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of convexity of the second order. Using the new definition of the weakly convex set with
the given modulus of nonconvexity we prove a new retraction theorem and we obtain new

{;‘Z:f Zisﬁvexity results about continuity of the intersection of two continuous set-valued mappings (one of
Modulus of convexity which has nonconvex images) and new affirmative solutions of the splitting problem for
Modulus of nonconvexity selections. We also investigate relationship between the new definition and the definition
Proximal smoothness of a proximally smooth set and a smooth set.
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1. Introduction

We begin by some definitions for a Banach space (E, || - ||) over R. Let B;(a) ={x € E | |[x — a|| <r}. Let cl A denote the
closure and int A the interior of the subset A C E. The diameter of the subset A C E is defined as diam A = supy yeallXx — y|.
The distance from the point x € E to the subset A C E is defined as o(x, A) = infscallx — a||. For a subset A C E, let Uyg(A)
be the open d-neighborhood of A, i.e.

Ua(A)={x€E| o, A) <d}.

The Hausdorff distance between two subsets A, B C E is defined as follows
h(A,B) = max’ sup o(a, B), sup o(b, A)].
acA beB
We denote the convex hull of the set A by co A.
Definition 1.1. (See [2,10].) Let xg, x1 € E, || X1 — Xo|| < 2d. The set

Da(x0, X1) = N Ba(a)

acE: {xp,X1}CBg(a)

is called a strongly convex segment of radius d, and the set
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D§(x0.x1) = Da(xo, X1) \ {X0, X1}

is called a strongly convex segment of radius d without extreme points.

Definition 1.2. (See Vial [19] and Fig. 1.) A subset A of a normed space is called weakly convex (in the sense of Vial) with
constant R > 0, if for any pair of points xp, x; € A such that 0 < ||x; — xo|| < 2R the set AN D%(xo, X1) is nonempty.

Definition 1.3. (See Clarke et al. [7,8].) A subset A of a normed space E is called proximally smooth with constant d > 0, if
the distance function x — o(x, A) is Frechet differentiable on the tube U4(A)\A.

Definition 1.4. (See Polyak [17].) Let E be a Banach space and let a subset A C E be convex and closed. The modulus of
convexity 84 : [0, diam A) — [0, +00) is the function defined by

X1+ X2

6A(8)=sup{620 ‘ B,;( ) C A, VX1,x3 € A: ||x1 — x2|| =e}.

It is obvious that §4(0) = 0.

Definition 1.5. (See Polyak [17] and Fig. 2.) Let E be a Banach space and let a subset A C E be convex and closed. If the
modulus of convexity 34(¢) is strictly positive for all € € (0, diam A), then we call the set A uniformly convex (with modulus

8a()).

We proved in [3] that every uniformly convex set A # E is bounded and if the Banach space E contains a nonsingleton
uniformly convex set A # E then it admits a uniformly convex equivalent norm. We also proved that the function ¢ —
8a(e)/€ is increasing (see also [14, Lemma 1.e.8]), and for any uniformly convex set A # E there exists a constant C > 0
such that 84(g) < Cg? [3].

Let 8¢ be the modulus of convexity for the Banach space E, i.e. the modulus of convexity for the closed unit ball in E.

Definition 1.6. Let E be a Banach space. Let a subset A C E be closed and d € (0, diam A). The modulus of nonconvexity
ya :[0,d) — [0, +00) is defined as
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and y4(0) =0.

It is easy to see that the modulus of nonconvexity is a nondecreasing function. Besides, we shall further suppose that
the modulus of nonconvexity is continuous from the right. Otherwise we shall redefine the modulus by continuity from the
right.

Definition 1.7. (See Fig. 3.) Let E be a Banach space, and let a subset A C E be closed. We shall call the set A weakly convex
with modulus of nonconvexity ya(€), € € [0,d) (d < diam A), if the modulus of nonconvexity y, satisfies the inequality

0< yale) < g Ve € [0, d).

It is obvious that the equality y4(¢) =0 for all ¢ € [0, diam A) means (for the closed set A) convexity of the set A.
Hereafter the text “weakly convex” means weakly convex in the sense of Definition 1.7.

Example 1.1. Let E =H be the Hilbert space and §x(¢) =1—,/1— % be the modulus of convexity of H. A weakly convex
subset A C H with modulus y4(¢) =dé(e/d), € €[0,d), d > 0, is weakly convex in the sense of Vial with constant d and
proximally smooth with constant d (see [6-8,10,19], in particular [2]). These three properties are equivalent in the Hilbert
space.

The relationship between weak convexity in the sense of Vial and proximal smoothness of a set in a Banach space is
much more complicated (see [2] for details).

The next lemma is a simple consequence of similarity.

Lemma 1.1. (See [16, Lemma 2.7.1].) Let a space E be uniformly convex with modulus Sg. Then for all x, y € B1(0), such that |x— y| =
& >0, and for any B € (0, %] the following inequality holds

Bagse(e) (1 — B)x+ By) C B1(0).

Lemma 1.2. Let a space E be uniformly convex with modulus §g. Then for any &, n such that 0 < €/2 < n < & < 2 the following
inequality holds

Se(m) _ Se(e) £—n
; <= —2€_n85(r(8)),

wherer(e) = (5 — 8(¢)).

By the Day-Nordlander theorem [9], §g(¢€) < % <¢/2 for all € € (0,2). Hence r(¢) > 0 for all ¢ € (0, 2).

Proof. Let’s fix ¢ € (0,2), « € (0, % — %55(8)) and A € (0,1). Choose points x1,x3 € dB1(0), such that ||x; — x2|| = ¢ and
Sp(e) +a > 8, where § =sup{r > 0| B;(z) c B1(0)} and z = %()q + Xx3).
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For any natural number k we define the point a, € 9B1(0) with the property |lay — z|| <&+ ,1—< Let yi.‘ be the homothetic
image of the point x; under the homothety with center a; and coefficient A, i =1, 2; let z; be the homothetic image of the
point z under the homothety with center a, and coefficient A.

By construction, ||y’1< — y§|| =& and |zx —ag| < A8 + A%. By the triangle inequality and by the property of chosen
points x;, ax we have ||x; — ax|l > || "15"2 I — llax — z|| = 411(% —8a(e)) =1(¢) >0 for i = 1,2 and sufficiently large k. Let

B=min{A,1— 1} € (0, %]. By Lemma 1.1 we have BZﬁ(SE(r(a))(yi‘{) C B1(0), i =1, 2. Hence

vk 4+ yk 1
BE(1e) < | T2 — g | — 2886 (1(e) = |2k — all — 2B8e(r(e)) < ASe(e) + 2+ A — 283 (r(e)).

Letting o — +0, k — 0o, we obtain
SE(re) < AS(e) — 2B8E(r(e)).
The desired estimate appears if we put A =n/e. O

One of the important motivations for consideration of weakly convex sets in the sense of Definition 1.7 is given by the
next theorem.

Theorem 1.1. Let a space E be uniformly convex with modulus 8g, d > 0. Let A C E be a weakly convex set with modulus of noncon-
vexity ya, and suppose that function dég(e/d) — ya(€) is positive for all ¢ € (0, min{2d, diam A}). Then for any point x € Ug(A) the
set

Pax={acA|lx—al =0 A}
is a singleton.
Proof. (1) Nonemptiness of P ax. Let’s fix x € Uy(A)\A. Let points a, € A be such that ||x — ai|| — o(x, A). Define nonnegative
numbers g = ||x — ax|| — o(x, A).

Suppose that the sequence {a;};2, has no converging subsequence. Without loss of generality we may assume that there
exists a number &g > 0 such that for any natural k, m the following inequality holds: ||ax —am| > €o. By the definition of ¢,
&m we have

max{[Ix — all, X — am| } < &k +&m + 0(x, A).
Let o = o(x, A). Then

kg +am
x_—
2

<O+ ek+em— @+ ek +em)e(llay — amll/ (0 + &k + €m)).

Due to the weak convexity of the set A for any o > 0 there exists

ag +am
Qjem € Bm(uak—am\\)w( 3 ) nA.

Hence

g +am
X_
2

<o+ek+em+a—(0+ek+em)Se(lak —amll/(@ + ek + em)) + va(llak — amll).

X = aim |l <

+ ya(llag — aml) + o

Let’s choose di € (%d, d) and a sequence «j > 0, ay — 0, such that for all sufficiently large k, m the inequality o + &x + &m +
o < dq <d holds. Then by Lemma 1.2

llak — amll
© + &k +em)e (o — anll/ (@ + & + em)) > o (Tm
and we have the estimate

llay — amll la — an| lag — an|
”X_akm”<Q+8k+8m+ak_d8h‘<%>+)/A(||ak—am||)_(d155<7kd1 = )—a55<7" — ))

<Q+8k+8m+ak_(dl&E(nak;amu)_d85<||ak;am||)).
1
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By Lemma 1.2 it follows that

a. —a a. —a
dusg(w) —d«sE(”"di’””) > 2(d — d)8g (r(lay — amll /d1)).

From the inequalities &g < |lax — am|| < 2d1 and r(g) = %(% —8p(8)) > %(% — %) > 0, it follows that for all k, m the value

Se(r(llax — am|l/d1)) is bounded from below by a positive constant ¢ > 0. Hence for sufficiently large k, m (when &, + &y, +
ay < 2(d —di)c), [|x — agm|l < o. Contradiction. Therefore, the sequence {ay};2; has a converging subsequence and Pax # 9.

(2) The set P x is a singleton. The proof is similar to the step (1). If o(x, A) = ||x —a;|l, i=1, 2, a1, a2 € A, then we have
a; +a
X=—— <o, A) — o, A)de(llar — azll/o(x. A)).

and for all & > 0,

a +az
dae Bmuaﬁazn)w( > ) nA.

Now by choosing 0 < o < o(x, A)8g(|lay — azll/o(x, A)) — ya(lla1 — az]|), we obtain that

a; +ap
X_

Ix —all < +ya(llar —az)) + @ < o(x, A) — 0(x, A)d (a1 — azll/0(x, A))

+ya(lar —az) + o < o(x, A).

Contradiction. O

By Theorem 1.1 and the results from [2] it follows that if the space E is additionally uniformly smooth then each weakly
convex set with the modulus y4 (for which ddg(e/d) — ya(¢) > 0) is proximally smooth with constant d > 0. We note that
d is not the largest possible constant for the proximal smoothness of the set A.

It's easy to see that the proximal smoothness with constant d > 0 implies the weak convexity. Suppose that (for simplic-
ity) the subset A C E is compact in the strong topology of the Banach space E and proximally smooth with constant d > 0.
Then the set A is weakly convex with some modulus of nonconvexity ya(¢), € € (0, min{2d, diam A}). Indeed, the compact-
ness of the set A implies that the values of modulus from Definition 1.6 are achieved for every ¢ € (0, min{2d, diam A}) at
some points aj,az € A, |la; — az| < €. This means that for the point x = %(m + ay) we have o(x, A) = ya(e) > 0. Using
inequality o(x, A) < %8, we obtain from the estimate %8 <d and from proximal smoothness of the set A (see [2, Theo-
rem 2.4]) that the set Px is a singleton and o(x, A) = ya(¢e) < %8.

2. The order of function ya

Before further considerations we shall make some remarks. Consider for simplicity a set A on the Euclidean plane.
Let the boundary dA be a smooth closed curve x = x(s), y = y(s), where s is the natural parameter. Suppose that the
curve dA contains no straight segments. In this case the radius of curvature of dA at the point (x(s), y(s)) equals R(s) =
(X2(s) + y2(5))32/1x" (5)y'(s) — y"(s)X'(s)|. If the radius R(s) is finite and positive at the point (x(s), y(s)) (and this takes
place for a.e. values of parameter s), then the curve at the neighborhood of the point (x(s), y(s)) is similar to the circle of
radius R(s).

If additionally, the set A is not locally convex at the point (x(s), y(s)) (i.e. for any r > 0 the set A N B,((x(s), y(s))) is
nonconvex), then for a small & > 0 the function y4 (&) has the order no smaller than &2 (more precisely, y4(g) > R%(s) —

VR2®) — 5.

We shall show that the situation above is typical: if the set A is nonconvex, then the modulus of nonconvexity for A
satisfies the estimate y,4(¢) > Const- £2. As we have mentioned above the modulus of nonconvexity for convex set A equals
zero.

If the subset A of the Banach space E is a symmetric cavern (i.e. A = cl(E\B), where B is a closed convex bounded
symmetric body), then y4(e) > Const - £2. The proof follows by the fact that in this case the function y(e) has the same
order as the function

Ix+ ylis
2

05,3(8)=sup{1— X,y € 9B, IIX—yllgés},

introduced in [4]. Here || - || is the norm in the space E with the unit ball B. In [4] and [5] the inequality 1 — /1 — % <
og g(e) was proved. In fact, it is the “dual” of the Day-Nordlander theorem. It can be proved similarly as the Day-Nordlander

theorem (see [9, §3, pp. 60-62] for details). The proof is the same except that instead of function 6x(¢) = inf, A(e, @) one
should consider on page 62 the function ox(¢) = sup, A(e, ¢).
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Let the subset A C E from a Banach space E be a cavern, i.e. A = cl(E\B) where the set B C E is a closed convex and

bounded body, 0 € int B. We shall estimate the value of y4(¢).
For any closed convex and bounded set B C E, O € int B, we define the Minkowski function

up(x)=inf{t >0|xetB}, VxekE.

For any bounded set C C E we define B-diameter of the set C as follows

diamp C = sup up(x—y).
x,yeC

For any closed convex bounded sets A, B, C C E we define the modulus

aé"B(s)zinf{a 20’ (oA + HTy> N(E\IntC) #0, Vx,y € A: up(x—1y) ga}

and the modulus
oc(e) =01 @10, (2.1)

Moduli O’CA’B and oc¢ generalize the definition from [4] to arbitrary convex sets.
It is obvious from the definition of o¢ that if C is a convex body then we have for all admissible ¢ > 0 for the set

A = cl(E\C) = cl(E\ int O),
va(€) = oc(é). (2.2)

The next lemmas are direct consequences of the definition of UCA’B.

Lemma 2.1. For any bounded closed convex bodies A, B, C C E and t > 0, the following holds:

1
(1) oM (e) = ?ag%), Ve € (0, diamg C);
1
(2) acA'tB(s) = a?'B(ts), Ve e (O, m diamp C); and
(3) otBe) = mg"BG), Ve € (0, t diamp C).

Lemma 2.2. For any bounded closed convex bodies A’, B, A, B, C C E and ¢ € (0, diamgp C),

(1) if A’ C A then 03,’3(8) 20’?’3(8); and

(2) if B' C B then 6% (6) <o B e).

Theorem 2.1. Suppose that the subset A C E of a Banach space E is a cavern. Let B, (0) C cl(E\A) C Br(0). Then for all ¢ € (0, 2r)
we have

€)= e r

ya(e) = SRz

Proof. Let B =cl(E\A) be a closed convex body. Using Lemmas 2.1 and 2.2 we get

& &
o5(8) = 61 OBIO () _ 1B 0).BrO) (ﬁ) >ro BB (ﬁ)’

Using the result of Bana$ [4] we obtain

O‘B’B £ > o i =1 1 £ >82
B \R)Z°“"M\R)™ 4R ~ 8RZ’

By invoking formula (2.2) we complete the proof. O

Of course, a weakly convex set is not necessarily a cavern. But if such set A is connected and nonconvex, then it has
“cavern-like” parts, and hence y4(¢) > Const - g2.
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Hereafter all Banach spaces will have the modulus of convexity of the second order at zero and will contain weakly
convex sets with modulus of nonconvexity of the second order, too. There are many such spaces besides Hilbert spaces, for
example I, p € (1, 2) (see [2,6,9] for details).

We shall define a special condition.

Definition 2.1. Let § be the modulus of convexity for some closed convex set A and y the modulus of nonconvexity for
some closed weakly convex set B. We shall say that condition (i) is valid for the moduli § and y if:

(1) for all s € [0, so] there exists a solution t = t; > s of the equation §(t —s) — y(¢t) =0,
(2) the function §(t —s) — y (t) is positive and increasing for all admissible t > t; and
(3) for all s €0, sp] there exists a solution t(s) of the equation §(t —s) — y (t) = %

In the case when §(t) = dSg(t/d) is the modulus of convexity for the ball B4(0) in the Banach space E we shall define
the solution t(s) as tg(s).

Remark 2.1. Definition 2.1 has a technical character (it is useful for further proofs) and it is not so exotic. Suppose that for
sufficiently small t > 0 our moduli have the second order at zero and are defined by formulae §(t) = c1t? + o(t?), t — +0,
y(t) = cat?> + 0(t?), t = 40, and ¢; > ¢ > 0. Then for sufficiently small numbers s > 0 the function t — §(t —s) — y(t) is
positive and increasing, and t(s) < /s, s — +0.

Remark 2.2. Suppose that a Banach space E has modulus of convexity §¢ of the second order and a closed subset A C E is
weakly convex with the modulus of nonconvexity y4 of the second order, too. Taking into account that for all 0 <d < dq,
dég(e/d) > d18e(e/dy), Ye € (0, 2d) (see [3, Lemma 2.1]), and dég(e/d) < %, & — +0, we can conclude that there exists a
number d > 0 such that dSg(e/d) > ya(e), Ve € (0, 2d). If additionally the space E is smooth then by Theorem 1.1 and [2,
Theorem 2.4] we obtain that the set A is proximally smooth with constant d.

3. Properties of weakly convex sets

Theorem 3.1. Let d > 0. Let a subset A of a Banach space E be weakly convex with modulus y4(¢), € € [0, d) and the subset B C E be
uniformly convex with modulus §g(¢), € € [0, diam B) and diam B < d. Let 85 (&) > ya(€) for all ¢ € [0, diam B). Then the set AN B,
if nonempty, is weakly convex with modulus yang(€) < va(€), € € [0, diam A N B) and connected.

Proof. The weak convexity of the intersection and the estimate for the modulus follows by definitions.

Suppose that the set AN B is not connected. This means that there exist two nonempty closed disjoint sets Ay C AN B
and A, = (AN B)\Aj. Choose k=1 and points a; € A1, b1 € Aa.

Due to weak convexity of the set A N B there exists a point w € %(ak + br) + (va(llax — bkll) + ax)B1(0), w € A. The

numbers «j are chosen by the conditions o — 0 and 0 < o < %(% llax — bkl — ya(llax — b))

One of the inclusions w € A1 or w € A is true. If w € Ay, then denote ayr; = W, bry1 = by. If w € Ay, then denote
k41 =0g, bey1 = w. In this way we build the sequences {ax}p2; C A1, {bi}i2, C Aa.

Let Iy = |lax — bk|l- Then 0 < lg4q < %lk +ya(k) + ok < Ii. Hence I — [ > 0. Taking the limit k — oo and using continuity of
the function y, from the right we get %l < ya(). It follows from Definitions 1.6 and 1.7 that [ = 0. Therefore, ||a; — bk|| — 0.

We proved in [3] that for any uniformly convex set B there exists a number ¢ > 0 such that the modulus of convexity
for the set B can be estimated as follows 85 (¢) < cg?, € € (0, diam B).

It follows from the construction of points a1 that ay4q =ay, or

1 3 c
llakr1 — akll < §||ak — bill + va(llax — bill) + e < lek + il,%.

In the latter case by 1 = by and

3 c 3 ¢ 4
1 = bl < S+ ==+ 2l )ik < =k,
k1 = [1Gkr1 — bl 4k+2k <4+2k>k =l

for all k > ko. Thus there exists a number d > 0, such that [, < d(‘g‘)". It follows from the estimate

a a“<3d4k+cd42k<K4k
HTAS\5) T27\5) ST\5 )
which is valid for sufficiently large k, that for such k and m > k,

m—1 m—1

4 n 4 k
lam — el =) lans1 —anll < Y K(E) < 51<(§) :

n=k n=k
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the latter means that the sequence {ay} is fundamental. Since ||a, — bi|| — O thus the sequence {by} is also fundamental.
By the closedness of the sets A1 and A and from the condition |la, — by|| — O we conclude that a, — x € A1, by — x € Aj.
Hence A1NA,#¢. O

For any closed subset A C E, a point x € U;g(A) and a number s > 0 we define the set-valued projection

Pax,s)={acA|lx—al <ok A) +s}.

It follows by definition that P4(x,s) # @ for all s > 0. Apart from this, under conditions of Theorem 1.1, P4(x,0) = Psx is a
singleton.

Theorem 3.2. Let a Banach space E be uniformly convex with modulus 8g. Let a subset A C E be weakly convex with modulus y4 (¢),
€ €[0,2d). Let dSg(e/d) > ya(e) forall ¢ € (0, 2d). Suppose that the condition (i) from Definition 2.1 is satisfied. Then

Pa(x,s) C Bep(s)(Pax).

Proof. Il;et a=Pax and b € P4(x,s), s < so. Let’s define the point y € [b, x] by the condition ||x — y|| = o(x, A) = ||[x —a]|. Let
w = & zZ= a+_y

, 5
It follows from the inequality ||b — y| < s that ||w — z|| < s/2. In the triangle bya we see that ||y —a| > |la — b|| —s.
Let 0 = o(x, A). Note that |la —b|| —s < |ly —all < 20 < 2d. If the inequality o8¢ ((lla — bll —s)/@) — ya(lla—bl) > 5
holds, then for some o > 0 we have o8¢ ((|la—b| —s)/0) — ya(lla—b]) > % + «o. Using the inequality oSg((Jla—b| —s)/0) <
ede((la—yl)/e), we obtain

o € By, (ja—b+a (W) N A, By, (jabl+a (W) CintBos ((la—bj—s)/0) (2)-

Hence
S
llap — x|l < llap — wil + lw — z|| + llz — x|l < ya(lla — bll) + & + 5 +o(x, A)

— o, Mdg((lla—bll —s)/o(x, A)) < o(x, A).

This contradiction shows that dg((|la — b|| — s)/d) — ya(lla — b|) < 08e((lla — b|l —s)/0) — ya(lla —b|) < % and by the
conditions of the theorem, ||a — b|| < tg(s). The point b € P4(x, s) was arbitrary and the theorem is thus proved. O

Corollary 3.1. Under the assumptions of Theorem 3.2, the projection P sx uniformly continuously depends on x. More precisely, if
llx1 — X21l < So and X1, X2 € Ug(A), then ||[Paxy — Paxall < te(llX1 — x2|). Moreover, tg(s) < /s, s — +0.

Theorem 3.3. Suppose that the assumptions of Theorem 3.2 hold and di € (0,d). Then for any point x € E the set A N By, (x), if
nonempty, is weakly convex with modulus YANBq, (x) (&) < ya(e), € €[0,diam A N By, (x)), and path connected.

Proof. Weak convexity of the intersection follows from the definitions.

Fix any pair of points x, y € A such that 0 < ||x — y|| < 2dy. For any number ¢t € [0; 1] we denote z; = (1 — t)x + ty. The
map z+— Paz is single-valued and continuous (Corollary 3.1) on the set Ug, (A), hence it is single-valued and continuous
on the set U’ = Ug, (A) U A. Since z; € U’ for all t € [0; 1] there is a unique point a(t) with {a(t)} = Paz:. The function
a:[0; 1] — A is continuous and defines the desired curve I' = {a(t): t € [0; 1]} which connects points x and y. O

Theorem 3.4. Let E be a uniformly convex space with modulus 8g. Let A C E be a weakly convex set with modulus of nonconvex-
ity ya(e), € € [0,diam A). Let A C Br(a), 2r < d and ya(e) < dég(e/d) for all € € [0, diam A). Suppose that the assumptions of
Theorem 3.2 hold. Then the set A is a continuous retract of E.

Proof. Let x € E\A. Let B =clcoA C By(a), y = Ppx. Due to the uniform convexity of the space E the metric projection
on the set B is continuous. We observe that this projection is uniformly continuous (see [13] and [3, Example 3.2]) on the
balls.

Since y = y(x) € B C B;(a) we have o(y,A) < 2r < d. By Theorem 1.1 and Corollary 3.1 there exists a unique metric
projection z = Py which uniformly continuously depends on y. Therefore, z(x) = P4(Pgx) is the desired retraction, see
Fig. 4. O

Remark 3.1. We remark that function z(x) from Theorem 3.4 is uniformly continuous on the balls.

Let us also mention that Theorem 3.4 remains valid in any uniformly convex and smooth Banach space for any proximally
smooth set A with constant d and A C B(a), d < 2r. Instead of Theorem 1.1 and Corollary 3.1 one must use the results from
[2, Theorem 2.4].
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y:PBI
Z:PAy

Fig. 4. Scheme of retraction.

Theorem 3.5. Let (T, p) be a metric space. Let F1, F5 : (T, p) — 2&" be set-valued mappings, continuous in the Hausdorff metric.
Suppose that for a point ty € T the set F1(tg) is uniformly convex with modulus é (&), and the set F,(to) is weakly convex with modulus
y(€). Let y (¢) < §(¢) for all ¢ < min{diam F (tp), diam F,(to)}. Let H(t) = F1(t) N F2(t) # ¥ for all t € T. Then the mapping H (t)
is continuous at the point t = tq in the Hausdorff metric.

Proof. It follows from the uniform convexity of the set Fi(tp) that it is bounded (see [12], [3, Theorem 2.1]). Due to the
continuity in the Hausdorff metric we conclude that there exists a number § > 0 such that the set I, <5 F(0) is
compact. By the Closed Graph Theorem [1] the set-valued mapping H(t) is upper semicontinuous at the point t = tg, i.e.

Ve>035 >0Vt: p(t, to) <9, H(t) C H(to) + B:(0),

or

lim sup H(t) C H(to). (3.1)

t—to

If the set H(tp) is a singleton then the continuity of the set-valued mapping H at the point ty follows by its upper semi-
continuity. Next we shall assume that the set H(tp) consists of more than one point.
Suppose that lower semicontinuity fails, i.e. that

H(to) ¢ limtintf H(t).
—lo
Thus there exist a number €9 > 0 and points t; € T, t, — tg, such that
H(to) ¢ H(tx) + B¢,(0), for any natural k.
For any k there exists a point hy, € H(tp) with

hy ¢ H(ty) + Bgy (0).
Since the set H(tp) is compact, thus without loss of generality we may assume that hy — hg € H(tp) and

ho ¢ H(tx) + Bgy/2(0), for any natural k. (3.2)

Let us define the set Ho = limsupy_, o, H(tx) C H(tp). By construction hg € H(to)\Ho, hence Hqo # H(to).
Let xo € Pyyho. For hg € F1(to) N Fa(to) and xg € Ho put [ = ||hg — Xgl| > 0.
Using uniform convexity of Fqi(tp) we get

X0+ ho
Ba(l)<

Due to the weak convexity of the set F,(tp) and finite dimension of images of the mapping F, we can find a point

fEByu)(

By continuity of the map F; there exist points f; € Fa(tx) with fy — f. Besides, for ¢ = (§(I) — y(I))/3 we can find a natural
number kg, such that for all k > kg the following holds:

>C F1(to).

Xo+h

°) N Fa(to).
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+ ho

fre Ba(l)—s<xo ) C F1(tp), (3.3)

and

X0+ ho

fre By(l)+e( ) N Fp (k). (3.4)

By the formulae (3.3) and (3.4) it follows that f, € H(ty) for all k > ko. Hence f =limy_, » fx € Ho.
At the same time

X0+ ho
2

Xo+ho

ho — fII <
lho — £ 2

ho —

1
< EHXO — holl + ¥ (o — holl) < llxo — holl.

+Hf—

This contradicts with the inclusion xg € Pp,ho. Thus, H(t) is lower semicontinuous at the point t =to. O

Let F : (T, p) — 2EI'D be a set-valued mapping. If for any ¢ € T the set F(t) is uniformly convex with modulus 8 (€) >
8(e) >0, ¢ € (0,diam F(t)), and § is an increasing function, then we shall say that the set-valued mapping F is uniformly
convex with modulus §.

If for any t € T the set F(t) is weakly convex with modulus of nonconvexity yr()(€) < y(¢), € € [0, diam F(t)), y(0) =0,
y (&) < § for admissible & > 0 and function y is continuous from the right and nondecreasing then we shall say that the
set-valued mapping F is uniformly weakly convex with modulus .

Definition 3.1. Let a set-valued mapping F; : (T, p) — 2:I'lD be uniformly convex with modulus § and a set-valued map-
ping F : (T, p) — 2EI'D uniformly weakly convex with modulus y. We shall say that condition (ii) is valid for the moduli
8 and y if

(1) for all s €0, so] there exists a solution t = ts > s of the equation §(t —s) — y (t) =0,
(2) the function §(t —s) — y (t) is positive and increasing for all admissible t > t;,
(3) for all s € [0, sp] there exists a solution t(s) of the equation §(t —s) — y (t) = %

It follows from the results of the second paragraph that condition (ii) is possible only if moduli § and y are of the
second order at zero.

We say that set-valued mapping F is uniformly continuous with modulus of continuity @ > 0 if for any t1,t; € T the
inequality h(F(t1), F(t2)) < w(p(t1,t2)) holds.

Theorem 3.6. Let Fq, Fy : (T, p) — 2E:I'D_ et the values of F, be uniformly convex with modulus 8(¢). Let the values of Fy be
uniformly weakly convex with modulus y (¢). Suppose that set-valued mapping F; is uniformly continuous with modulus w;, i =1, 2.
Let the condition (ii) holds.

Let H(t) = F1(t) N Fa(t) # @ for all t € T and suppose that for some M > 0 the inclusion | ;.1 H(t) C Bm(0) holds. Then

201 + 3wy + 1(2F22),  eder gy

w1+t w1+w;
1SO 21\/1, 12 2250.

h(H(t1), H(t2)) < { (3.5)

Here w; = w;i(p(t1,t2)), i=1,2.

Proof. Let c¢; € H(t1). We shall show that for any number A, which is strictly larger than the right side of the formula (3.5),
there exists a point ¢y € H(ty) with ||c;1 — ¢c3|| < A. This will prove the theorem.

Fix d € H(ty). If w1 + wy > 25, then, taking c; =d, we obtain that
w1 + w2
h(H(t1), H(t2)) < llc1 — 2] <2M < M

Suppose that w; + wy < 2sg. Fix k > 1, such that inequality kw; 4+ k%*w, < 2s¢ holds. For the point c; € H(t;) = F1(t1) N
F»(t1) we can find the point b € F,(ty) such that ||b — cq| < kws.

Fix the point b; € Fi(t;) which satisfies the condition ||b — b || <k - o(b, F1(t2)). Invoking the inequality o(b, F1(t1)) <
b —c1]| < kaw, we get the following estimate

b — b |l <ko(b, F1(t2)) < kh(F1(t1), F1(t2)) +ko(b, F1(t1)) < kot +kllb — c1]| < kwq + k*w;.

Define the point a € [d, b] N H(ty) as the one which is nearest to the point b. The set [d,b] N H(t) is nonempty because
it contains the point d. Put n=1, a; =a.
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Consider the following cases:

(1) 8(llan —bll) > y (lan — bz ) + 3 Ib — by || or
(2) 8(llan —bll) < y (lan — bz ) + 3 1b — br .

If the case (1) takes place then we choose

11 1 1/llan—>b
o = m‘“{a’ E(S(IIGn = b1) = ¥ (lan = b)) = 51b — bz ||), E(M ~ (lan —bnn))} > 0.

By the uniform weak convexity of F; with the modulus y there exists a point

an+b an+b
W € By (jap—bs IN+an <—n 3 n) NFy(t2) C Bs(l\an—b”)(—nz ) C Fa(t2), (3.6)
and
an+b an+b 1
bz —wl| < ||by — n2 d n2 n—WH<§||an—bn||+7/(||an—bn||)+an<||an_bn||~

Now we put n=n+ 1, a, = w and again consider cases (1) or (2).

If the case (2) does not take place for all natural n, then we obtain from the construction of the points {a,} that the
sequence I, = ||a; — by || satisfies the condition 0 <l 1 < %’ + v () + an < Iy. It follows by the Weierstrass theorem that
the sequence I, converges to some number [ > 0 from the right. Using the continuity of the function y from the right and
taking the limit we deduce that % < y(I). The latter is possible only in the case | =0 (see the definition of y).

Thus, if for all n € N the case (2) does not take place then H(ty) > a, — by, i.e. by € H(ty). Taking c; = b, we have

ller = call = ller = b | < ller = bll + [Ib — b || < ke + kavy + kP,
The number k > 1 was arbitrary, hence

h(H(t1), H(t2)) < 01 + 20;.

Suppose that for some n € N the case (2) occurs and ||a; — by || > ||b — b ||. Taking into account that ||a, — b|| > |la, —
bz || — |Ib — bz ||, we conclude from the inequality of the case (2), that

1
8(llan = b Il = IIb —bx ll) = ¥ (llan — b |l) < lIb = bl

From the condition (ii) of the theorem we get

1 kw1 + Ko
lan — bl < t(inb _b,,”) < t(%)

By choosing ¢2 = a, we obtain

kw1 + k2w
5 )

h(H(t1), H(t2)) < et = 2l < llet = bll + Ib = br |l + llan — by || < ke + ke + kP, -H(

By taking the limit k — 1 + 0, we finally prove the theorem. The case ||a; — b || < ||b — bz ||, which follows from the last
estimate and from the inequality ||b — b || < kwq + k?w,, also gives formula (3.5). O

Remark 3.2. For convex valued mapping F» a similar result was proved in [3, Theorem 3.1].

Remark 3.3. If additionally the conditions of Theorem 3.1 hold for sets Fi(t) and F;(t), then the values of the map H in
Theorem 3.6 are connected.

Remark 3.4. In our case the moduli § and y are of the second order and we have that t(s) is of the order /s when s — 0.
For the Hilbert space this result was proved by Ivanov [10].
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4. Application to selection problems

Theorem 4.1. Let E be a uniformly convex Banach space with modulus 8g. Let @ C E be a collection of weakly convex sets with
modulus of nonconvexity y (¢) (in the sense of Section 3), and suppose that all sets from ® are contained in some ball. Let d > 0. Let
the condition (ii) holds for moduli dSg(t/d) and y (t). Let dSg(t/d) > y (t) for all admissible t > 0. Suppose that any set H € @ is
contained in (each in its own) ball of radius r > 0 and 2r < d.

Then the collection @ has a uniformly continuous selection, i.e. there exists a uniformly continuous in the Hausdorff metric function
s: @ — E such that for all H € @ we have s(H) € H.

Proof. Without loss of generality we shall assume that the sets from the family @ are contained in the ball Bg(0) and for
any H € @ we have p(0,clcoH) > r; > 0. Consider ¥ = {clcoH | H € ®}. The metric projection of zero y(H) = P¢con0
on the sets from ¥ is a uniformly continuous selection defined of ¥. We have proved in [3, Lemma 3.1] that for any
H1, Hy € @ (taking into account the condition h(clco H1,clcoH1) < h(H1, Hq))

|y(H1) — y(H2) | < 2h(H4, H2) + fe(h(H1, H2)),

where
571(t/2), t<2Apg,
fe@® = { Rt >9A
Ag’ t> E-

Here 5(¢) = R3g(¢/R), Ap =§8(2r1).

Let y = y(H). From o(y, H) < 2r < d using Theorem 1.1 we conclude that there exists a unique metric projection
Z(H) = Pyy.

If 2h(H1, H2) + fe(h(Hq1, H2)) < (d — 2r)/2, then, by defining y; = y(H;), zi = z(H;), i = 1,2, we get |y1 — y2ll <
(d—2r)/2.

Consider a metric subspace T of the metric space ((E,®), (|| -, - | + h(-,-))). Elements of T are pairs (x, H) € (E, ®)
such that o(x, H) < d. Consider the set-valued mappings F1(x, H) = H, F2(x, H) = By(x,n)(x) from T into E. The set-valued
mapping F; is uniformly weakly convex with modulus y and uniformly continuous with modulus w; (t) =t. The set-valued
mapping F; is uniformly convex with modulus dég(¢/d).

For points (y;, H;), i =1, 2, we have

h(F2(y1, H1), F2(y2, H2)) = lly1 — y2ll + |e(y1, H1) — 0(¥2, H2)|
<ly1 =yl + o1, HY) — o(y1, Ho)| + [o(y1, H2) — 0(y2, H2)
lo(y1, H1) —o(y1, H2)| < h(H1, H3), and from the condition ||y — y2|| < (d — 2r)/2 we obtain that

’

o1, H) <lly1 —ya2ll+0(y2, H2) <@ —2r)/2 + 2r = (d + 2r)/2 < d.

Put z13 € Ha: ||y1 — z12]l = @(¥1, H2). Using Corollary 3.1 we get [o(y1, H2) —o(¥2, H2)I < lly1 — Y2l + 122 — z12ll < ly1 —

2l +tellyr — y2D.
Thus in the case 2h(Hq, H2) + fe(h(H1, H2)) < (d — 2r)/2 projections z; = F1(y;, H;) N F2(y;, H;) uniformly continuously
depend on sets H;, i =1, 2, by Theorem 3.6, i.e.

llz1 — z2ll < w(h(H1, Hp)),

where w(h(H1, Hy)) is superposition of the function 2h(Hq, Hy) + fe(h(H1, Hy)) and the function from the right side of
formula (3.5).

If 2h(Hq, Hy) + fe(h(Hq, H2)) > (d — 2r)/2, then by the strict monotonicity (increasing) of the function fg, there exists
a number C > 0, such that h(Hq, Hy) > C. In this case

2R
lz1 — 22l 2R < ?h(HL H3).
Therefore, s(H) = z(H) is a uniformly continuous selection. O

Example 4.1. One can apply these results to certain questions about continuous selections of set-valued mappings [15,18].
Let a space E be uniformly convex, a sets A, B C E be such that B is uniformly convex with modulus é(¢), ¢ € [0, diam B),
and A is weakly convex with modulus y(¢), ¢ € [0, diam A). Let for some d > 0 the inequalities 2diam B < d and y (¢) <
dég(e/d) for all ¢ € [0, min{2d, diam A}) hold. Suppose that the condition (i) is valid for pairs §(¢), y(¢) and ddg(e/d),
y (¢). Then there exist uniformly continuous functions a: A+B — A and b: A+ B — B such that for any c € A+ B we have
a(c) +b(c)=c.
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Proof. By Theorem 3.6 the set-valued mapping A + B > ¢ — H(c) = BN (c — A) is uniformly continuous. By definition the
set H(c) is weakly convex with modulus of nonconvexity y for all c € A + B. By the boundedness of the set B, all sets H(c),
c € A + B, are contained in some ball. Furthermore for any point c € A + B each set H(c) is contained in the ball of radius
no larger than 2diam B < d. By Theorem 4.1 there exists a uniformly continuous selection b(c) = s(H(c)) € B, where the
function s(-) is from Theorem 4.1; a(c) =c—b(c) e A. O

5. A class of weakly convex sets

We shall show that simple smooth closed surfaces of codimension 1 are weakly convex sets. In this section the space E
will be an arbitrary reflexive Banach space.
We introduce the normal cone N(A, x) to the set A at the point x € A as follows

N(A, %) ={peE* | (p,x—a) > —ax(Ix—al) - Ix—al| - Ip]l, Ya e A},

where the function oy : [0, diam A) — [0, +00) and lim;_, 4o ax(t) = 0.
Let A C E be any closed set with the property clint A=A and x € A. Suppose that the set A has the following proper-
ties: dA is path connected, Vx € 0A,

N(3A,x) N 3B}(0) = (N(A,x) NdB}(0)) U (N(cI(E\A), x) N 9B} (0)),

where

N(A,x)NaB;(0) ={p}, N(cl(E\A),x) NadB7(0) ={—p},

and there exists infinitely small at zero function « : [0, diam A) — [0, +00) with the property

NA,x)={peE*|(p.x—a)>—a(llx—al)-|x—a|-|pl. Yac A}, VxedA,
N(cI(E\A),x) ={p € E* | (p.x—a) > —a(llx—al)) - [x—al - |pll, Va e cl(E\A)}, VxeIA.

Then we say that the set dA is a smooth closed surface of codimension 1 with a function of smoothness «. Roughly speaking,
smooth closed surface of codimension 1 is the smooth path connected boundary between some set A and its complementary
set cl(E\A).

Let r > 0. Define for any point x € dA and for unit vector p € N(dA, x) the vector y € E with ||y| = (p,y) = 1. We say
that a smooth closed surface dA is simple, if for any 2-dimensional affine plane L, such that {x,x + y} C L, the intersection
LNdANB;(x) is a path connected planar curve. We call r > 0 the parameter of simplicity.

Theorem 5.1. Let E be a reflexive Banach space. Suppose that A C E is a closed set, clint A = A, and 9A is a simple smooth closed
surface of codimension 1 with the function of smoothness « and the parameter of simplicity r > 0. Then the set d A is weakly convex
with the modulus of nonconvexity ya(e) < €(x (&) +a(e/2)) forall € € [0, min{r, €0}); where eg = supf{t > 0 | a(7) + (7 /2) < %
VT €(0,0)}.

Proof. Let € € (0, min{r, &p}), X1, x2 € 0A such that ||[x; —x2|| =¢. Let p1 € N(A,xﬂﬂ&B’{(O) or pp € N(cl(E\A),xﬁﬁE)BT(O).
Let Hy={x€ E| (p1,X1 —x) =0} =x1 + ker py.

Consider Fig. 5. Define M ={x € E | |(p1,Xx1 — X)| <a(||x1 — X]]) - [Ix1 — x||}. Using the reflexivity of the space E let y € E,
lyll =1, (p1,y) =1. Let L = aff{x1,x1 + y,x2}. Let x = %()q + x3), from the definition of L and from the definition of
smooth closed surface o(xz, H1 N L) = o(x2, H1) < a(¢)¢g, hence o(x, H1 N L) < %oc(s). Let Xx; € Hy N L be a point such that
IX— %l = o0& HiNL).

Let y be the connected part of the planar curve L N dBg/2(x1) N M, which intersects the line Hy N L, and lies in the
same hyperplane with the point x with respect to the line aff{xq, x; + y}. By the simplicity of the surface 9A and by the
inequality ¢ < r there exists z € y N dA. From the inclusion ze€ M we have o(z, H1 NL) < a(s/Z)%. Let zze HiNL be a
point such that ||z —z1|| = 0(z, H1 N L).

Choose the right direction of the line H1 N L from the point x; to the point w=H{NLNy.

By the triangle inequality we have from the triangle x1Xx1,

E faE < —m) <l
) ] S 1 1\2

and from the triangle x1zz1,

+ E01(8)
2
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Fig. 5. Proof of Theorem 5.1.

If the point x; lies to the right of the point w then
IR = wil = llxt = Rl lIx1 = wi| < o).

If the point x; lies to the left of the point w then
IR = wil = llxi = wil = x1 = & < ).

In both cases X1 — w| < §a(e).
In the same way we obtain that ||z; — w|| < §a(5).
From this we deduce that

- - £ e (¢
21 =X < |IX1 —w z1—w| < -aE)+-a| =]).
llz1 1 < %1 | + 1121 Il 3 ()+2 (2>

Finally, for any xq1,x3 € 9A, |x1 —x2||=¢&, X = %(xl + x7) there exists z € A such that

- - - £ €
X =zl < 1% = X1l + 1]z = z1 [l + X1 — 21 <8<a(8)+a<5)> <3 O

We observe that under the conditions of Theorem 5.1 both sets A and cl(E\A) are weakly convex. The proof easily
follows from Theorem 5.1.

Let E be a Banach space and a subset A C E be closed. We shall say that unit vector n € E is a proximall normal to the
set A at the point x € A if there exists r > 0 such that

ANintB.(x+rn) =0.

Theorem 5.2. Let space E be uniformly convex with modulus of convexity of the second order and uniformly smooth, and let subsets
A C E and cl(E\A) be weakly convex with modulus y (&) of the second order and clint A = A. Then N(A,x) N 9B5(0) = {p(x)},
N(cI(E\A), x) N 9B} (0) = {—p(x)}, at any point x € dA and p(x) uniformly continuously depends on the point x € J A.

Proof. By Remark 2.2 the sets A and cl(E\A) are proximally smooth with some parameter d > 0. Using the results of
Ivanov [11, Theorem 2] we have that for any point x € A there exists a proximally normal vector n(x) to the set A at the
point x € A (and proximally normal vector —n(x) to the set cl(E\A) at the point x € dA) and n(x) uniformly continuously
depends on x. By uniform smoothness of the space E for any vector n € E, ||n|| = 1, there exists unit vector p(n) € E* with
(p(n),n) =1 and p(n) uniformly continuously depends on n (see [9,14]). Again by the smoothness of the space E we have
that p(x) = p(n(x)) € N(A, x) is uniformly continuous on x € 9A. O
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6. Epilogue

1. We see from the results above that in the spaces with modulus of convexity of the second order the notion of weakly
convex set is very effective.

2. Some of the results can be proved in a more general setting of uniformly convex Banach spaces: Theorem 3.4, or
Theorems 3.1, 3.2, and 3.3 (see [2] for details). However, the proofs in [2] are much more complicated.

We wish to point out that the results above are interesting and nontrivial even in the finite-dimensional case.

3. We agree with Bana$ that the modulus o from [4] and [5] is sometimes much more convenient in applications than
the standard modulus of smoothness [9,14]. In fact, the modulus of nonconvexity is a modification of modulus o from [4]
for the nonconvex case.

Also, Theorem 5.1 shows a deep relationship between weakly convex sets and smooth sets. In conclusion, we formulate
the following:

Conjecture 6.1. Let the space E be uniformly convex (and smooth?), the subsets A C E and cl(E\A) closed and weakly convex with
modulus y (¢) and clintA = A. If limg_, 1oy (€)/¢ = 0, then the unit normal vector to the set A at the point x € dA uniformly
continuously depends on the point x € dA.
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