
Asymptotic Analysis 133 (2023) 255–266 255
DOI 10.3233/ASY-221812
IOS Press

On elliptic problems with Choquard term and
singular nonlinearity

Debajyoti Choudhuri a, Dušan D. Repovš b,∗ and Kamel Saoudi c

a Department of Mathematics, National Institute of Technology Rourkela, Rourkela, 769008,
Odisha, India
E-mail: dc.iit12@gmail.com
b Faculty of Education and Faculty of Mathematics and Physics, University of Ljubljana &
Institute of Mathematics, Physics and Mechanics, Ljubljana, 1000, Slovenia
E-mail: dusan.repovs@guest.arnes.si
c Basic and Applied Scientific Research Center, Imam Abdulrahman Bin Faisal University,
Dammam 34212, Saudi Arabia
E-mail: kmsaoudi@iau.edu.sa
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1. Introduction

We shall study the following problem:

{
−�u + V (x)u = μ(Jα ∗ |u|p)|u|p−2u + λ|u|−β−1u in �,

u = 0 on ∂�,
(1.1)

where

0 < β < 1, 0 < α < N, μ ∈ R, λ > 0,

p ∈ [
2α, 2∗

α

]
, 2α = N + α

N
, 2∗

α = N + α

N − 2
,

and V is a continuous function (popularly called the potential well), satisfying the following conditions

(V1) V : � → R is continuous and there exists a constant V0 > 0 such that V (x) > V0 for all x ∈ �.
Here, N � 2 and � ⊂ R

N is a bounded domain,
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(V2) V : � → R satisfies the integrability condition

∫
�

1

V (x)
dx < ∞.

The symbol (∗) in problem (1.1) denotes the convolution. We note that both 2α and 2∗
α are less than

2∗ = 2N
N−2 , which is the Sobolev critical exponent. The Riesz potential can be described as

Jα(x) = Aα(N)

|x|N−α
, Aα(N) = �(N − α/2)

�(α/2)πN/22α
.

There are many articles pertaining to elliptic nonlocal problems driven by the Choquard term with var-
ious assumptions on the potential function V . For example, the readers may refer to Moroz–Schaftingen
[8], Carvalho et al. [1], Mukherjee–Sreenadh [9], and the references therein. The consideration of a
upper critical Choquard term with singularity and Radon measure, albeit in a bounded domain, can be
found in Panda et al. [10], who established the existence of positive solutions.

A systematic study of elliptic problems driven by singular nonlinearity began four decades ago with
the seminal work by Lazer–McKenna [5]. This gave a new direction for research to the field of elliptic
PDEs. We refer to some of the important works that answer the question of existence of solution to
singularity driven elliptic problems in Giacomoni et al. [2], Saoudi et al. [14], and the references therein.

1.1. Significance of the considered problem

Problem (1.1) addresses a wider class of problems in the sense that we have considered μ ∈ R. This is
an improvement of the existing works in which the authors required the coefficient of a Choquard term
to be strictly positive. One can see that if λ = 0, μ = 1, V (x) = c, N = 3 in problem (1.1), then we
have

−�u + cu −
(∫

R3
u2(y)V (x − y) dy

)
u(x) = 0. (1.2)

Here, V is a positive function. This problem was studied by Lions [7] for an unbounded domain R
3. So

the study of problem (1.1) is not very new and has been of interest for quite a long time.
Furthermore, when V (x) ≡ 0, μ = 0, the problem reduces to the classical problem, similar to the one

considered by Lazer–McKenna [5]. However, a combination of the Choquard term and a singular term
with μ ∈ R is a new idea. The main results of our paper are stated below.

Theorem 1.1. For any λ > 0 and μ ∈ R, the functional Iλ,μ has a sequence of critical points (un) such
that Iλ,μ(un) < 0 and Iλ,μ(un) → 0, as n → ∞.

Our second main result establishes the boundedness of positive weak solutions of (1.1). Such a result,
To the best of our knowledge, this was unknown for elliptic PDEs involving a Choquard term and a
singular nonlinearity.

Theorem 1.2. Let 0 < u ∈ X be a weak solution of problem (1.1). Then u ∈ L∞(�).
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Our third main result shows that such positive solutions are not only bounded but are also Hölder
continuous regular.

Theorem 1.3. Let u > 0 be a weak solution of problem (1.1). Then u ∈ Cθ
loc(�) for some θ ∈ (0, 1).

We complete this section with a description of the structure of our paper. In Section 2, the mathemati-
cal preliminaries are discussed. In Section 3, Theorem 1.1 is proved. In Section 4, Theorem 1.2 is proved.
In Section 5, Theorem 1.3 is proved. We end the paper in Section 6, with an interesting application of
the Choquard term.

2. Preliminaries

We shall seek for a solution in the space X which is defined as follows:

X =
{
v ∈ H

1,2
0 (�) :

∫
�

V (x)v2 dx < ∞
}
,

and endowed with the norm

‖v‖ =
(∫

�

(|∇v|2 + V (x)v2
)
dx

)1/2

.

We define the inner product on X as follows:

〈φ, ψ〉 =
∫

�

(∇φ · ∇ψ + V (x)φψ
)
dx, where φ, ψ ∈ X. (2.1)

A consequence of the well known embedding result is that X ↪→ Lr(�), for each r ∈ [1, 2∗]. Likewise,
the embedding X ↪→ Lr(�) is compact for r ∈ [1, 2∗).

The following is the energy functional corresponding to problem (1.1):

I (u) = 1

2
‖u‖2 − μ

2p

∫
�

(
Jα ∗ (

u+(x)
)p)(

u+(x)
)p

dx − λ

1 − β

∫
�

(
u+(x)

)1−β
dx, u ∈ X. (2.2)

However, I is not a C1 functional and hence the results from the premise of the variational methods
cannot be used. However, we shall overcome this difficulty by defining a cutoff energy function as
follows:

C(s) =

⎧⎪⎨
⎪⎩

1, if |s| � l,

η is decreasing, if l � s � 2l,

0, if |s| � 2l.

Clearly, 0 � C(s) � 1 for every s ∈ R. Accordingly, we consider the following modified problem

(P) : −�u + V (x)u = μg(u) + λ|u|−β−1u in �

u = 0 on ∂�.
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Here,

g
(
u(x)

) = {(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p−2

u
}
C
(‖u‖2

2

)
,

G
(
u(x)

) = 1

2p

{(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p}

C
(‖u‖2

2

)
.

The corresponding energy functional is thus defined by

Iλ,μ(u) = 1

2
‖u‖2 − μ

2p

∫
�

(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p dx − λ

∫
�

G
(
u(x)

)
dx, u ∈ X. (2.3)

Corresponding to Iλ,μ, we define a modified version of problem (1.1) as follows:

Definition 2.1. A function u ∈ X is said to be a weak solution to (P) if

〈u, φ〉 − μ

∫
�

(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p−2

uφ(x) dx

− μ

2p
C ′

(‖u‖2

2

)
〈u, φ〉

∫
�

(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣pφ(x) dx

− λ

∫
�

|u|−β−1uφ(x) dx = 0 for every φ ∈ X. (2.4)

We observe that if ‖u‖ �
√

2l and u obeys the identity in (2.4), then u also is a weak solution to
problem (1.1). Henceforth, we shall use the word solution instead of weak solution.

We also refer to an important inequality called the Hardy–Littlewood–Sobolev (HLS) inequality (see
[8, Lemma 2.1]) which is usually used in the literature to estimate the Choquard term .

In the course of the proof of the main result, we shall need the best Sobolev constant which is defined
by

S := inf
u∈X\{0}

∫
�

|∇u|2 dx

(
∫
�

∫
�

|u(x)|2∗
α |u(y)|2∗

α

|x−y|N−α dx dy)1/2∗
α

.

For all other preliminary information we refer the reader to the comprehensive monograph by Papageor-
giou et al. [11].

3. Proof of Theorem 1.1

The first step involved in variational methods to verify whether a functional has a critical point or not
is to see if the functional exhibits a mountain pass geometry or not. The following lemma verifies this.

Lemma 3.1. There exists r > 0 such that inf‖u‖=r Iλ,μ(u) > 0.

AUTHOR  C
OPY



D. Choudhuri et al. / On elliptic problems with Choquard term and singular nonlinearity 259

Proof. We begin by the following estimates

Iλ,μ(u) = 1

2
‖u‖2 − μ

2p

∫
�

(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p dx − λ

∫
�

G
(
u(x)

)
dx (3.1)

� 1

2
‖u‖2 − μ

2p

∫
�

(
Jα ∗ ∣∣u(x)

∣∣p)∣∣u(x)
∣∣p dx − λ

∫
�

G
(
u(x)

)
dx (3.2)

� 1

2
‖u‖2 − Cμ

2p
‖u‖2p − C ′λ‖u‖1−β, (3.3)

where the Sobolev embedding result has been used along with the Hardy–Littlewood–Sobolev inequal-
ity. Therefore, for a sufficiently small choice of positive numbers λ, r := ‖u‖, we have Iλ(u) > 0 for
any ‖u‖ = r . �

We shall employ the dual fountain theorem due to Bartsch–Willem (see [15, Theorem 3.18]) to show
that there are infinitely many critical points of the functional Iλ,μ.

Proof of Theorem 1.1. Let (en) be a sequence of orthonormal basis of X and let Xn := {aen : a ∈ R}.
We shall use the following subspaces in the proof

Yn :=
⊕

0�k�j

Xk, Zk :=
⊕

j�k<∞
Xk.

We further define

Bn := sup
u∈Zn,‖u‖=1

∫
�

|u|1−β dx.

We notice that for a small enough l > 0, 0 < R < l/2 < 1, one has

|μ| C

2p
‖u‖2p � 1

4
‖u‖2. (3.4)

We further observe that 0 < Bn+1 � Bn for each n, hence Bn → B as n → ∞. By the definition of
Bn we have for every n � 1, un ∈ Zn, ‖un‖ = 1, such that∫

�

|un|1−β dx >
Bn

2
.

Also, since ‖un‖ = 1, we have un ⇀ 0 as n → ∞. By the embedding theorem, we can conclude that
Bn → 0 as n → ∞.

Thus by (3.4), for all u ∈ Zn, ‖u‖ � R, we have

Iλ,μ(u) � 1

2
‖u‖2 − C

|μ|
2p

‖u‖2p − B1−β
n

λ

1 − β
‖u‖1−β

� 1

4
‖u‖2 − B1−β

n

λ

1 − β
‖u‖1−β. (3.5)

AUTHOR  C
OPY



260 D. Choudhuri et al. / On elliptic problems with Choquard term and singular nonlinearity

We define ρn := (4λB
1−β
n )

1
1+β → 0 as n → ∞. Thus there exists n0 such that ‖u‖ � R for any

n � n0. Hence, for any n � n0, u ∈ Zn, ‖u‖ = ρn, we have Iλ,μ(u) � 0.
By (3.5) we have

Iλ,μ(u) � −λB1−β
n ‖un‖1−β/(1 − β) � −λB1−β

n ρ1−β
n /(1 − β) (3.6)

for any n � n0, u ∈ Zn, ‖u‖ � ρn. Also, since for any n � n0 the ρn’s are sufficiently small, and
‖u‖ < ρn, we have Iλ,μ(u) < 0. Since Bn → 0, ρn → 0 as n → ∞, it follows that

Dn := inf
u∈Zn,‖u‖�ρn

Iλ,μ(u) → 0

as n → ∞. In fact, we name Dn0 to be the first member of the sequence (Dn) after which eventually all
the Dn’s are negative.

Now, since any two norms are topologically equivalent in a finite-dimensional space Yn, there exists a
sufficiently small rn > 0, for λ > 0, such that

max
u∈Yn,‖u‖=rn

Iλ,μ(u) < 0. (3.7)

We now show that the functional Iλ,μ obeys the Palais–Smale condition. We shall first devise a mecha-
nism to select a suitable sequence in such a way that the functional Iλ,μ is still well defined. Let (un) ⊂ X

be an eventually zero sequence, then it converges to 0. We shall discard it as the functional may not be
defined and moreover such sequences anyway converge to zero.

Furthermore, if (un) ⊂ X is a sequence with infinitely (or finitely) many terms being equal to zero,
then we choose a subsequence with only nonzero terms of (un). Therefore, without loss of generality,
let (un) be a sequence such that un �= 0 for every n ∈ N and also which does not converge to zero in X

as n → ∞.
We divide the proof into three cases:
Case 1: Suppose p ∈ (2α, 2∗

α). Consider

c + σ‖un‖ + o(1) = Iλ,μ(un) − 1

2p

〈
I ′
λ,μ(un), un

〉

=
(

1

2
− 1

2p

)
‖un‖2 − λ

(
1

1 − β
− 1

2p

)∫
�

|un|1−β dx

�
(

1

2
− 1

2p

)
‖un‖2 − λB

1−β

0

(
1

1 − β
− 1

2p

)
‖un‖1−β. (3.8)

This implies that (un) is bounded and hence there exists a subsequence, still denoted as (un), such that
un ⇀ u in X. By the weak convergence un ⇀ u and the embedding theorem, we have 〈I ′

λ,μu, u〉 = 0.
Furthermore, we consider the following

o(1) = 〈
I ′
λ,μun, un − u

〉 = ‖un‖2 − ‖u‖2 − μ

∫
�

(
Jα ∗ |un|p

)|un|p dx + μ

∫
�

(
Jα ∗ |u|p)|u|p dx

− λ

∫
�

|un|1−β dx + λ

∫
�

|un|−β−1unu dx = ‖un‖2 − ‖u‖2.
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We have again used a combination of the embedding theorems and the Egorov’s theorem above. Thus
un → u in X and hence the (PS) condition is satisfied by the functional Iλ,μ.

Case 2: Suppose p = 2∗
α. We shall show that Iλ,μ satisfies the Palais–Smale (PS)c condition for energy

level

c < c∗ := 1

2

(
α + 2

N + α

)
S

N−2
α+2 − 1

2

(
N + α

α + 2

) 1+β
1−β

(
λC

(
1

1 − β
− 1

2 · 2∗
α

)) 2
1+β

for any λ > 0.

We again consider (un) ⊂ X such that Iλ,μ(un) → c < c∗, I ′
λ,μ(un) → 0. Suppose limn→∞ ‖un −

u‖2 = l2 > 0. Then

c + σ‖un‖ + o(1) = Iλ,μ(un) − 1

2 · 2∗
α

〈
I ′
λ,μ(un), un

〉

=
(

1

2
− 1

2 · 2∗
α

)
‖un‖2 − λ

(
1

1 − β
− 1

2 · 2∗
α

) ∫
�

(
u+

n

)1−β
dx

�
(

1

2
− 1

2 · 2∗
α

)
‖un‖2 − λB

1−β

0

(
1

1 − β
− 1

2 · 2∗
α

)
‖un‖1−β. (3.9)

It follows from (3.9) that the sequence (un) is bounded in X. Therefore by the reflexivity of X, there
exists a subsequence, still denoted by (un), such that un ⇀ u as n → ∞. It is straightforward to
show that u is a weak solution to the modified problem (P) and hence is a weak solution to (1.1), i.e.
〈I ′

λ,μ(u), u〉 = 0.
Furthermore, invoking the weak convergence of (un), the Brezis–Lieb lemma, the embedding theo-

rems, and the Egorov theorem, we can make the following observation

o(1) = 〈
Iλ,μ(un), un

〉
= ‖un‖2 − μ

∫
�

(
Jα ∗ |un|2∗

α
)|un|2∗

α dx − λ

∫
�

|un|1−β dx

= ‖un − u‖2 + ‖u‖2 − μ

∫
�

(
Jα ∗ |un − u|2∗

α
)|un − u|2∗

α dx + μ

∫
�

(
Jα ∗ |u|2∗

α
)|u|2∗

α dx

− λ

∫
�

|u|1−β dx

= 〈
Iλ,μ(u), u

〉 + ‖un − u‖2 − μ

∫
�

(
Jα ∗ |un − u|2∗

α
)|un − u|2∗

α dx

= ‖un − u‖2 − μ

∫
�

(
Jα ∗ |un − u|2∗

α
)|un − u|2∗

α dx. (3.10)

Let

lim
n→∞ ‖un − u‖2 = lim

n→∞

∫
�

(
Jα ∗ |un − u|2∗

α
)|un − u|2∗

α dx = l.
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From the definition of the best Sobolev constant given in Section 2, we have

S � l

l1/2∗
α
.

Hence, by an application of the Young inequality in (3.9), we get

c + o(1) �
(

1

2
− 1

2 · 2∗
α

)(
l2 + ‖un‖2

) −
(

1

2
− 1

2 · 2∗
α

)
‖un‖2

−
(

1

2
− 1

2 · 2∗
α

)− 1−β
1+β

(
λC

(
1

1 − β
− 1

2 · 2∗
α

)) 2
1+β

�
(

1

2
− 1

2 · 2∗
α

)
S2. N+α

α+2 −
(

1

2
− 1

2 · 2∗
α

)− 1−β
1+β

(
λC

(
1

1 − β
− 1

2 · 2∗
α

)) 2
1+β

. (3.11)

This is a contradiction the energy level, below which the (PS)c condition holds. Hence,

lim
n→∞ ‖un − u‖2 = 0.

Case 3: The obeying of (PS)c condition by the functional Iλ,μ for the case of p = 2α follows in a
similar manner as in Case 2. In fact, it holds for

c < c∗∗ := 1

2

(
α

N + α

)
S2 N+α

α − 1

2

(
N + α

α

) 1+β
1−β

(
λC

(
1

1 − β
− 1

2p

)) 2
1+β

for any λ > 0.

Therefore for the critical cases of p = 2α, 2∗
α, the (PS) condition holds for c < min{c∗, c∗∗} for any

λ > 0.
Since all the hypothesis of the dual fountain theorem are satisfied, we conclude the existence of a

sequence of negative critical values that converge to 0. Hence Iλ,μ has infinite number of solutions and
consequently (1.1) has infinitely many solutions. �

4. Proof of Theorem 1.2

We shall prove that all nonnegative solutions of (1.1) are bounded. The sketch of the proof is as follows
(it runs along the lines of the argument in [9]).

Proof of Theorem 1.2. Let u ∈ X be a nonnegative solution with |{x ∈ � : u(x) = 0}| = 0. We shall
prove the boundedness for the case of p = 2α∗ . The cases when p ∈ (2α, 2∗

α) and p = 2α follow the
same argument. We define w(x) := u(x)

d
which, for a suitable d > 0, obeys∫

�

∇u · ∇φ dx +
∫

�

V (x)uφ dx

� |μ|
∫

�

(
Jα ∗ (

v(x)
)2∗

α
)(

v(y)
)2∗

α−2
v(y)φ(x) dx + λ

∫
�

(v)−βφ dx (4.1)
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for every nonnegative φ ∈ C∞
c (�). We further define the following:

Dn := 1 − 3−n, wn := w − Dn, vn := w+
n , Vn := ‖vn‖2∗ . (4.2)

Thus 0 � |w| + Dn � |w| + 1. Of course, |w| + 1 ∈ L2(�) ⊂ L2∗
(�) since � is bounded. Moreover,

limn→∞ vn = (w − 1)+. By the dominated convergence theorem we get

lim
n→∞ Vn =

(∫
�

[
(w − 1)+]2∗ dx

)1/2∗

. (4.3)

From the definitions above we make the following observations:

Dn < Dn+1, which implies vn+1 � vn a.e. in �. (4.4)

Furthermore, we define

Bn := Dn+1

Dn+1 − Dn

= (1/2)
(
3n+1 − 1

)
<

(
3n+1 − 1

)
for all n ∈ N.

We make a similar observation as in [9] that

w < Bnvn on {vn+1 > 0}. (4.5)

Employing (4.1), (4.5) in tandem with Hölder’s inequality, we obtain∫
�

|∇vn+1|2 dx �
∫

�

∇vn+1 · ∇v+
n+1 �

∫
�

∇w · ∇v+
n+1 dx

� B
2∗
α−1

n |μ|
∫

{vn+1>0}

∫
�

(v(y))2∗
α |vn(x)|2∗

α−1vn+1(x)

|x − y|N−α
dy dx

+ λBn

∫
{vn+1>0}

|vn|2 dx

� B
2∗
α−1

n |μ|
∫

{vn+1>0}

∫
�

(v(y))2∗
α |vn(x)|2∗

α

|x − y|N−α
dy dx

+ λBn‖vn‖1−β

2∗
∣∣{vn+1 > 0}∣∣N+2+β(N−2)

2N . (4.6)

We estimate the first integral on the right hand side by dividing it into a sum of two integrals as follows:

∫
{vn+1>0}

∫
�

(v(y))2∗
α |vn(x)|2∗

α

|x − y|N−α
dy dx

�
(∫

{vn+1>0}

∫
{v(y)�Dn+1}

+
∫

{vn+1>0}

∫
{v(y)>Dn+1}

)
(v(y))2∗

α |vn(x)|2∗
α

|x − y|N−α
dy dx := I1 + I2. (4.7)
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The HLS in equality and the Hölder inequality yields

I1 � B
2∗
α

n C(N, α)‖vn‖2·2∗
α

2∗ ,

I2 � CB
2∗
α

n+1

∣∣{vn+1 > 0}∣∣(N−α)/2N‖vn‖2∗
α

2∗ .
(4.8)

The embedding theorem in combination with (4.6) and (4.8) yields the following:

S‖vn+1‖2
2∗ � B

2∗
α−1

n

(
μB

2∗
α

n C(N, α)‖vn‖2·2∗
α

2∗ + μCD
2∗
α

n+1

∣∣{vn+1 > 0}∣∣(N−α)/2N‖vn‖2∗
α

2∗

+ λBn3n+1‖vn‖1−β

2∗
∣∣{vn+1 > 0}∣∣N+2+β(N−2)

2N
)
,

(4.9)

where

S = inf
u∈X\{0}

∫
�

|∇u|2 dx

(
∫
�

|u|2∗
dx)2/2∗ .

Again, by following the proof in [9], we get that

{vn+1 > 0} ⊂ {
vn > 1/3n+2

}
. (4.10)

Therefore by (4.10) we get

V 2∗
n = ‖vn‖2∗ �

∫
{vn>3−n−2}

v2∗
n dx � 3−n−2

∣∣{vn+1 > 0}∣∣ (4.11)

and

S‖vn+1‖2
2∗ � B

2∗
α−1

n

(
μB

2∗
α

n C(N, α)‖vn‖2·2∗
α

2∗ + μCD
2∗
α

n+13(n+2)(N−α)/2N‖vn‖2∗
2∗

+ λBn3n+2‖vn‖2∗
2∗2(n+1)

N+2+β(N−2)
2N

)
� 3(2∗

α−1)(n+2)C
(‖vn‖2·2∗

α

2∗ + ‖vn‖2∗
2∗

)
,

(4.12)

where

C := max
{
32∗

α(n+2)C(N, α), 3(n+2)(N−α)/2NC + 3(n+2)(3N+2+β(N−2))/2N
}
.

Thus by the definition of Vn in (4.2), we have

Vn+1 = Dn+2
(
V

2∗
α

n + V 2∗/2
n

)
, (4.13)

where D = (1 + √
C1/n+2) > 1. We choose ε > 0 sufficiently small so that

ε2/N−2 <
1

(32∗
αD)N−2/2

. (4.14)
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On fixing γ ∈ (ε2/N−2, 1
32∗

αDN−2/2 ), we conclude that γ ∈ (0, 1) since N/N − 2,D > 1. Also

ε2/N−2 � γ, 32∗
αDγ N/N−2 � 1. (4.15)

It can be proved by induction that

Vn+1 �2εγ n+1. (4.16)

From the fact that γ ∈ (0, 1) and by (4.16) we see that limn→∞ Vn = 0. Thus by (4.3), we have
(w − 1)+ = 0 a.e. in �. This implies that 0 � w � 1 a.e. in �. Hence, 0 � u � d a.e. in �. Therefore
‖u‖∞ � c. �

5. Proof of Theorem 1.3

Finally, we prove a regularity result for the positive solutions of problem (1.1).

Proof of Theorem 1.3. Let �̃ � �. Thus for any φ ∈ C∞
c (�), we have, by the boundedness of u, the

following

∫
�

(∇u · ∇φ + V (x)uφ
)
dx = μ

∫
�̃

(
Jα ∗ (

u(x)
)2∗

α
)(

u(x)
)2∗

α−2
u(x)φ(x) dx + λ

∫
�̃

u−βφ dx

� |μ|
∫

�̃

(
Jα ∗ (

u(x)
)2∗

α
)(

u(x)
)2∗

α−2
u(x)φ(x) dx + λ

∫
�̃

u−βφ dx

� C

∫
�̃

φ dx.

Here we have used the fact that u � CK > 0 a.e. for any compact K ⊂ �. For if not, then the integral
with the singular term ceases to exists. Therefore, (−�)u + V (x)u is weakly bounded in �̃.

By Iannizzotto et al. [4, Theorem 4.4] and the covering argument applied to the inequality in of [4,
Corollary 5.5] we produce a θ ∈ (0, 1) such that u ∈ Cθ(�̃), for any �̃ � �. Hence u ∈ Cθ

loc(�̃). �

We end this section with the following remark.

Remark 5.1. We observe that if u > 0 is a solution to (1.1), then −u < 0 is also a solution which is
bounded and Hölder continuous.

6. Application of the Choquard term

In his seminal work, Lieb [6] pointed out that Choquard used this term to approximate the Hartree–
Fock theory of component plasma. For the case

N = 3, α = 2, p = 2, λ = 0, V (x) ≡ 0,
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problem (1.1) was used by Peker [12] to study the quantum theory of a polaron at rest. The Choquard
term also found its application in multiparticle system courtesy Gross [3] and in quantum mechanics
Penrose [13].

For each solution of problem (1.1), we define φ(t, x) = eitu(x) which is called the wave function,
where i = √−1. Here, φ is a solitary wave of the focusing time-dependent Hartree equation

−iφt − �φ + W(x)φ − (
Jα ∗ |φ|p)|φ|p−2φ − λ|u|q−2u = 0 in R × R

N,

where W(x) = V (x) − 1, x ∈ R
N . Thus problem (1.1) can be interpreted as the stationary nonlinear

Hartree equation.

Acknowledgements

The first author acknowledges the funding received from the Science and Engineering Research Board
(SERB), India, under the MATRICS scheme [grant number MTR/2018/000525]. The second author
acknowledges the funding received from the Slovenian Research Agency [P1-0292, J1-4031, J1-4001,
N1-0278, N1-0114, N1-0083].

References

[1] M.L.M. Carvalho, E. Da Silva and C. Goulart, Choquard equations via nonlinear Rayleigh quotient for concave-convex
nonlinearities, Commun. Pure Appl. Math. 20(10) (2021), 3445–3479.
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[11] N.S. Papageorgiou, V.D. Rădulescu and D.D. Repovš, Nonlinear Analysis – Theory and Methods, Springer Monographs

in Mathematics, Springer, Cham, 2019.
[12] S. Peker, Untersuchung Ber die Elektronentheorie der Kristalle, Akademie Verlag, Berlin, 1954.
[13] R. Penrose, On gravity’s role in quantum state reduction, Gen. Relativity Gravitation 28 (1996), 581–600. doi:10.1007/

BF02105068.
[14] K. Saoudi, S. Ghosh and D. Choudhuri, Multiplicity and Hölder regularity of solutions for a nonlocal elliptic PDE involv-

ing singularity, J. Math. Phys. 60(10) (2019), Article ID 101509, 28 pp. doi:10.1063/1.5107517.
[15] M. Willem, Minimax Theorems, Birkhäuser, 1996.

AUTHOR  C
OPY

https://doi.org/10.4171/RMI/921
https://doi.org/10.1090/S0002-9939-1991-1037213-9
https://doi.org/10.1002/sapm197757293
https://doi.org/10.1016/0362-546X(80)90016-4
https://doi.org/10.1016/0362-546X(80)90016-4
https://doi.org/10.1007/s11784-016-0373-1
https://doi.org/10.1007/s00030-017-0487-1
https://doi.org/10.1007/s11868-021-00382-2
https://doi.org/10.1007/BF02105068
https://doi.org/10.1007/BF02105068
https://doi.org/10.1063/1.5107517

	Introduction
	Significance of the considered problem

	Preliminaries
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Application of the Choquard term
	Acknowledgements
	References

