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Let (Xn)n∈ω be a sequence of uniform spaces such that each space Xn is a subspace in
Xn+1. We give an explicit description of the topology and uniformity of the direct limit
u- lim−→ Xn of the sequence (Xn) in the category of uniform spaces. This description implies
that a function f : u- lim−→ Xn → Y to a uniform space Y is continuous if for every n ∈ N

the restriction f |Xn is continuous and regular at the subset Xn−1 in the sense that for any
entourages U ∈ UY and V ∈ U X there is an entourage W ∈ U X such that for each point
x ∈ B(Xn−1, W ) there is a point x′ ∈ Xn−1 with (x, x′) ∈ V and ( f (x), f (x′)) ∈ U . Also we
shall compare topologies of direct limits in various categories.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Direct limits play an important role in various branches of mathematics (cf. [5,6,9–12,17]). In this paper we shall reveal
a fundamental role of direct limits in the category of uniform spaces for understanding the topological structure of direct
limits in related categories, in particular, the category of (locally) convex topological spaces and the category of topological
groups. We shall give a simple description of the topology of the direct limits in the category of uniform spaces and shall
apply this description to recognizing the topological structure of direct limits in some other categories. These results have
been essentially used in the topological characterization of LF-spaces in [3].

By definition, an LF-space is the direct limit lc- lim−→ Xn of a tower

X0 ⊂ X1 ⊂ X2 ⊂ · · ·
of Fréchet (= locally convex complete metric linear) spaces in the category of locally convex spaces (cf. [5,9]). Thus, lc- lim−→ Xn

is the linear space X = ⋃
n∈ω Xn endowed with the strongest topology that turns X into a locally convex linear topological

space such that the identity maps Xn → X are continuous.
The union X = ⋃

n∈ω Xn endowed with the strongest topology making the identity maps Xn → X , n ∈ ω, continuous is
called the topological direct limit of the tower (Xn) and is denoted by t- lim−→ Xn .
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It follows from the definitions that the identity map t- lim−→ Xn → lc- lim−→ Xn is continuous. In general, this map is not
a homeomorphism, which means that the topology of the topological direct limit t- lim−→ Xn can be strictly larger than the
topology of the locally convex direct limit lc- lim−→ Xn (cf. [1,4,12,16] or [17]).

Between the topologies of topological and locally convex direct limits there is a spectrum of direct limit topologies in
categories that are intermediate between the categories of topological and locally convex spaces.

The most important examples of such categories are the categories of linear topological spaces, of topological groups and
the category of uniform spaces. The direct limits of a tower (Xn) in those categories will be denoted by l- lim−→ Xn , g- lim−→ Xn ,
and u- lim−→ Xn , respectively. The direct limit g- lim−→ Xn (resp. l- lim−→ Xn) of a tower (Xn)n∈ω of topological groups (resp. linear
topological spaces) is the union X = ⋃

n∈ω Xn endowed with the strongest topology that turns X into a topological group
(resp. a linear topological space) and makes the identity maps Xn → X continuous.

The direct limit u- lim−→ Xn of a tower (Xn)n∈ω of uniform spaces is defined in a similar fashion as the countable union
X = ⋃

n∈ω Xn endowed with the strongest uniformity making the identity maps Xn → X uniformly continuous.
Each topological group G will be considered as a uniform space endowed with the two-sided uniformity generated by

the entourages U LR = {(x, y) ∈ G2: x ∈ yU ∩ U y} where U runs over symmetric neighborhoods of the neutral element in G .
Since each continuous homomorphism ϕ : G → H between topological groups is uniformly continuous, we conclude that for
any tower (Xn)n∈ω of locally convex spaces the identity maps

t- lim−→ Xn → u- lim−→ Xn → g- lim−→ Xn → l- lim−→ Xn → lc- lim−→ Xn

are continuous. As we have already said the identity map t- lim−→ Xn → lc- lim−→ Xn need not be a homeomorphism.
Our crucial observation proved in Proposition 5.3 below is that the identity map u- lim−→ Xn → lc- lim−→ Xn is a homeomor-

phism and hence the topologies of the direct limits u- lim−→ Xn , g- lim−→ Xn , l- lim−→ Xn and lc- lim−→ Xn on X = ⋃
n∈ω Xn coincide.

This allows us to reduce the study of the topological structure of LF-spaces to studying the topological structure of
uniform direct limits u- lim−→ Xn of towers of uniform spaces. This approach will result in the topological characterization of
LF-spaces given in [3]. This paper can be considered as the first step in realization of this program.

We start with an explicit description of the topology of the uniform direct limit u- lim−→ Xn of a tower (Xn)n∈ω of uniform
spaces.

By a tower of uniform spaces we shall understand any increasing sequence

X0 ⊂ X1 ⊂ X2 ⊂ · · ·
of uniform spaces. By U X we shall denote the uniformity of a uniform space X . For a point x ∈ X , and subsets A ⊂ X ,
U ⊂ X2 let B(x; U ) = {y ∈ X: (y, x) ∈ U } and B(A; U ) = ⋃

a∈A B(a; U ) be the U -balls around a and A, respectively.
The family of all subsets of X2 has an interesting algebraic structure related to the operation

U + V = {
(x, z) ∈ X2: ∃y ∈ X such that (x, y) ∈ U and (y, z) ∈ V

}
for U , V ⊂ X2. This operation is associative but not commutative.

The so-defined addition operation allows us to multiply subsets U ⊂ X2 by positive integers using the inductive formula:
1 · U = U and (n + 1)U = nU + U for n > 1.

For a sequence (Ui)n∈ω of subsets of X2 we put
∑

i�n Ui = U0 + · · · + Un and∑
i∈ω

Ui =
⋃
n∈ω

∑
i�n

Ui .

For a tower (Xn)n∈ω of sets and a point x ∈ X = ⋃
n∈ω Xn let

|x| = min{n ∈ ω: x ∈ Xn}
be the height of the point x in X .

The following theorem yields an explicit description of the topology of the uniform direct limit of a tower of uniform
spaces.

Theorem 1.1. For any tower (Xn)n∈ω of uniform spaces the family

B =
{

B

(
x;

∑
i�|x|

Ui

)
: x ∈ X, (Ui)i�|x| ∈

∏
n�|x|

U Xn

}

is a base of the topology of the uniform direct limit u- lim−→ Xn.

This theorem implies that the operation of taking uniform direct limits is topologically multiplicative in the following
sense.

Theorem 1.2. For towers (Xn)n∈ω , (Yn)n∈ω of uniform spaces the identity map id : u- lim−→(Xn × Yn) → u- lim−→ Xn × u- lim−→ Yn is
a homeomorphism.
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Proof. Since the identity maps Xn × Yn → u- lim−→ Xn × u- lim−→ Yn are uniformly continuous, so is the identity map id:
u- lim−→(Xn × Yn) → u- lim−→ Xn × u- lim−→ Yn . To show that this map is a homeomorphism, fix a neighborhood O (z) of a point
z = (x, y) in the space u- lim−→(Xn × Yn). By Theorem 1.1, we can assume that O (z) = B(z;∑n�|z| Wn) for some sequence of
entourages (Wn)n�|z| ∈ ∏

n�|z| U Xn×Yn . For each n > |z| choose entourages Un ∈ U Xn and Vn ∈ UYn such that{(
(x, y),

(
x′, y′)):

(
x, x′) ∈ Un,

(
y, y′) ∈ Vn

} ⊂ Wn.

Since B(z; W |z|) is a neighborhood of the point z = (x, y) in X|z| × Y |z| , we can find entourages U ∈ U X|z| and V ∈ UY |z| such
that B(x; (|z|+1)U ) × B(y; (|z|+1)V ) ⊂ B(z, U |z|). For all n � |z| put Un = U ∩ X2

n ∈ U Xn and Vn = V ∩ Y 2
n ∈ UYn and observe

that according to Theorem 1.1,

B

(
x;

∑
i�|x|

Ui

)
× B

(
y;

∑
i�|y|

V i

)
⊂ B

(
z,

∑
i�|z|

W i

)
= O (z)

is an open neighborhood of the point z = (x, y) in the space u- lim−→ Xn × u- lim−→ Yn . �
Corollary 1.3. For a uniform space X and a tower (Yn)n∈ω of uniform spaces the identity map u- lim−→(X × Yn) → X × u- lim−→ Yn is
a homeomorphism.

The multiplicativity property distinguishes uniform direct limits from topological direct limits (cf. [12]). According to [1],
the identity function l2 × t- lim−→ R

n → t- lim−→ l2 × R
n is discontinuous. Moreover, those spaces are not homeomorphic!

Theorem 1.1 will be deduced from the explicit description of the uniformity of u- lim−→ Xn given in Theorem 1.4 below. The
description is given in the terms of limits of monotone sequences of uniform pseudometrics.

A pseudometric on a uniform space X is called uniform if for every ε > 0 the set

{d < ε} = {
(x, y) ∈ X2: d(x, y) < ε

}
belongs to the uniformity of X . By [8, 8.1.11], the family P M X of all uniform pseudometrics on a uniform space X generates
the uniformity U X of X in the sense that the sets {d < 1}, d ∈ P M X , form a base of the uniformity U X .

Let (Xn)n∈ω be a tower of uniform spaces. The definition of the uniform direct limit u- lim−→ Xn implies that a pseudomet-
ric d on the uniform space u- lim−→ Xn is uniform if and only if for every n ∈ ω the restriction d|X2

n is a uniform pseudometric
on Xn .

A sequence of pseudometrics (dn)n∈ω ∈ ∏
n∈ω P M Xn is defined to be monotone if dn � dn+1|X2

n for any n ∈ ω. By the
direct limit lim−→ dn of a monotone sequence of pseudometrics (dn)n∈ω we understand the pseudometric on X = ⋃

n∈ω Xn

defined by the formula

lim−→ dn(x, y) = inf

{
n∑

i=1

d|xi−1,xi |(xi−1, xi): x = x0, x1, . . . , xn = y

}

on X . In the above formula |xi−1, xi | = max{|xi−1|, |xi|} where |xi | = min{n ∈ ω: x ∈ Xn} is the height of the point xi in X .

Theorem 1.4. The uniformity of the uniform direct limit u- lim−→ Xn of a tower of uniform spaces (Xn)n∈ω is generated by the family of
pseudometrics{

lim−→ dn: (dn)n∈ω ∈
∏
n∈ω

P M Xn is monotone

}
.

Theorem 1.1 will be used in the proof of a simple criterion of the continuity of maps defined on uniform direct limits.
To state this criterion we need:

Definition 1.5. A function f : X → Y between two uniform spaces is called regular at a subset A ⊂ X if for any entourages
U ∈ UY and V ∈ U X there is an entourage W ∈ U X such that for any point x ∈ B(A; W ) there is a point a ∈ A such that
(a, x) ∈ V and ( f (x), f (a)) ∈ U .

Theorem 1.6. A function f : u- lim−→ Xn → Y defined on the uniform direct limit of a tower (Xn)n∈ω of uniform spaces and with values
in a uniform space Y is continuous if for every n ∈ N the restriction f |Xn is continuous and regular at the subset Xn−1 ⊂ Xn.

Corollary 1.7. A bijective function h : u- lim−→ Xn → u- lim−→ Yn between the uniform direct limits of towers (Xn)n∈ω , (Yn)n∈ω of uniform

spaces is a homeomorphism if for every n ∈ N the restrictions h|Xn and h−1|Yn are continuous and regular at the subsets Xn−1 and
Yn−1 , respectively.
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In [3] this corollary will be used as a principal ingredient of a topological characterization of LF-spaces and some other
spaces having the structure of the uniform direct limit. Theorems 1.1, 1.4 and 1.6 will be proved in Sections 3, 2, and 4,
respectively. In Section 5 we shall discuss the interplay between direct limits in various categories.

2. Proof of Theorem 1.4

Theorem1.4 will follow from Lemmas 2.3 and 2.4 proved in this section.
Let (Xn)n∈ω be a tower of uniform spaces. In the Cartesian product

∏
n∈ω P M Xn consider the subspace

M
n∈ω

P M Xn =
{
(dn)n∈ω ∈

∏
n∈ω

P M Xn : (dn)n∈ω is monotone

}

and fix any monotone sequence of pseudometrics (dn)n∈ω ∈ Mn∈ω P M Xn .
First we prove that in the definition of the limit pseudometric d∞ = lim−→ dn we can restrict ourselves to chains of points

x = x0, x1, . . . , xn = y whose heights do not oscillate too much. We recall that |x, y| = max{|x|, |y|} and |x| = min{n ∈ ω:
x ∈ Xn} for points x, y ∈ X = ⋃

n∈ω Xn .

Lemma 2.1. For any points x, y ∈ X and ε > 0 there is a chain of points x = x0, x1, . . . , xn = y such that

n∑
i=1

d|xi−1,xi |(xi−1, xi) < lim−→ dn(x, y) + ε (1)

and |xi | < max{|xi−1|, |xi+1|} for all 0 < i < n. The latter condition implies that

|x0| > |x1| > · · · > |xs| � |xs+1| < · · · < |xn|
for some 0 � s < n.

Proof. Let us show that any sequence x = x0, x1, . . . , xn = y satisfying (1) and having the smallest possible length n has the
desired property. Indeed, assume that |xi | � max{|xi−1|, |xi+1|} for some 0 < i < n.

Since

d|xi−1,xi |(xi−1, xi) + d|xi ,xi+1|(xi, xi+1) = d|xi |(xi−1, xi) + d|xi |(xi, xi+1)

� d|xi |(xi−1, xi+1) � d|xi−1,xi+1|(xi−1, xi+1)

deleting the point xi from the sequence x0, . . . , xn will not enlarge the sum in (1) but will diminish the length of the
sequence, which contradicts the minimality of n.

It is easy to see that for the smallest number s such that |xs| = mini�n |xi | we get

|x0| > |x1| > · · · > |xs| � |xs+1| < · · · < |xn|. �
Lemma 2.2. For any monotone sequence of pseudometrics (dn)n∈ω ∈ Mn∈ω P M Xn the limit pseudometric lim−→ dn on u- lim−→ Xn is
uniform.

Proof. The uniformity of the pseudometric d∞ = lim−→ dn is equivalent to the uniform continuity of the identity map
u- lim−→ Xn → (X,d∞) into the pseudometric space (X,d∞). By the definition of the uniform direct limit u- lim−→ Xn the uni-
form continuity of the identity map u- lim−→ Xn → (X,d∞) is equivalent to the uniform continuity of the identity embeddings
Xn → (X,d∞) for all n ∈ ω. For every n ∈ ω the uniform continuity of the identity embedding Xn → (X,d∞) trivially follows
from the uniformity of the pseudometric dn and the inequality d∞|X2

n � dn(x, y) which holds according to the definition of
the pseudometric d∞ . �

A subfamily A ⊂ Mn∈ω P M Xn is defined to be adequate if for any sequence of entourages (Un)n∈ω ∈ ∏
n∈ω U Xn there is

a sequence of pseudometrics (dn)n∈ω ∈ A such that {dn < 1} ⊂ Un for all n ∈ ω.

Lemma 2.3. The family Mn∈ω P M Xn is adequate.

Proof. Given a sequence of entourages (Un)n∈ω we need to construct a monotone sequence of uniform pseudometrics
(dn)n∈ω ∈ ∏

n∈ω P M Xn such that {dn < 1} ⊂ Un for every n ∈ ω. By [8, 8.1.11], for every k ∈ ω there is a bounded uniform
pseudometric ρk on Xk such that {ρk < 1} ⊂ Un . By Isbell’s Extension Theorem [13] (cf. also [8, 8.5.6]), for every n � k the
pseudometric ρk can be extended to a uniform pseudometric ρ̃k,n on the uniform space Xn ⊃ Xk .

For every n ∈ ω consider the uniform pseudometric dn = ∑
k�n ρ̃k,n and observe that (dn)n∈ω is a required monotone

sequence of uniform pseudometrics. �
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Lemma 2.4. For any adequate family A ⊂ Mn∈ω P M Xn the uniformity of u- lim−→ Xn is generated by the family of limits pseudometrics
{lim−→ dn: (dn)n∈ω A}.

Proof. By Lemma 2.2, for each sequence (dn)n∈ω ∈ A the limit pseudometric lim−→ dn on u- lim−→ Xn is uniform.
Given an entourage U ∈ U X of the diagonal of the uniform space X = u- lim−→ Xn , we need to find a monotone sequence of

pseudometrics (dn)n∈ω ∈ A such that {lim−→ dn < 1} ⊂ U .
Choose a sequence of entourages (Un)n∈ω ∈ U ω

X such that 4U0 ⊂ U and 2Un+1 ⊂ Un for all n ∈ ω. Since the family A is
adequate, there is a monotone sequence of pseudometrics (dn)n∈ω ∈ A such that {dn < 1} ⊂ Un for all n ∈ ω. We claim that
the limit pseudometric d∞ = lim−→ dn has the required property: {d∞ < 1} ⊂ U .

Take any points x, y ∈ X with d∞(x, y) < 1 and applying Lemma 2.1, find a sequence of points x = x0, x1, . . . xn = y such
that

n∑
i=1

d|xi−1,xi |(xi−1, xi) < 1 (2)

and |x0| > · · · > |xs| � |xs+1| < · · · < |xn|.
Observe that for every i � s we get |xi−1| � |xi | and then d|xi−1|(xi−1, xi) = d|xi−1,xi |(xi−1, xi) < 1. Then choice of the

pseudometric d|xi−1| guarantees that (xi−1, xi) ∈ {d|xi−1| < 1} ⊂ U |xi−1| .
For i > s we get |xi−1| � |xi | and then

d|xi |(xi−1, xi) = d|xi−1,xi |(xi−1, xi) < 1

implies (xi−1, xi) ∈ U |xi | .
Since |x0| > · · · > |xs| � |xs+1| < · · · < |xn|, we see that

(x, y) ∈ U |x0| + · · · + U |xs−1| + U |xs+1| + · · · + U |xn|
⊂ Us−1 + · · · + U0 + U0 + · · · + Un−s ⊂ 4U0 ⊂ U . �

3. Proof of Theorem 1.1

Given a tower (Xn)n∈ω of uniform spaces we need to check that the family

B =
{

B

(
x;

∑
n�|x|

Un

)
: x ∈ X, (Un)n�|x| ∈

∏
n�|x|

U Xn

}

is a base of the topology of the uniform direct limit u- lim−→ Xn .
First we prove that each set B(x;∑n�|x| Un) ∈ B is a neighborhood of x in u- lim−→ Xn .

Let ‖x‖ = min{n � |x|: x ∈ Xn} where Xn is the closure of Xn in X|x| . By definition of ‖x‖, there is an entourage V |x| ∈ U X|x|
such that B(x;2V |x|) ∩ X‖x‖−1 = ∅. We can take V |x| so small that (|x| + 2) V |x| ⊂ U |x| . Put Vk = V |x| ∩ X2

k for all k � |x| and
Vk = Uk for all k > |x|.

By Lemma 2.3, there is monotone sequence of uniform pseudometrics (dn)n∈ω ∈ ∏
n∈ω P M Xn such that {dn < 1} ⊂ Vk

for all k ∈ ω. The limit pseudometric d∞ = lim−→ dn determines the unit ball B1(x) = {y ∈ X: d∞(x, y) < 1} which is open in
the space u- lim−→ Xn according to Theorem 1.4.

We claim that B1(x) ⊂ B(x;∑n�|x| Un). Given any point x′ ∈ B1(x), we need to check that x′ ∈ B(x;∑n�|x| Un). Since

x ∈ X‖x‖ , we may find a point x′′ ∈ B(x, V |x|) ∩ X‖x‖ so close to x that d(x, x′′) < 1 − d(x, x′). It follows from

B
(
x′′, V |x|

) ∩ X‖x‖−1 ⊂ B(x,2V |x|) ∩ X‖x‖−1 = ∅
that ‖x′′‖ = |x′′| = ‖x‖.

Applying Lemma 2.1, find a sequence of points x′′ = x0, x1, . . . , xm = x′ such that

m∑
i=1

d|xi−1,xi |(xi−1, xi) < 1 (3)

and

|xi | < |xi−1, xi | = max
{|xi−1|, |xi+1|

}
for all 0 < i < m. (4)

Let k � m be the largest number such that |xk| = min{|xi |: i � m}. We claim that k � 1. In the opposite case, the condition (4)
would imply |x1| < |x0| = ‖x‖ and then d|x0|(x0, x1) < 1 by (3). Since x′′ = x0, x1 ∈ X|x0| , the choice of the pseudometric d|x0|
ensures that (x0, x1) ∈ {d|x0| < 1} ⊂ V |x0| ⊂ V |x| . Consequently, x1 ∈ X|x0|−1 ∩ B(x0; V |x|) ⊂ X‖x‖−1 ∩ B(x′′; V |x|) = ∅, which is
a contradiction.
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Therefore k � 1 and ‖x‖ = |x0| � |x1| < |x2| < · · · < |xm|. It follows from (3) that for every 0 < i � m we get
d|xi |(xi−1, xi) < 1. Since xi−1, xi ∈ X|xi | , the choice of the pseudometric d|xi | guarantees that (xi−1, xi) ∈ {d|xi | < 1} ⊂ V |xi | .
Observe that the number p = max{i � m: |xi | � |x|} does not exceed |x| + 1. It follows from (x, x0) ∈ V |x| and (xi−1, xi) ∈
V |xi | ⊂ V |x| , i � p, that (x, xp) ⊂ (p + 1) · V |x| ⊂ (|x| + 2)V |x| ⊂ U |x| . Consequently, xp ∈ B(x; U |x|). If p = m, then x′ = xm ∈
B(x; U |x|) ⊂ B(x;∑i�|x| Ui) and we are done. If p < m, then we can use the relation (xi−1, xi) ∈ V |xi | ⊂ U |xi | , p < i � m, in
order to prove by induction that for every i ∈ {p + 1, . . . ,m} we get

xi ∈ B

(
xp;

∑
p< j�i

U |x j |
)

⊂ B

(
xp,

∑
|x|< j�|xi |

U j

)
⊂ B

(
x;

∑
|x|� j�|xi |

U j

)
⊂ B

(
x;

∑
j�|x|

U j

)
.

In particular, x′ = xm ∈ B(x;∑ j�|x| U j). This completes the proof of the inclusion B1(x) ⊂ B(x,
∑

j�|x| U j).
Next, we show that each set B(x;∑i�|x| Ui) ∈ B is open. Given any point y ∈ B(x;∑i�|x| Ui), find the smallest number

m ∈ ω such that y ∈ B(x;∑|x|�i<m Ui). Since B(y; Um) is a neighborhood of the point y in Xm , there is an entourage

V ∈ U Xm such that B(y; (m + 1)V ) ⊂ B(y; Um). Define a sequence of entourages (V i)i�|y| ∈ ∏
i�|y| U Xi letting V i = V ∩ X2

i
for |y| � i � m and V i = Ui for i > m. It follows that∑

i�|y|
V i =

∑
|y|�i�m

V i +
∑
i>m

V i ⊂ (m + 1)V +
∑
i>m

V i

and hence

B

(
y;

∑
i�|y|

V i

)
⊂ B

(
y; (m + 1)V +

∑
i>m

V i

)
⊂ B

(
B
(

y; (m+1)V
);∑

i>m

V i

)

⊂ B

(
B(y; Um);

∑
i>m

Ui

)
= B

(
y;

∑
i�m

Ui

)
⊂ B

(
B

(
x;

∑
|x|�i<m

)
;
∑
i�m

Ui

)
= B

(
x;

∑
i�|x|

Ui

)
.

Since y is an interior point of B(y,
∑

i�|y| V i), it is an interior point of B(x;∑i�|x| Ui) as well.
In such a way we proved that the family B consists of open subsets of u- lim−→ Xn . To show that B is a base of the topology

of X = u- lim−→ Xn , fix any point x ∈ X and an entourage U ∈ U X . By induction find a sequence of entourages (Un)n∈ω ∈ U ω
X

such that 2U0 ⊂ U and 2Un+1 ⊂ Un for all n ∈ ω. For this sequence we get
∑

i∈ω Ui ⊂ 2U0 ⊂ U . Define a sequence of
entourages (V i)i∈ω ∈ ∏

i∈ω U Xi letting V i = Ui ∩ X2
i for i ∈ ω, and observe that B(x;∑i�|x| V i) ⊂ B(x;∑i�|x| Ui) ⊂ B(x; U ).

4. Proof of Theorem 1.6

Let (Xn)n∈ω be a tower of uniform spaces and f : u- lim−→ Xn → Y be a function into a uniform space Y such that for every
n ∈ ω the restriction f |Xn is continuous and regular at the closed subset Xn−1 ⊂ Xn . Let X = u- lim−→ Xn .

We need to check the continuity of f at an arbitrary point x0 ∈ u- lim−→ Xn . Without loss of generality, x0 ∈ X0. Given
any entourage U ∈ UY we need to find a neighborhood O (x0) ⊂ X of the point x0 such that f (O (x0)) ⊂ B(y0; U ) where
y0 = f (x0).

By induction construct a sequence of entourages Un ∈ UY , n ∈ ω such that

3U0 ⊂ U and 2Un+1 ⊂ Un for all n ∈ ω. (5)

For such a sequence we get the inclusion
∑

i∈ω Ui ⊂ 2U0 ⊂ U .
The continuity of the restriction f |X0 yields an entourage W0 ∈ U X0 such that f (B(x0; W0)) ⊂ B(y0; U0). Let us recall

that for every k ∈ ω the map f |Xk+1 : Xk+1 → Y is regular at the subset Xk . This fact can be used to construct inductively
two sequences of entourages (Vk)k∈ω, (Wk)k∈ω ∈ ∏

k∈ω U Xk such that for every k ∈ ω we get

(1) X2
k−1 ∩ 3Vk ⊂ Wk−1 ⊂ Vk−1, and

(2) for every x ∈ B(Xk−1,2Wk) there is a point x′ ∈ Xk−1 such that (x, x′) ∈ Vk and ( f (x), f (x′)) ∈ Uk .

By Theorem 1.1, the set O (x0) = B(x0;∑i�0 W i) is a neighborhood of x0 in u- lim−→ Xn . We claim that f (O (x0)) ⊂
B( f (x0); U ).

Given any point x ∈ B(x0;∑i�0 W i), find k > 0 with x ∈ B(x0;∑i�k W i) ⊂ Xk and put xk = x. Since x ∈ B(x0;∑i�k W i) =
B(B(x0;∑i<k W i); Wk), there is a point xk−1 ∈ B(x0;∑i<k W i) such that (xk, xk−1) ∈ Wk . Continuing by induction, we shall
construct a sequence of points xk, xk−1, xk−2, . . . , x1 such that xi ∈ B(x0;∑ j�i W j) and (xi, xi−1) ∈ W i for all 1 � i � k.

Let zk = x = xk . Since zk ∈ B(x0;∑i�k W i) ⊂ B(Xk−1; Wk), there is a point zk−1 ∈ Xk−1 such that (zk−1, zk) ∈ Vk and
( f (zk), f (zk−1)) ∈ Uk .

It follows from (zk−1, zk) ∈ Vk , zk = xk , and (xk, xk−1) ∈ Wk that (zk−1, xk−1) ∈ Vk + Wk ⊂ 2Vk and thus (zk−1, xk−1) ∈
X2

k−1 ∩ 2Vk ⊂ Wk−1. Then

(zk−1, xk−2) � 2Wk−1
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and hence zk−1 ∈ B(Xk−2;2Wk−1). The choice of Wk−1 yields a point zk−2 ∈ Xk−2 such that (zk−2, zk−1) ∈ Vk−1 and
( f (zk−2), f (zk−2)) ∈ Uk−1.

For this point zk−2 we get

(zk−2, xk−2) ∈ {
(zk−2, zk−1)

} + {
(zk−1, xk−1)

} + {
(xk−1, xk−2)

} ⊂ Vk−1 + Wk−1 + Wk−1 ⊂ 3Vk−1

and thus (zk−2, xk−2) ∈ X2
k−2 ∩ 3Vk−1 ⊂ Wk−2.

Continuing by induction, we will define a sequence of points x = zk, zk−1, . . . , z0 such that (zi, xi) ∈ W i and
( f (zi+1), f (zi)) ∈ Ui+1 for all i < k. It follows from (5) that ( f (zk), f (z0)) ∈ 2U0.

Since (z0, x0) ∈ W0, we get f (z0) ∈ f (B(x0; W0)) ⊂ B(y0; U0) and hence

f (x) = f (zk) ∈ B
(

f (z0);2U0
) ⊂ B

(
B(y0; U0);2U0

) = B(y0;3U0) ⊂ B(y0; U ).

5. Interplay between topologies of the direct limits in various categories

In this section we shall apply Theorem 1.1 to show that the topology of the direct limit in the category of uniform
spaces coincides with the topology of the direct limit in some other categories related to topological algebra or functional
analysis. One of such categories is the category of abelian (more generally, SIN) topological groups and their continuous
homomorphisms.

Each topological group G carries four natural uniformities compatible with the topology:

(1) the left uniformity U L generated by the entourages U L = {(x, y) ∈ G: x ∈ yU },
(2) the right uniformity U R generated by the entourages U R = {(x, y) ∈ G: x ∈ U y},
(3) the two-sided uniformity U LR generated by the entourages U LR = {(x, y) ∈ G: x ∈ yU ∩ U y},
(4) the Roelcke uniformity U RL , generated by the entourages U RL = {(x, y) ∈ G: x ∈ U yU },

where U runs over open symmetric neighborhoods of the neutral element e in the topological group G .
These four uniformities on G coincide if and only if G is a SIN-group. The latter means that G has a neighborhood

base at e, consisting of open symmetric neighborhoods U ⊂ G that are invariant in the sense that xU x−1 = U for all x ∈ G
(cf. [14]).

In the sequel speaking about uniform properties of topological groups we shall refer to the two-sided uniformity. In case
of a SIN-group, the two-sided uniformity coincides with the other three uniformities.

Proposition 5.1. The uniform direct limit u- lim−→ Xn of a tower (Xn)n∈ω of SIN-groups is a topological group. Consequently, the identity
map u- lim−→ Xn → g- lim−→ Xn is a homeomorphism.

Proof. In each SIN-group Xn fix a base Bn of open symmetric invariant neighborhoods of the neutral element e. Observe
that any two neighborhoods Vn ∈ Bn , Vm ∈ Bm with n � m commute:

Vn Vm =
⋃

x∈Vn

xVm =
⋃

x∈Vn

Vmx = Vm Vn. (6)

Also for every U ∈ Bn the U LR-ball centered at a point x ∈ X has the form

B
(
x, U LR) = {y ∈ Gn: y ∈ xU ∩ U x} = {y ∈ Gn: y ∈ xU }.

This implies that for any sequence of invariant neighborhoods (Un)n∈ω ∈ ∏
n∈ω Bn we get

B

(
e;

∑
n�0

U LR
n

)
=

−−→∏
n∈ω

Un where
−−→∏
n∈ω

Un =
⋃

m∈ω

−−→∏
0�n�m

Un and
−−→∏

0�n�m

Un = U0U1 · · · Um.

Now, after this preparation, we are ready to prove that the uniform space u- lim−→ Xn is a topological group. First we prove
that u- lim−→ Xn is a semitopological group, which means that the left and right shifts

la : u- lim−→ Xn → u- lim−→ Xn, la : x 
→ ax and ra : u- lim−→ Xn → u- lim−→ Xn, ra : x 
→ xa,

are continuous for any a ∈ u- lim−→ Xn . Find k ∈ ω such that a ∈ Xk and observe that for every m � k the restrictions
la|Xm : Xm → u- lim−→ Xn and ra|Xm : Xm → u- lim−→ Xn are uniformly continuous. Then the definition of u- lim−→ Xn implies that
the shifts la and ra are uniformly continuous and hence continuous. By the same reason, the inversion

u- lim−→ Xn → u- lim−→ Xn, x 
→ x−1,

is (uniformly) continuous.
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It remains to prove that the group operation

u- lim−→ Xn × u- lim−→ Xn → u- lim−→ Xn, (x, y) 
→ xy,

is continuous at the neutral element e of X .
Take any neighborhood O e ⊂ u- lim−→ Xn of zero. By Theorem 1.1, we can assume that O e is of the basic form O e =

B(e;∑n�0 U LR
n ) for some sequence (Un)n∈ω ∈ ∏

n∈ω Bn . The continuity of the binary operation in the SIN-groups Xn yields
a sequence of invariant neighborhoods (Vn)n∈ω ∈ ∏

n∈ω Bn such that Vn Vn ⊂ Un for every n ∈ ω.
By induction on m ∈ ω we shall prove that( −−→∏

n�m

Vn

)
·
( −−→∏

n�m

Vn

)
⊂

−−→∏
n�m

Un. (7)

For m = 0 this follows from the choice of the neighborhood V 0. Assume that the inclusion (7) has been proved for some
m = k. For m = k + 1 it also holds because:( −−→∏

n�m

Vn

)
·
( −−→∏

n�m

Vn

)
=

( −−→∏
n<m

Vn

)
· Vm ·

( −−→∏
n<m

Vn

)
· Vm

=
( −−→∏

n<m

Vn

)
·
( −−→∏

n<m

Vn

)
· Vm Vm ⊂

( −−→∏
n<m

Un

)
· Um =

−−→∏
n�m

Un.

Here we have used the inductive assumption and equality (6).
The sequence (Vn) determines the neighborhood B(e;∑n�0 V LR

n ) ⊂ lim Xn witnessing the continuity of the group oper-
ation of u- lim−→ Xn at e:

B

(
e;

∑
n�0

V LR
n

)
· B

(
e;

∑
n�0

V LR
n

)
=

( −−→∏
n∈ω

Vn

)
·
( −−→∏

n∈ω

Vn

)

=
⋃

m∈ω

( −−→∏
n�m

Vn

)
·
( −−→∏

n�m

Vn

)
⊂

⋃
m∈ω

−−→∏
n�m

Un =
−−→∏
n∈ω

Un = B

(
e,

∑
n�0

U LR
n

)
. �

Remark 5.2. Proposition 5.1 identifies the direct limit g- lim−→ Xn of a tower (Xn) of SIN-groups in the category of topological
groups with its direct limit u- lim−→ Xn in the category of uniform spaces. We do not know if such an identification still holds
beyond the class of SIN-groups. So, the problem of explicit description of the topology of the direct limits in the category
of topological groups remains open. This problem was addressed in [2,7,10–12,16], where some partial answers are given.

Now, let us switch to the direct limits in the category of locally convex spaces. By the direct limit of a tower (Xn)n∈ω

of (locally convex) linear topological spaces in the category of (locally convex) linear topological spaces we understand the
union X = ⋃

n∈ω Xn endowed with the largest topology that turns X into a (locally convex) linear topological space and
making the identity operators Xn → X continuous.

Proposition 5.3. The uniform direct limit u- lim−→ Xn of a tower (Xn)n∈ω of (locally convex) linear topological spaces is a (locally
convex) linear topological space. Consequently, the identity map u- lim−→ Xn → l- lim−→ Xn (as well as u- lim−→ Xn → lc- lim−→ Xn) is a home-
omorphism.

Proof. Observe that X = u- lim−→ Xn , being the union of a tower of linear spaces, is a linear space over a field K (equal to
the field of real or complex numbers). For each linear topological space Xn consider the family On of open neighborhoods
Un ⊂ Xn of zero such that λ · U ⊂ U for all λ ∈ K with |λ| � 1. If the space Xn is locally convex, we shall additionally assume
that each set U ∈ On is convex.

By Proposition 5.1, the uniform direct limit u- lim−→ Xn is a topological group with respect to the addition operation, and
by Theorem 1.1 the family

B0 =
{ ∑

n∈ω

Vn: (Vn)n∈ω ∈
∏
n∈ω

On

}

is a neighborhood base of the topology on u- lim−→ Xn at zero. It is clear that B0 has two properties:

• for any U ∈ B0 there is V ∈ B0 with V + V ⊂ U ;
• for any U ∈ B0 and λ ∈ K with |λ| � 1 we get λU ⊂ U .

By [15, 1.2], those properties imply that u- lim−→ Xn is a topological linear space.
If all the spaces Xn are locally convex, then each set U ∈ B0, being the sum of convex sets, is convex, and hence the

space u- lim Xn is locally convex. �
−→
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As we already know, for a certain tower (Xn)n∈ω of uniform spaces the identity map u- lim−→ Xn → t- lim−→ Xn is discontinu-
ous. The following proposition detects towers (Xn) for which that map is a homeomorphism.

Proposition 5.4. Let (Xn)n∈ω be a tower of uniform spaces. If each space Xn is locally compact, then the identity map t- lim−→ Xn →
u- lim−→ Xn is a homeomorphism.

Proof. Since the map t- lim−→ Xn → u- lim−→ Xn always is continuous it suffices to check the continuity of the identity map
u- lim−→ Xn → t- lim−→ Xn at each point x ∈ u- lim−→ Xn . Pick any open neighborhood O t(x) of x in t- lim−→ Xn and let m = |x|. Since
the space Xm is locally compact, there is a closed entourage Um ∈ U Xm such that the ball B(x, Um) is compact and lies
in the open set O (x) ∩ Xm of X|x| . Use the compactness of the set B(x; Um) ⊂ O (x) ∩ Xm+1 in the locally compact space
Xm+1 in order to find a closed entourage Um+1 ∈ U Xm+1 such that B(B(x; Um); Um+1) = B(x; Um + Um+1) is compact and
lies in the open set O t(x) ∩ Xm+1. Continuing by induction, construct a sequence (Un)n�n ∈ ∏

n�m U Xn of closed entourages
such that for every n ∈ ω the ball B(x;∑m�i�n Ui) is compact and lies in the open set O t(x) ∩ Xn . By Theorem 1.1, the set
O u(x) = B(x;∑n�|x| Un) is a neighborhood of x in u- lim−→ Xn . Since O u(x) ⊂ O t(x0), the identity map u- lim−→ Xn → t- lim−→ Xn is
continuous at the point x. �

Finally, we discuss the relation of the uniform direct limits to small box products.
By the small box-product of pointed topological spaces (Xi,∗i), i ∈ I , we understand the subspace

�i∈I Xi = {
(xi)i∈I ∈ �i∈I Xi: {i ∈ I : xi �= ∗i} is finite

}
of the box-product �i∈I Xi . The latter space is the Cartesian product

∏
i∈I Xi endowed with the box-topology generated by

the boxes
∏

i∈I Ui where Ui ⊂ Xi , i ∈ I , are open sets.
If each space Xi , i ∈ I , is uniform, then the box-product �i∈I Xi carries the box-uniformity generated by the entourages{(

(xi), (yi)
) ∈ (�i∈I Xi)

2: ∀i ∈ I (xi, yi) ∈ Ui
}

where Ui ∈ U Xi for all i ∈ ω. The small box-product �i∈I Xi carries the uniformity inherited from �i∈I Xi .
If the index set I is finite, then the product �i∈I Xi = �i∈I Xi turns into the usual Tychonoff product

∏
i∈I Xi (endowed

with the uniformity of the Tychonoff product).
For any subset J ⊂ I the small box-product �i∈J Xi will be identified with the subspace{

(xi)i∈I ∈ �i∈I Xi: ∀i ∈ I \ J (xi = ∗i)
}

of �i∈I Xi .
So, for any sequence Xn , n ∈ ω, of pointed uniform spaces the small box-products �i�n Xi = ∏

i�n Xi , n ∈ ω, form a tower

X0 ⊂ X0 × X1 ⊂ · · · ⊂ �i�n Xi ⊂ · · ·
whose union coincides with �i∈ω Xi .

Since the identity inclusions �i�n Xi → �i∈ω Xi , n ∈ ω, are uniformly continuous, the identity map id : u- lim−→ �i�n Xi →
�i∈ω Xi is uniformly continuous.

Proposition 5.5. For any sequence Xn, n ∈ ω, of pointed uniform spaces, the identity map id : �n∈ω Xn → u- lim−→ �i�n Xi is a homeo-
morphism.

Proof. It suffices to check the continuity of the identity map id : �n∈ω Xn → u- lim−→ �i�n Xi at an arbitrary point �x ∈ �i∈ω Xi .
Let k = min{n ∈ ω: �x ∈ �i�n Xi}.

Given a neighborhood O u(�x) ⊂ u- lim−→ �i�n Xi of �x we need to construct a neighborhood O b(�x) ⊂ �i∈ω Xi such that
O b(�x) ⊂ O u(�x). By Theorem 1.1, we can assume that O u(�x) is of the form O u(�x) = B(�x,∑n�k Un) for some sequence
(Un)n�k of entourages Un in the spaces �i�n Xi = ∏

i�n Xi , n � k. We can also assume that each entourage Un is of the
basic form

Un =
∏
i�n

Ui,n = {(
(xi), (yi)

) ∈ (�i�n Xi)
2: ∀i � n(xi, yi) ∈ Ui,n

}

for some open entourages Ui,n ∈ U Xi , i � n.
It follows that Vk = B(�x, Uk) is an open neighborhood of �x in �i�k Xi and O b(�x) = Vk × �i>k B(∗i, Ui,i) is an open

neighborhood of �x in �i∈ω Xi such that O b(�x) ⊂ O u(�x). �
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