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1. Introduction

The celebrated three-critical-point theorem obtained by Ricceri in [1] has turned out to be one of the most frequently
applied abstract multiplicity results in the study of different kinds of nonlinear problems of variational nature. In relation to
this, we refer the reader to the references listed in [2]. Also, this three-critical-point theorem has been extended to certain
classes of non-smooth functions (see, for example, [3-5]). Ricceri has recently published both a revised form of his three-
critical-point theorem [2] and a refinement of it [6]. A corollary of the latter, stated also in [6], is the following result:

Theorem 1.1. Let X be a separable and reflexive real Banach space, and @,J:X — R functionals satisfying the following
conditions:

(i) @ is a coercive, sequentially weakly lower semicontinuous C!-functional, bounded on each bounded subset of X, and whose
derivative admits a continuous inverse on X*.

(ii) If (uy) is a sequence in X converging weakly to u, and if liminf,,_, , @ (u,) < @ (u), then (u,) has a subsequence converging
strongly to u.

* Corresponding author.
E-mail addresses: breckner@gmx.net (B.E. Breckner), dusan.repovs@guest.arnes.si (D. Repovs), varga_gy_csaba@yahoo.com (Cs. Varga).
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(iii) J is a C'-functional with compact derivative.
(iv) The functional @ has a strict local minimum ug with ® (ug) = J(ug) = 0.
(v) The inequality p1 < py holds, where

J(w) J(w)

_ . . _ J ()
p1 = max {0, limsup ——, limsup —— and p; = sup —.
lu—oco @) u—uy P(W) ued=1(10,00p) P M)

11
”’ o,
number r with the following property: For every A € [\, A»] and for every C'-functional ¥: X — R with compact derivative
there exists § > 0 such that, for every n € [0, §], the equation

' (W) =4 () +n¥'w)

Then, for each compact interval [A1, A2] C ] [ (where, by convention, % = oo and é = 0), there exists a positive real

has at least three solutions in X whose norms are less than r.

In the present paper we show with the aid of Theorem 1.1 that, under suitable assumptions on the functions f, g: V x R
— R, the following two-parameter Dirichlet problem defined on the Sierpinski gasket V in RN~ has at least three solutions:

—Aux) = Af (x, u(x)) + ng(x, ux)), VxeV\V,
u|V0 =0.

(DPA,r]) {

As far as we know, this is the first application of a Ricceri type three-critical-point theorem to nonlinear partial differential
equations on fractals. (Among the contributions to the theory of nonlinear elliptic equations on fractals we mention [7-12].)

We also study, in a particular case, a perturbed version of problem (DP, ;). A similar problem, but involving the
p-Laplacian, has been recently investigated in [13].

Notation. We denote by N the set of natural numbers {0, 1, 2, ...}, by N* := N {0} the set of positive naturals, and by | - |
the Euclidean norm on the spaces R", n € N*.

If X is a topological space and M a subset of it, then M and dM denote the closure and the boundary of M, respectively.
If X is a normed space and r a positive real, then B, stands for the open ball with radius r centered at the origin.

2. The Sierpinski gasket

In its initial representation that goes back to the pioneering papers of the Polish mathematician Waclaw Sierpinski
(1882-1969), the Sierpinski gasket is the connected subset of the plane obtained from an equilateral triangle by removing
the open middle inscribed equilateral triangle of a quarter of the area, removing the corresponding open triangle from
each of the three constituent triangles, and continuing in this way. The gasket can also be obtained as the closure of the
set of vertices arising in this construction. Over the years, the Sierpinski gasket has proved to be extraordinarily useful in
representing roughness in natural and constructed objects. We refer the reader to [14] for an elementary introduction to
this subject and to [15] for important applications to differential equations on fractals.

We now rigorously describe the construction of the Sierpinski gasket in a general setting. Let N > 2 be a natural number
andletpy, ..., py € RV"!be such that |p; — pj| = 1fori # j. Define, foreveryi € {1, ..., N}, the map S;: RN =1 — RN~ by

1 1
Si(x) = 5X + P

Obviously every S; is a similarity with ratio 1. Let 8 := {S,..., Sy} and denote by F: #(RN"") — £ (R"~") the map
assigning to a subset A of RN~ the set

N
F(A) = JsiA).
i=1

It is known (see, for example, Theorem 9.1 in [16]) that there is a unique nonempty compact subset V of RN~ called the
attractor of the family &, such that F(V) = V (that s, V is a fixed point of the map F). The set V is called the Sierpinski gasket
(SG for short) in RN, It can be constructed inductively as follows: Put Vo == {p1, ..., pn}, Vim :== F(Vin_1), form > 1, and
Vi = Upso Vin. Since p; = Si(p;) fori = 1, N, we have Vy C Vy; hence F(V,) = V,. Taking into account that the maps
S;,i = 1, N, are homeomorphisms, we conclude that V, is a fixed point of F. On the other hand, denoting by C the convex
hull of the set {p, ..., pn}, we observe that S;(C) € C fori = 1, N. Thus V;; C C for everym € N, so V, C C. It follows
that V, is nonempty and compact; hence V = V,. In the sequel V is considered to be endowed with the relative topology
induced from the Euclidean topology on RN, The set Vj, is called the intrinsic boundary of the SG.
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The family 4§ of similarities satisfies the open set condition (see p. 129 in [16]) with the interior int C of C. (Note that
int C # (J since the points pq, ..., py are affine independent.) Thus, by Theorem 9.3 of [ 16], the Hausdorff dimension d of V
satisfies the equality

N 1 d
> (1) =1
i=1 2

InN

Henced = {5,and 0 < H4(V) < oo, where #¢ is the d-dimensional Hausdorff measure on R¥~". Let i be the normalized

restriction of #¢¢ to the subsets of V, so ;.(V) = 1. The following property of . will be important for our investigations:
u(B) > 0, for every nonempty open subset Bof V. (2.1)

In other words, the support of © coincides with V. We refer the reader to, for example, [7] for the proof of (2.1).

3. The space Hy (V)
We retain the notation from the previous section and briefly recall from [9] the following notions (see also [10,17] for
the case N = 3). Denote by C(V) the space of real-valued continuous functions on V and let
Co(V) ={u e CV)|uly, =0}.

The spaces C(V) and Gy (V) are endowed with the usual supremum norm || - ||syp. For a function u: V. — R and for m € Nlet

2 m
wm<u>=(N%) S @l - uw)?. 3.1

X.yeVm
[x—y|=2"T

We have Wy, (u) < Wy,41(u) for every natural m, so we can put

W) = mlimoo Whn(u). (3.2)

Define now
Hy(V) = {u € Go(V) | W(u) < oo}

It turns out that H(} (V) is a dense linear subset of L*(V, ) (equipped with the usual || - || norm). We now endow H(} V)
with the norm

ul = vWQ.

In fact, there is an inner product defining this norm: For u, v € H(} (V)and m € Nlet

N+2>’"

Wi (U, v) = ( N

D @ —u@)E) — v).

X,YE€Vm
[x=y|=2—m
Put

W(u,v) = lim Wy(u, v).
m—00

Then W(u, v) € R, and H(} (V), equipped with the inner product ‘W (which obviously induces the norm | - ||), becomes a real
Hilbert space. Moreover, if c := 2N + 3, then

lullsup < cllull, foreveryu € Hy(V), (3.3)
and the embedding

(HyW), 1= 1) = (CoV), |l - llsup) (34)
is compact.

We now state a useful property of the space H(} (V) which shows, together with the facts that (H(} V), || - |) is a Hilbert

space and that H(} (V) isdense in L2(V, w), that W is a Dirichlet form on L>(V, w). (See, for example, Lemma 3.1 of [7] for the
straightforward proof.)

Lemma 3.1. Let h: R — R be a Lipschitz mapping with Lipschitz constant L > 0 and such that h(0) = 0. Then, for every
u e Hy(V), wehavehou e Hj(V) and |[hou| <L- |lull.
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4. The Dirichlet problem on the Sierpinski gasket

Keep the notation from the previous sections. We also recall from [9] (or from [10,17] in the case of N = 3) that one can
define in a standard way a bijective, linear, and self-adjoint operator A: D — L*(V, i), where D is a linear subset of H& V)
which is dense in L*(V, w) (and dense also in (HZ (V), || - 1)), such that

—W(u, v) = [ Au-vdu, forevery (u, v) € D x Hy(V).
v
The operator A is called the weak Laplacian on V.

Remark 4.1. Theorem 19.B of [18], applied to A™":[*(V, ) — [*(V, ), yields in particular that Hj (V) is separable
(see also Sections 19.9 and 19.10 in [18]).

Given a continuous function h:V x R — R, we can formulate now the following Dirichlet problem on the SG: Find
appropriate functions u € H&(V) (in fact, u € D) such that

p —Au(x) = h(x,u(x)), VxeV\V,
® Yy, = 0.

A functionu € H(} (V) is called a weak solution of (P) if

W(u, v) — / h(x, u(x))v(x)dpn =0, Vv € Hy(V).
\4

Remark 4.2. Using the regularity result Lemma 2.12 of [9], it follows that every weak solution of problem (P) is actually a
strong solution (as defined in [9]). For this reason we will call in the sequel weak solutions of problem (P) simply solutions
of problem (P).

Before defining the energy functional attached to problem (P) we recall a few basic notions.

Definition 4.3. Let E be a real Banach space and T: E — R a functional.
(1) We say that T is Fréchet differentiable at u € E if there exists a continuous linear map T'(u): E — R, called the Fréchet
differential of T at u, such that

I Tu+v) —Tw) -T'W)|
im =

0.
v=>0 vl

The functional T is Fréchet differentiable (on E) if T is Fréchet differentiable at every point u € E. In this case the mapping
T’: E — E* assigning to each point u € E the Fréchet differential of T at u is called the Fréchet derivative, or, for short, the
derivative of T on E. If T': E — E* is continuous, then T is called a C'-functional.

(2)If T is Fréchet differentiable on E, then a point u € E is a critical point of T if T'(u) = 0. The value of I at u is then called
a critical value of 1.

Remark 4.4. Note that if the Fréchet differentiable functional T:E — R has in u € E a local extremum, then u is a critical
point of T.

Proposition 4.5. Let h: V x R — R be continuous and define H:V x R — R by
t
H(x, t) = / h(x, £)d&.
0
Then the mapping J: H& (V) — R given by

Jw) = /H(X, u(x))du
\'4

satisfies the following properties:

(a) J is a C'-functional.
(b) Its derivative J': H} (V) — (Hg (V))* is compact.
(c) J is sequentially weakly continuous.



2984 B.E. Breckner et al. / Nonlinear Analysis 73 (2010) 2980-2990

Proof. (a) The proof of Proposition 2.19 in [9] implies thatJ is a C'-functional and that its derivative J': H(} V) — (H(} W))*
is given by

J W) = / h(x,ux))v(x)du, forallu,v e H(} V).
v

(b) To show thatJ’ is compact, pick a bounded sequence (u,) in H(} (V). Since H(} (V) is reflexive and since the embedding
(3.4) is compact, there exists a subsequence of (u,) which converges in (Go(V), || - [Isup). Without any loss of generality we
can assume that (u,) converges in (Co(V), || - |lsup) to an element u € Co(V). Define T: Hj (V) — R by

T(v):/h(x, u(x))v(x)dp, forallv € Hy(V).
v

According to (3.3), the functional T belongs to (H(} (V))*. We next show that the sequence (J'(u,)) convergesto T in (H(} V)*.
By (3.3) the following inequality holds for every index n:

I (un) =TIl < Cf [h(x, up(x)) — h(x, u(x))|du.
\%4

Using the Lebesgue dominated convergence theorem, we conclude that (J'(u,)) converges to T in (H(} (V))*. Thus J' is
compact.

(c) The assertion follows from (b) and Corollary 41.9 of [19]. We also give a direct proof: Clearly H is continuous. Let
(u,) be a sequence which converges weakly to u in H(}(V). Since the embedding (3.4) is compact, (u,) converges to u
in (Go(V), || - llsup)- The Lebesgue dominated convergence theorem implies now that (J(u,)) converges to J(u). Thus J is
sequentially weakly continuous. O

Proposition 4.6. Let h:V x R — R be continuous. Then the functional I: H(} (V) — R given by
1.2
Iw) = lull® = Jw),
2
where J: H} (V) — R is defined in Proposition 4.5, is a C'-functional and its derivative I': H} (V) — (H, (V))* is given by
I'(w)(v) = W(u, v) — / h(x, u(x))v(x)du, forallu,v e H(} V).
v

In particular, u € H(} (V) is a solution of problem (P) if and only if u is a critical point of I.

Proof. See Proposition 2.19in[9]. O

Remark 4.7. The functional I: H& (V) — R defined in Proposition 4.6 is called the energy functional attached to problem (P).

We now state for later use some fundamental properties of the energy functional I.

Corollary 4.8. Let h:V x R — R be continuous. Then the functional I: H(} (V) — R defined in Proposition 4.6 is sequentially
weakly lower semicontinuous.

Proof. The functionu € H(} (V) — |lul|> € Ris continuous in the norm topology on H(} (V) and convex; thus it is sequentially
weakly lower semicontinuous on H(} (V). The conclusion follows now from assertion (c) of Proposition 4.5. O

Corollary 4.9. Let h:V x R — R be continuous and consider the functional I H& (V) — R defined in Proposition 4.6. If (u,) is
a bounded sequence in H(} (V) such that the sequence (I' (u,)) converges to 0, then (u,) contains a convergent subsequence.

Proof. Using Proposition 4.6, we know that for every index n,
I'(un) = W(un, -) —J'(Un).

Assertion (b) of Proposition 4.5 now yields the conclusion. 0O

5. A Dirichlet problem depending on two parameters

Letf,g:V x R — R be continuous, and define the functions F, G:V x R — R by

t t
F(x,t) = / f(x,&)dé and G(x,t) = / g(x, &)dE.
0 0
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For every A, n > 0 consider the following Dirichlet problem on the SG:

—Au(x) = Af (x, u(x)) + ng(x, ux)), VxeV\V,
u|v0 =0.

(DPA,U) {
By Proposition 4.6, the energy functional attached to the problem (DP; ;) is the map I: H(} (V) — R defined by

1
I(w) = Ellull2 - AfF(x, ux))dp — n/ G(x, u(x))dpu.
"4 "4

The aim of this section is to apply Theorem 1.1 to show that, under suitable assumptions and for certain values of the
parameters A and 7, problem (DP, ;) has at least three weak solutions. More precisely, we can state the following result.

Theorem 5.1. Assume that the following hypotheses hold:

(C1) The function f:V x R — R is continuous.
(C2) The function F: V x R — R satisfies the following conditions:
(1) There exist « € [0, 2[, a € L'(V, ), and m > 0 such that
F(x,t) <m(a(x) + |t|*), forall (x,t) €V x R.
(2) There exist ty > 0, M > 0 and 8 > 2 such that
F(x,t) < M|t|?, forall (x,t) € V x [—to, to].
(3) There exists t; € R \ {0} such that for all x € V and for all t between 0 and t; we have
F(x,t;) >0 and F(x,t) > 0.

Then there exists a real number A > 0 such that, for each compact interval [Aq, Ay] C]A, oo, there exists a positive real number
r with the following property: For every A € [A1, A;] and every continuous function g: V x R — R there exists § > 0 such that,
foreach n € [0, §], the problem (DP;_,)) has at least three solutions whose norms are less than r.

Proof. Set X = H(} (V). Then X is separable (by Remark 4.1) and reflexive (as a Hilbert space). Define the functions
@,]:X — Rforeveryu € X by

1
o) = Ellullz, J(w) sz(x, u(x)dpu.
14

In order to apply Theorem 1.1, we show that the conditions (i)-(v) required in this theorem are satisfied for the above defined
functions.

Clearly condition (i) of Theorem 1.1 is satisfied. (Note that @’: X — X* is defined by &'(u)(v) = W(u, v) for every
u, v € X.) Condition (ii) is a consequence of the facts that X is uniformly convex and that @ is sequentially weakly lower
semicontinuous. Condition (iii) follows from assertions (a) and (b) of Proposition 4.5. Obviously condition (iv) holds for
Ug = 0.

To verify (v), observe first that assumption (1) of (C2) implies, together with (3.3), that for every u € X \ {0} the following
inequality holds:

J(u) - 2m
Q) ~ lull?

/ adp + 2mc®|Ju||*~2.
14

Since ¢ < 2, we conclude that

lim sup J@ <0
llu o0 P (1)

(5.1)

Note that ifu € X is such that |Ju|| < %’ then, by (3.3), [|ullsup < to. It follows that u(x) € [—to, to] for every x € V. Using
(2) of (C2), we thus get that for every x € V

Fx, u() < Mu@)? < Mc” u|)’.
Hence the following inequality holds for every u € X \ {0} with |ju|| < %0:
u
& < 2MC6||u||ﬂ_2.
D (u)

Since 8 > 2, we obtain

liT_ch)lp % <0. (5.2)
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The inequalities (5.1) and (5.2) yield that
Ja I

p1 = max 40, limsup , limsup =
{ lull—>oco @ (U) u—suy P (U)

(5.3)

Without any loss of generality we may assume that the real number t; in condition (3) of (C2) is positive. Lemma 3.1
implies that |u| € H(} (V) whenever u € H(}(V). Thus we can pick a function u € H(}(V) such that u(x) > 0 foreveryx € V,
and such that there is an element x, € V with u(xg) > t;.Itfollows thatU := {x € V | u(x) > t;} isa nonempty open subset
of V.Let h: R — R be defined by h(t) = min{t, t;}, for every t € R. Then h(0) = 0 and h is a Lipschitz map with Lipschitz
constant L = 1. Lemma 3.1 yields that u; ;= hou € H(} (V). Moreover, u;(x) = t; foreveryx € U,and 0 < uy(x) < t; for
every x € V. Then, according to condition (3) of (C2), we obtain

F(x,ui(x)) >0, foreveryx e U, and F(x,u;(x)) >0, foreveryxeV.
Combining this with (2.1) we then conclude that J(u;) > 0. Thus

P = Sup ]( )
=
uep 1 (10,00[) ( )

> 0. (5.4)

Relations (5.3) and (5.4) finally imply that assertion (v) of Theorem 1.1 is also fulfilled. Put A = é (with the convention

L .= 0). Note thatifg: V x R — R is continuous, then the map ¥: X — R, defined by

Y(u) = / G(x, u(x))du,
\%4

is, by the assertions (a) and (b) of Proposition 4.5, a C!-functional with compact derivative. So, applying Theorem 1.1 and
Proposition 4.6, we obtain the asserted conclusion. O

Example 5.2. Let0 < o < 2 < B and define fi: R — R by

[t1B~2¢, if|t] <1
[t]%72%¢,  if|t] > 1.

fi) = {
Then Fi: R — R, Fi(t) = [, fi(§)dé, is given by

1
—|el?, ifjel <1
F](t) = 1 1 1
— — — 4+ —|t|%, if|t| > 1.
B o «
Consider a continuous map a: V — R with a(x) > 0, for every x € V, and define f: V x R — R by f(x, t) = a(x)f;(t). Then
F:VXxR—R,F(x,t) = fotf(x, £)dé&, is given by F(x, t) = a(x)F;(t). Hence F satisfies condition (C2) of Theorem 5.1.

6. A perturbed two-parameter Dirichlet problem

Now we study, in a particular case, a perturbed version of the two-parameter problem (DP;_,) of the previous section.
More exactly, for fixed realsr, s, qwith 1 < r <'s < 2 < qand for the parameters A, n > 0, consider the following Dirichlet
problem on the SG:

—Au(x) = Mu@)2u®) — nlu@)"2u®) + [u@® | uk), VYxeV\Vp,
(PA,U) u|Vg — 0’

where we put, by definition, |0|¢ - 0 := 0, for every £ < 0. By Proposition 4.6 and Remark 4.7, the map L y: H(} V) - R,
defined by

1 5 A s n . 1 q
Loy = Slul® = — [ luPdu+ = | [ul"de —— [ |u'du, (6.1)
2 S Jv rJv qJv
is the energy functional attached to problem (P, ;). The derivative of this map is given, for every u, v € H(} (V), by

I, (@) = W(u, v) —Af |u|5_2uvdu+n/ |u|r_2uvd,u—/|u|q‘2uvd,u. (6.2)
"4 v v

For the sake of completeness we recall the two mountain pass theorems that will be used to prove the main result of this
section. The first one is the celebrated mountain pass theorem due to Ambrosetti and Rabinowitz (e.g., Theorem 2.2 in [20]):
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Theorem 6.1. Let X be a real Banach space and let I: X — R be a C'-functional satisfying the Palais-Smale condition.
Furthermore assume that 1(0) = 0 and that the following conditions hold:

(i) There are reals p, @ > 0 such that 1138, > c.
(ii) Thereis an element e € E \ B, such that I(e) < 0.

Then the real number «, characterized as

k= inf max I(g(t)), (6.3)
gel tel0,1]

where
I' .={g:[0,1] —> X | g continuous, g(0) =0, g(1) =e},
is a critical value of I withk > a.
The next result generalizes the above theorem by weakening condition (i). It goes back to Pucci and Serrin, and can be

found in [21].

Theorem 6.2. Let X be a real Banach space and let I: X — R be a C'-functional satisfying the Palais-Smale condition.
Furthermore assume that 1(0) = 0 and that the following conditions hold:

(i) There exists a real number p > 0 such that I|ys, > 0.
(ii) Thereis anelement e € E \Ep withI(e) < 0.

Then the real number « defined in (6.3) is a critical value of I with « > 0. If k = 0, there exists a critical point of I on B,
corresponding to the critical value 0.

We also recall two standard results concerning the existence of minimum points of sequentially weakly lower semicon-
tinuous functionals.

Proposition 6.3. Let X be a reflexive real Banach space, M a bounded and sequentially weakly closed subset of X, andf: M — R
a sequentially weakly lower semicontinuous functional. Then f possesses at least one minimum point.

Proposition 6.4. Let X be a reflexive real Banach space, M a sequentially weakly closed subset of X, and f: M — R a sequentially
weakly lower semicontinuous and coercive functional. Then f possesses at least one minimum point.

We next establish some important properties of the energy functional I ,: H(} (V) — R attached to problem (P, ;).

Lemma 6.5. Let A, n > 0.If (u,) is a sequence in H(} (V) such that both of the sequences (I, , (u,)) and (I,’\,n(un)) are bounded,
then (uy) is bounded, too.

Proof. Let d be a real number such that I, ,(u,) < dand ||I,’\,,](u,,) || < d for every index n. Relations (6.1) and (6.2) yield for
every index n

1 A n 1

7”“11”2 - 7‘/ |un|sdﬂ + 7/ |un|rdﬂ - 7/ |un|qd/~'L

2 SJv rJv qaJv

11 " 1 1 . 11 . 1,
== llull"=2{-— = lunPdpe +m | = — = lup|"dp + *I)L,n(un)(un)'
2 q s q/Jv roq/Jv q

Using (3.3), we get

1 1 1 1 d
d > ,(un) > <* - *) llunll? = 2 (* - *) S llunll® = = [lunll-
2 q s q q
1 1 1 1 d
lim <<f — f) t2— 2 ( — ) cSt’ — 4) = 00,
—x\\2 g s g q

we conclude that the sequence (u;,) has to be bounded. O

I)L,n(un)

Since

Proposition 6.6. Let A, n > 0. The energy functional I, ,,: H(} (V) — R attached to problem (P, ,) has the following properties:

(@) I, is a C'-functional.

(b)ue H(} (V) is a solution of problem (P;_,) if and only if u is a critical point of I ,,.
(c) L., is sequentially weakly lower semicontinuous.

(d) I, , satisfies the Palais-Smale condition.

(e) 0is alocal minimum of I, ,,.
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Proof. The assertions (a) and (b) follow from Proposition 4.6, while (c) is a consequence of Corollary 4.8.

(d) Consider a sequence (u,) in H(} (V) such that (I, , (up)) is bounded and such that (I'(u,)) converges to 0. By Lemma 6.5
we know that (u,) is bounded; thus, in view of Corollary 4.9, the sequence (u,) contains a convergent subsequence. Hence
I, satisfies the Palais-Smale condition.

(e) We know from (6.1) that for every u H(}(V),

1 nooA .1
L) = Ellull2 +/ (r — —[uf™" — alulq ’) lul"dpu.
v

N

Let h: R — R be defined by h(t) = ? — %|t|s‘r — %|t|q‘r. Since h(0) = % > 0 and since h is continuous, there exists § > 0

such that h(t) > Oforeveryt €] — 6§, §[. Putr := % Ifu € By, then (3.3) implies ||ullsyp < cllull < §; hence u(x) €] — 8, [
for every x € V. It follows that I, , > 0 = I, ,(0), for every u € B;; thus 0 is a local minimum of I; ,,. O

Lemma 6.7. If A > 0, then there exists a nonzero element u; € H(} (V) satisfying the following equality:

Ty (6.4)
14
In particular, the inequality
1
lunll < (Ac®)z= (6.5)
holds.
Proof. Let y,: H} (V) — R be defined by ¥, (u) = J|lul|*> — 2 [, [ul*du. By (3.3), the following relations hold for every

ueH)V):

1 A 1 X _
Yo (w) > Slull® = = full’ = ull® ( 5 = =clul*?).
2 S 2 S

Since s < 2, we have that lim - ¥ (1) = o0, i.e., ¥, is coercive. From Corollary 4.8 we know that v, is sequentially
weakly lower semicontinuous; thus, by Proposition 6.4, v; admits at least one global minimum which we denote by u;.
Since u;, is a critical point of v, we have that ¥} (u;)(v) = 0, for every v € H(} (V), i.e., in view of Proposition 4.6,

W(uy, v) — A/ lu; [**uvdp = 0, forevery v € Hy(V).
v

If we take v = u; _in the above equality, we get (6.4). Inequality (3.3) then yields (6.5).
We finally show that u; is nonzero. For this, fix an arbitrary nonzero element v € H(} (V). According to (2.1), we have that
fv |[v*de > 0. On the other hand, the following equality holds for every t > 0:

1 A
eltw) = ¢ (;“nvuz—ff Ivlsdu>-
S Jv

For t sufficiently small (more exactly, for 0 < t>= < -2~ [ |v|*dj1) we thus have that

sllvll?
Y () < ¥ (tv) < 0= v,(0),

and hence u;, is nonzero. 0O

Now we can state the main result of this section.

Theorem 6.8. There exists a real number A > 0 with the following property: For every A €]0, A[ there exists n; > 0 such that
foreach n € [0, n,[ the problem (P, ) has at least three nonzero solutions.

q

Proof. LetR := ¢ @2; 50 c'R" = R Putm := § (5 — %) R?. Obviously m > 0. For every A, n > 0 and every u € HJ (V)
with ||u]| = R we then have, according to (3.3) and (6.1),

1 A 1 1 1 A A
L, >R —=cF — —cR"= (= — - | R — =c°F =2m — =c°R". (6.6)
’ 2 S q 2 q S S
Consider
) { ms RZS}
A = min s .
CcSRS ¢S
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Fix now an arbitrary A €]0, A[. From (6.6) we then get that

Hi\?fRIA’"(u) > m, foreveryn > 0. (6.7)
ull=
Also, by (6.5) and the choice of A, we have that

lu, ]l <R. (6.8)

By (6.1) and (6.4), the following equality holds for every n > 0:

1 1\ 7 1
() = ] (— - —) + —/ | dpe — */|ux|qdﬂ~
2 S rJv qJv

Since uy, is nonzero, (2.1) implies that fv |u,|"du > 0. Put

r(lwl? (2= 3) + 1/, luldw)

M =
fv |Ux|rdl$
Then 1, > Oand
L.,(uy) <0, foreveryn € [0, n,[. (6.9)
For n > 0 we have, by (6.1) and (6.4),
1, , F , 0t r td q
Lop(tu) = | )I” — —llunll® + — | lwal"dp — — | |u|®dp, fort > 0. (6.10)
2 S r Jy qJy
Since s < 2 we have % < % forevery t € [0, 1]. Thus

r

t
Ly (tuy) < n—/ |uy|"du, forn >0, andt € [0, 1].
r Jy

Let
mr

20T T g
fv |ul|rd:u
Then n;; > 0and

n

L, (tu) <m, foreveryn €[0,ni,[andeveryt € [0, 1]. (6.11)
Define n; := min{n ,, 12,,} and pick an arbitrary n € [0, n,[. Relation (6.9) implies

Ly,(u) <0, (6.12)
while relation (6.11) yields

L., (tu) <m, foreveryt e [0, 1]. (6.13)

We next proceed in three steps to get three nonzero solutions of problem (P, ,). From the assertions (a) and (d) of
Proposition 6.6 we know that I; , is a C'-functional which satisfies the Palais-Smale condition.

The first step: The closed ball By is weakly closed (being convex and closed in the strong topology); hence it is
also sequentially weakly closed. By assertion (c) of Proposition 6.6 the restriction I , |5, is sequentially weakly lower
semicontinuous. Proposition 6.3 implies then that I , I3, has at least one minimum point u;. By (6.8) we know that u, € Bg;
thus I, (U;) < I, (up). Since I ,,(ux) < 0 = I, ,(0) (by inequality (6.12)), we conclude that ; is nonzero. Also, in view of
(6.7), we have that i; € Bg. This shows that U; is a local minimum point, and hence a critical point, of Ly

The second step: From assertion (e) of Proposition 6.6 we get a positive real r < ||lu; || such that 0 = I, ,,(0) < I, ,(u), for

every u € B,. From (6.12) we know that I, n(u5) < 0, so Theorem 6.2 guarantees the existence of a nonzero critical point U,
of I, such that I, ,, (i>) > 0 and

Ly (ti2) = inf max 5., (&(1)).
where

I = {g:[0,1] — Hg(V) | g continuous, g(0) =0, g(1) = u;}.
Choosing g: [0, 1] — H, (V), (t) = tu;, we get by virtue of (6.13),

L, () < max I, ,(tuy) < m.
tel0,1]
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The third step: Since fv |uy|9dp > 0, relation (6.10) yields lim;_. I, ,(tuy) = —oo. Thus there is a positive real t such
that I, ,(tu;) < 0 and t|ju; || > R. Taking into account (6.7), Theorem 6.1 implies the existence of a critical point U3 of I; ,
such that I;_, (i3) > m.

Thus Uy, Uy, and U3 are nonzero critical points of I, , satisfying the inequalities

L, <0 <L ,1) <m <1, ,®Us).

Hence 11, 1, U3 are pairwise distinct. So assertion (b) of Proposition 6.6 finally implies that problem (Py.,) has at least three
nonzero solutions. O

Remark 6.9. As already mentioned in the introduction, in [13] the problem analogous to (P, ;) is investigated in the case
of the p-Laplacian. Since H(} (V) satisfies (3.4), our situation differs from that in [13], where the result corresponding to
Theorem 6.8 has been obtained only for subcritical values of g, while for the critical value or for supercritical values of g one
can guarantee only the existence of at least two nonzero solutions (see Theorem 1 and Theorem 2, respectively, in [13]).
Note that our Theorem 6.8 holds for every g > 2.
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