large enough,

dys?" — dosT 0 4 \dysPT i A > 0,
disP" — dasTH0 — \d3sPT i A <0.

Ix(sw) < {

Thus, since pt < yp™ < (r+1)6, we conclude that Jy(sw) — —oo as s — +o00. [

Lemma 4.2. Suppose that conditions (M,),(Hy) and (Hs) are satisfied. Then
there exist positive numbers a, p, Ao such that Jx(u) > a > 0 if |[ul]| = p and A < Ao.

Proof. Conditions (Hy) and (Hs3) imply that
|F(z,t)] < elt|P® + CJt|7@), for all (z,t) € Q x R.
For |lu|| small enough, we have
/ F(z,u)dr < 6/ [ulP@® dz 4 CE/ [u|?®dz < e <|u|p(+x) + \u|p(;))
Q ) ) b b
at a
+ Ce (Julliy) + lull,)
< e (Cr full” + Ol ) + Ce (Cf ul* + € Jlull”)

<e(ct +of ) ulr +c.(cf +cf ) lule
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+ - - + - - -
c(er"+ e Yl + e (8 + e )l < Cllull

where
Cy=c(ct 4+t ) +c.(cf +cf ).
Therefore
1 r+1 CT+ ( )
U(u) = F d < r+lp 11
0= g | [P < S (1)
Moreover, condition (M;) gives
M(t) > M(1)t", for all t € [0,1]. (12)
Thus, using (11) and (12), we obtain
— 1
AW%;MMWD—A/A—%W“Wx—Ww
o p( )
S ) MO A@)T - M IIUH(T*”P : if A <0
- T /\C .
(1) (M) = 2 uf]p™ — Gl 027, i A >0
M + r - .
- (,,83 " = S ]| P if A <0
- Acy - . .
SRkl = 2l - S L T
M crtt r -_ .
JulP?* (G5t = Siep el 07 =" ), i1 <0
= — r+1 —
wvf(£$ e %Hmw”mﬂvf>,ﬁx>u

(13)
Now, for each A > 0, we define a continuous function hy : (0,00) — R,

)\Cp Cr-i—l
I (¢ 221 gpT —ypt =3 4(r+)p” —pt
A1) = p- + r+1
Since 1 < p~ < 4p™ < (r+1)p~, it follows that lim hy(t) = lim hy(t) = +oo.
t—0t t—+o00

Thus we can find the infimum of hy(t). Note that equating

W (1) ACY (p~ — W) et N CytY(r+1)p — W) s w1 _ g
A P~ r+1 ’

we get

1
1 B + _ rp—
to =t = CyAr~, where Cy = ( cf (r+1)(pt —p7) > <0,

Cyp=((r+1)p~ — vpt)

Clearly, to > 0. It can also be checked that h%(ty) > 0 and hence the infimum of
ha(t) is achieved at ¢y. Now, observing that

CP70P7—7P+ Cﬂ"-‘rlc(r""l)lf—VPJr (r+1)p~ —vpT
h,\(to):< L + -2 A

- 1 T —0as A— 0",
P r

we can infer from (13) that there exists A\g > 0 such that for all A < Ag we can choose
p small enough and a > 0 such that Jy(u) > a > 0, for all v € X with |ju|| =p. O



ON THE EFFECT OF TWO NONLOCAL TERMS 1461

Let A\p > 0 be a constant as given in Lemma 4.2. By Lemmas 3.2, 4.1, 4.2 and
the Mountain pass theorem, we deduce that for all A € (0, ), Jx has a critical
point u; € X which is a weak solution for problem (1). Moreover, u; satisfies

Ji(u1) > a >0, (14)

which implies that u; is nontrivial.
We will show that there exists a second weak solution us # u; by using the
Ekeland variational principle. By Lemma 4.2, we have

inf (J > 0,
uealg(o,r)( )\(’U,))

and by Lemma 4.1, there exists w € X such that Jy(tw) < 0 for ¢ > 0 large enough.
Moreover, as in the proof of Lemma 4.2, for u € B(0,r), we have

™ (9 - G e =) i a <0

J)\(u) >

+ ]/\/T AC:D7 -+ Cr+1 - .
Juaf* (LAY ACE = ﬁHWW”W’VP),ﬁA>Q
Therefore

—oo<c= inf (Jx(u)) <O.
u€B(0,r)

Let € > 0, be such that

0<e< inf (J — inf (J .
€ uealg(O,r)( A<U)) uéan(O,r)( )\<U))

We deduce from the above information that functional Jy : B(0,r) — R, is lower
bounded and Jy € C'(B(0,7),R). Therefore, by using the Ekeland principle, we
conclude that there exists u. € B(0,r), such that

QSJ)\(UE) <c+¢

);

Ia(ue) < Ia(u) + elju — uel|, u # ue.
Since

)< inf < inf inf ,
Ia(ue) < ue?(o,r)(h(u)) +e< Bl(%’r)(Jx(u)) +e< aéI(lo,r)(JA(u))

we can deduce that u. € B(0,r). Now, we define

Ex:B(0,7r) > R by Zx(u) = Jx(u) + ¢|lu — uel|-

It is clear that u. is a minimum of =). Therefore, for ¢ > 0 large enough and for
any v € B(0,1), we have

Ex(ue + L‘vt) — Za(ue) >0, that is, I (ue + tvt) — Ia(ue)
By letting t tend to infinity, we obtain

JA(ue)(v) + € [v] = 0.
This implies that ||J}(u.)|| < €. By the argument above, we deduce the existence
of a sequence (u,) C B(0,r), such that
Ia(up) = ¢ <0, and J3(u,) — 0. (15)

Since (u,) C B(0,7), it follows that (u,) is bounded in X. So, up to a subsequence,
there exists us € X such that (u,) converges weakly to us € X. Hence, by the
proof of Lemma 3.2, we deduce that u,, — u strongly in X.

+el] > o0.
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Since J\ € C'(X,R), we have J}(u,) — J4(uz2), as n — oo. Hence, from (15), we
conclude that

Ji(uz) =0, |Juz| < r, and Jy(uz) < 0. (16)
This implies that us is a nontrivial solution for problem (1). Finally, by combining
(14) and (16), we obtain Jx(uz) < 0 < Jx(u1). The proof of Theorem 1.1 is now
complete. O

5. Proof of Theorem 1.2. In this section, we will show that problem (1) has
infinitely many pairs (u;, —u;) of critical points with I(u;) — oo as j — oo by using
the Symmetric mountain pass theorem [26]. We first need the following lemma:

Lemma 5.1. Suppose that conditions (Hy) and (Hs) are satisfied. Then for any

finite-dimensional subspace X C X, Jy(u) = —oo, |lu|]| = 400, v € X.

Proof. Arguing indirectly, assume that there exists a sequence (u,) C X such that
|un|| = +00, n — 400 and Jy(u,) > B, for all n € N, (17)

where B € R is a fixed constant not depending on n € N. Let v, = ﬁ Then it

is obvious that ||v, | = 1. Since dim X < 4o, there exists v € X\{0} such that up

to a subsequence,

lvn, —v]| = 0, and v, (z) = v(z) ae. z€Q, as n — +oo.

If v(z) # 0, then |u,(x)] = +o00 as n — +oo. Clearly, condition (Hs) implies
condition

F(x,t .
lim ( +) = +o00, uniformly a.e. z € Q. (18)
lt=Foo 14753
By virtue of (18),
"
lim F(L"(j_g)) = lim Mwn\% =400,z € Qo ={z €N :v(x)#0}.

n—+o0o apT n—+o00 Jp o
[ || 77 |un|+T

Moreover, we can find tg > 0, such that
F(x,t)

apt
‘t| T

>¢>0, for all x € Q and [¢| > 1. (19)

On the other hand, condition (H;) implies that there exists a positive constant C;
such that

|F(z,t)| < Ch, for all (x,t) € Q x [—to, to]. (20)
Then, by (19) and (20), we deduce that there exists a constant Cy € R such that
F(x,t) > Cs, for all (z,t) € Q@ x R. From this, we conclude that

F n -
(2, un(x)) = Co >0, forall z € Q and n € N,

[[un| 7
which implies that
F n ot C.
Lﬁfz)wn(mm—%zo, for all x € Q and n € N. (21)
|t () 75T [[un| 7+

Therefore using (17) and (21), we have
0 < lim Jx(up(x))

n—-+oo
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r+1
F(;c,un(w))dx
T Q ypt
M@)o f fua(@)[PF)da ( | 7T ) .
(p+)” nll)Iiloo _ apt T r4+1 A0
g a5
— r+1
M) g, Flw@) ) ) ieas o
(pt)Y notoor+1 Q ot
[lwn || 7T
r+1
M) MG ( Jun | 5T <0
(p“r)’y n—1>I—~r-lOO _ ﬂ r + 1 71 -
< P |lunl[ 71
—~ r+1
M(1 1 F " —
MO _ : (/ (@, un (@) Cde> AfA >0
(p ) n—+oo 1 + Q ||un|| T
—~ r+1
< M(1) lim 1 / F(x,un(:r))+— Cde
(p+)’Y n—+oco r 4+ 1 Q ||’U’TLH’7Y{;1

—~ r+l
— Aot
< MU g, ! (/ Mo unle)) 2 G vn(x)l"‘“dx> o
Q

(p-‘r)"/ n—+oo r 4+ 1 |Un($)| 17:;
which is a contradiction. The proof of Lemma 5.1 is thus complete. O

Proof of Theorem 1.2. Clearly, by condition (H,), Jy is an even functional.
Since Jx(0) = 0, thanks to Lemmas 3.2, 4.2, 5.1 and the Symmetric mountain pass
theorem [26], we deduce the existence of an unbounded sequence of weak solutions
to problem (1). O

6. Proof of Theorem 1.3. In this part, we will prove Theorem 1.3 by using
Clarke’s theorem [11] which will be stated below. To this end, let us begin by
defining the notion of genus and its basic properties.

Let 3 be the class of closed subset A of X \ 0 such that A = —A, i.e. symmetric
with respect to the origin. Recall that for A € 3, the genus v(A) is defined as the
least integer k such that there exists an odd function f € C(X,R*\ 0). Moreover,
if such function does not exist then «(A) = co and by convenience, (f)) = 0.

It’s well known that in general, the computation of the genus is a difficult task.
Often, it suffices to use some estimates which can be given by comparison with sets
whose genus is known as for example the sphere. We shall use the definition of the
genus from [21].

Consider now

Se={AeX v(A) >k}, keN, and c¢,:= inf supI(u).
A€Tk yeA

We have
—o<ep << < S

Moreover, in order to prove Theorem 1.3, we use the following theorem due to
Clarke [11].
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Theorem 6.1 ([11]). Let J € CY(X,R) be a functional satisfying the following
conditions

o (i) J satisfies the (PS) condition.

o (it) J is bounded from below and even.

o (iit) There exists a compact set K € A such that v(A) = k and sup,cp J(z) <

J(0).

Then J possesses at least k pairs of distinct critical points, and their corresponding
critical values ¢ < 0 such that limyg_,o cx, = 0 are less than J(0).

In order to get the infinity of solutions, we shall use Theorem 6.1. Since X is a
separable reflexive Banach space, there exist (e,) C X and (e}) C X* such that

(€ em) = Oy — lifn=m
w0 i £ m,

X =span{e,, n=1,2,---,}, X* =spanf{e, n=1,2,--- , }.
For each k € N, consider the subspace
X =span{ey, -+ ,ex} C X = Wol’p(I)(Q), spanned by e, -+, ek.
It is well-known that
X — LO®(Q), continuously for 1 < §(z) < p*.

Moreover, the norms in X and L°®)(Q) are equivalent in Xj. Furthermore, by
using condition (Hs), we have

|F(z,u)] 2 Cilul’ — Cs,

hence we get

M(1) / @) ]7 A / @) [/ (r+1)0 ] C4IQV+1
J, < Vul|P'*™d, — Peq dx .
A(u) < pr { Q\ ul i per Q|u\ e | |u

If |Ju|| is small enough, then we have
‘/|VMM@dx§\MWf andA—MW;)zgi/|mM”dm
0 b Q
By using the equivalence of the norms in X, we deduce that
Cul” =~ [ P,
Q

where C(k) is a positive constant. Consequently, we get

M(1 AC(k .
Iw) < 2D e~ 28t a0 4 5.
p pt
Hence, we have
. M YT =0 AO(k pT—(r+1)0 C -
Ia(u) < HUH( +1)6 ( )HUI”)f“r o ( )HUZLL + ||u||(r5+1)9 — C(k)

Let R be a positive constant such that

M(1 . \C'(k
A o 00 — 20 o4 1 -0 < (o).
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Let 0 < ro < R and consider the set K = {u € Xy; ||u|| = ro}. Then

JA(U) < T(()T+1)9 |:]Z\)4(}{),,.gp—(7‘+1)9 _ %@T(I)’+—(T+1)9 + C5T5(T+1)9 _ é(k)
M T—(r+1)0 pt—(r+1)0
(r4+1)6 M(I)R’W )\C(k)|g|ooR 05 ~
= [ P B =  gerne — O)
< 0=Jx(0),

which implies that supy Jx(u) < 0 = J5(0). Since X; and R* are isomorphic and
K and S*¥~1 are homomorphic, it follows that 4(K) = k. The Clarke theorem 6.1
shows that problem (1) admits at least k pairs of distinct critical points, and their
corresponding critical values ¢, < 0 such that limg_,o ¢, = 0 are less than Jy(0).
If k is chosen arbitrary then problem (1) possesses infinitely many critical points.

Lemma 6.2. For each n € N, there exists € > 0 such that
Y(AL®) > n, where Ay® ={u e X; Jy(u) < —¢}.

Proof. Consider X, be a subspace of X of dimension n and any u € X,, such that
lul| =1 and 0 < ¢t < R. Then we have

— +

M(1)tP - AC(k)tr v = , .
Ity < ML SRl Gl 1 €
M P pT N
o MO ACWET e g

p7 pt
If
Jn(tu) = —o0, yp~ <pt < (r+1)0, 0<t <R,
then there exist tg > 0 and ¢ > 0 such that
In(tou) < —e, u € Xy, ||ul]| = 1.
Consider now the sphere
Stom ={u € X, |ull =10}
Then Sy, C A} ° and by the properties of the genus, v(A}€) > 7S¢, n = n. O
Lemma 6.3. Let
Y={AcCcX\{0}]| Aisclosed and A=—-A}, Tp={Ae€X| v(A) >k}
Then ¢, = inf aex, sup,ec 4 Ja(u) is a negative critical value of Jx and if c = ¢, =
- = Clyr, then
Y(K.) >r+1, where K. = {u € X; J\(u) =¢; Jy(u) =0}
Proof. First, we claim that —oo < ¢ < co. By the previous lemma, we know that
for each k € N, there exists € > 0 such that y(A,°) > k or A\ ° € ;. Then:
1. either ¢; < SUD, ¢ 4= Ja(u) < —e(k) <0, for all K,
2. or Jy is bounded from below, hence ¢, > —oo, for all k£ € N.

Since ¢ < 0, J) satisfies the (PS) condition at level ¢, K, is compact and symmetric,
it follows that v(K,) is well-defined.
Let us now assume that

C=Cp=Cky1 == Cppr and y(K.) <7+ 1.
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By the properties of the genus, there exists a neighborhood K of K. such that
v(K) = v(K.) < r+ 1. Moreover, based on the Deformation lemma [24], there
exists an odd homomorphism

: X — X such that 7(A$™\ K) c A7, where 0 < 8 < —c.
Functional Jy satisfies the (PS) in A}. Furthermore, by definition, we have

¢=cpyr = Inf sup Jy(u).
a€¥ktr yeA

Then there exists A € ¥, such that sup,c 4 Jx(u) < ¢+ 3, which means that
AcC ASYP and H(A\K) C fASTP\ K) c ASP.

Hence, we conclude that

YHANK) = (AN K) = v(A) = y(K) = (k+71) —r =k,

ie.,
N(A\ K) €3y, hence sup Jy>cp=c,
uEN(ANK)
which yields a contradiction. Therefore, if ¢ = ¢, = -+ = ¢g4r, then v(K.) >
r+ 1. O

Remark 3. We note that if ¢, is a critical value, then (K. ) > 1 and K., is
nonempty for all k& € N. In addition, if the points ¢, are not all distinct, then
v(K.) > 1, K. is an infinite subspace, and problem (1) admits infinitely many
critical points with negative energy.
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