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A 
onstru
tion of non
ontra
tible simply 
onne
ted
ell-like two-dimensional Peano 
ontinuabyKatsuya Eda (Tokyo), Umed H. Karimov (Dushanbe) andDu²an Repov² (Ljubljana)
Abstra
t. Using the topologist sine 
urve we present a new fun
torial 
onstru
tionof 
one-like spa
es, starting in the 
ategory of all path-
onne
ted topologi
al spa
es witha base point and 
ontinuous maps, and ending in the sub
ategory of all simply 
onne
tedspa
es. If one starts from a non
ontra
tible n-dimensional Peano 
ontinuum for any n > 0,then our 
onstru
tion yields a simply 
onne
ted non
ontra
tible (n + 1)-dimensional 
ell-like Peano 
ontinuum. In parti
ular, starting from the 
ir
le S

1, one gets a non
ontra
tiblesimply 
onne
ted 
ell-like 2-dimensional Peano 
ontinuum.1. Introdu
tion. It is well known that all 
ell-like polyhedra are 
on-tra
tible. Gri�ths [5℄ 
onstru
ted a 2-dimensional nonsimply 
onne
ted 
ell-like Peano 
ontinuum: Let H1 be the 1-dimensional Hawaiian earrings withthe base point θ at whi
h H1 is not lo
ally simply 
onne
ted. Let Y = C(H1)be the 
one over H1. Then H1 
an be 
onsidered as the base of the 
one C(H1)and θ as its base point. The Gri�ths spa
e is then de�ned as the bouquetof two 
opies of Y with respe
t to the point θ.A generalization of the Gri�ths example is analogous�instead of the1-dimensional one 
onsiders the 2-dimensional Hawaiian earrings [3℄, i.e. thesubspa
e H2 of the 3-dimensional Eu
lidean spa
e, H2 = {(x0, x1, x2) ∈
R

3 | (x0 − 1/k)2 + x2
1 + x2

2 = (1/k)2, k ∈ N} . It is easy to see that thisgeneralization of the Gri�ths example is a 3-dimensional non
ontra
tiblesimply 
onne
ted 
ell-like Peano 
ontinuum.The purpose of the present paper is to 
onstru
t a fun
tor SC(−,−) fromthe 
ategory of all path-
onne
ted spa
es with a base point and 
ontinuous
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194 K. Eda et al.mappings, to the sub
ategory of all simply 
onne
ted spa
es with a basepoint. The following are our main results:Theorem 1.1. For every path-
onne
ted spa
e Z with z0 ∈ Z, the spa
e
SC(Z, z0) is simply 
onne
ted.Theorem 1.2. For every non
ontra
tible spa
e Z with z0 ∈ Z, the spa
e
SC(Z, z0) is non
ontra
tible.If Z is a Peano 
ontinuum, then SC(Z, z0) is also a Peano 
ontinuum. If
Z is an n-dimensional metrizable spa
e for n > 0, then the spa
e SC(Z, z0)is (n + 1)-dimensional. If Z is 
ompa
t, then SC(Z, z0) is a 
ompa
t spa
ewith trivial shape.In parti
ular, when Z is the 
ir
le S

1, we get the following:Corollary 1.3. For any point z0 of the 
ir
le S
1, the spa
e SC(S1, z0) isa non
ontra
tible simply 
onne
ted 
ell-like 2-dimensional Peano 
ontinuum.As a general referen
e for algebrai
 topology we refer the reader to [10℄.2. Preliminaries. For any two points A and B in the plane R

2, [A,B]denotes the linear segment 
onne
ting these points. For a, b ∈ R with a < b,
[a, b] denotes the 
losed interval, (a, b) denotes the open interval and [a, b)and (a, b] denote the half-open intervals, as usual. The unit interval [0, 1]will be denoted by I. To avoid 
onfusion between an open interval and anelement of the square I× I, we shall write (a; b) for the latter, where a, b ∈ I.Our 
onstru
tion is based on the pie
ewise linear topologist sine 
urve Tin the plane. Let An = (1/n; 0), Bn = (1/n; 1), for n ∈ N = {1, 2, 3, . . . },
A = (0; 0), B = (0; 1) be the points of the plane R

2. Let L2n−1 = [An, Bn]and L2n = [Bn, An+1]. The spa
e T is the subspa
e of I
2 de�ned as the unionof all segments Ln and L = [A,B].Let Z be any spa
e with a base point z0. Then the base set of SC(Z, z0)is the quotient set of T × Z ∪ I

2 obtained by the identi�
ation of thepoints (s, z0) ∈ T × Z with s ∈ T ⊂ I
2 and by the identi�
ation of ea
h set

{s} × Z with the one-point set {s} if s ∈ L. There is a natural proje
tion
p : SC(Z, z0) → I

2. To p there 
orresponds a pair of fun
tions p1 and p2 su
hthat p(z) = (p1(z); p2(z)). For a = (x; y) ∈ T with x > 0, the set p−1(a) isdenoted by Za, whi
h is homeomorphi
 to Z, and for y ∈ I the set p−1
2 ({y})is denoted by My. Let Oε(a) = p−1(Uε(a)), where Uε(a) is the open ε-ballwith 
enter at a ∈ I × I with respe
t to the standard metri
.The topology of SC(Z, z0) 
oin
ides with the quotient topology at ea
hpoint outside L. A basi
 neighborhood of a point a = (0; y) ∈ L is of theform Oε(a). Therefore, the topology of SC(Z, z0) is the quotient topologywhen Z is 
ompa
t.



A 
onstru
tion of Peano 
ontinua 195Obviously, SC(−,−) is a fun
tor from the 
ategory of topologi
al spa
eswith a base point to itself. The spa
e SC(Z, z0) is path-
onne
ted, path-
onne
ted and lo
ally 
onne
ted, �nite-dimensional, metrizable or 
ompa
tif Z is path-
onne
ted, path-
onne
ted and lo
ally 
onne
ted, metrizable or
ompa
t, respe
tively. In parti
ular, SC(Z, z0) is a Peano 
ontinuum if Z isa Peano 
ontinuum.If Z is 
ompa
t, SC(Z) is a quotient spa
e of T × Z ∪ I
2 and hen
e

SC(Z) is also 
ompa
t. Next we show that the shape type of SC(Z) isthat of the one-point spa
e when Z is 
ompa
t. To see this let U be anopen 
over of SC(Z). By the 
ompa
tness of I we have ε > 0 su
h that
p−1([0, ε) × [a, b]) is 
ontained in an element of U for every 0 ≤ a < b ≤ 1with b − a < ε. By the 
ompa
tness of Z we also have a 
over O1, . . . , Omof X and points P1 = A1, . . . , Pn on T su
h that [Pi, Pi+1] ⊂ T ∩ [ε, 1] × Iand ea
h [Pi, Pi+1] × Oj is 
ontained in an element of U . Hen
e we have are�nement of U whose nerve is 
ontra
tible. This yields the 
on
lusion.Let Z be an n-dimensional metrizable spa
e for n > 0. Then, sin
e
SC(Z) = I

2 ∪
⋃

∞

n=1 p
−1([1/n, 1] × I) and p−1([1/n, 1] × I ∩ T ) is homeo-morphi
 to I×Z, the dimension of SC(Z) is n+1 by [4, Theorems 4.1.3 and4.1.9℄ and [9, p. 221℄. Hen
e SC(Z) is a 
ell-like, (n+1)-dimensional 
ompa
tmetrizable spa
e if Z is an n-dimensional 
ompa
t metrizable spa
e [7, 8℄.A path in X is a 
ontinuous mapping of the 
losed interval [a, b] to X.We say that two paths are homotopi
 if they are de�ned on the same domainand are homotopi
 relative to their ends. The 
omposition of two paths f :

[a, b] → X and g : [b, c] → X su
h that f(b) = g(b) is a path h : [a, c] → Xwhi
h is de�ned as follows:
h(t) =

{

f(t) if a ≤ t ≤ b,

g(t) if b ≤ t ≤ c.Let f : [a, b] → X and g : [c, d] → X be paths. We say that f is equivalentto g and write f ∼= g when f(a + (b − a)t) = g(c + (d − c)t) for ea
h t ∈ Iand de�ne f as f(t) = f(a+ b− t) for ea
h a ≤ t ≤ b.A loop with base point x0 in a spa
e X is a path f : [a, b] → X for whi
h
f(a) = f(b) = x0.The produ
t of two loops is de�ned in the standard way. The 
onstantmapping to {x0} is denoted by cx0

. Let f : [a, b] → X be a path, c any pointin [a, b] and α any loop with base point f(c). The modi�
ation of the pathalong a loop α : I → X is the path g : [a, b] → X whi
h is de�ned for aninterval [t1, t2] ⊂ (a, b) su
h that c ∈ [t1, t2] as follows:
g(s) =











f((s− a)(c− a)/(t1 − a) + a) if a ≤ s ≤ t1,

α((s− t1)/(t2 − t1)) if t1 ≤ s ≤ t2,

f((b− s)(b− c)/(b− t2) + b) if t2 ≤ s ≤ b.



196 K. Eda et al.The de�nition of the modi�
ation of paths depends on the interval [t1, t2], butall su
h paths are homotopi
. (For simpli
ity of the de�nition we supposethat the domain of a loop α is I, but later we shall use a variant of themodi�
ation for loops with arbitrary domains.)A homotopy 
onne
ting an inje
tive mapping with a 
onstant one is 
alleda contraction. Whenever possible we shall use the symbol SC(Z) instead of
SC(Z, z0).3. Proof of Theorem 1.1Lemma 3.1. Let A be a strong deformation retra
t of X and let α :
[0, 1] → X be a path with end points α(0) and α(1) in A. Then there existsa path α′ : [0, 1] → A ⊂ X whi
h is homotopi
 to α.Proof. The assertion follows dire
tly from the de�nition of the strongdeformation retra
tion.Lemma 3.2. Let X be any spa
e and α = (α1, α2) any path in X×I withend points α(0) ∈ X × {0} and α(1) ∈ X × {1}. Then there exists a path α′in X × I homotopi
 to α and su
h that Im(α′) ⊂ {α1(0)} × I ∪X × {1}.Proof. Let H : I × I → X × I be the homotopy de�ned by

H(s, t) =











(α1(0), 2s) if 0 ≤ s ≤ t/2,
(

α1

(

2s− t

2 − t

)

, (1 − t)α2

(

2s− t

2 − t

)

+ t

) if t/2 ≤ s ≤ 1.Obviously, we have H(0, t) = α(0), H(1, t) = α(1), H(s, 0) = α(s) and
Im(H(−, 1)) ⊂ {α1(0)}×I∪X×{1} soH is the desired homotopy 
onne
ting
α and α′ = H(−, 1).The path α′|[0,1/2] is 
alled the linear part and α′|[1/2,1] the residual partof α′.In the following lemmata we use the symbols Bn, ZBn

, Uε(Bn), Oδ(Bn)and M0, de�ned in Se
tion 2.Lemma 3.3. Let f : I → SC(Z) be any path. Then for every n ∈ Nand every ε > 0 there exist a path fn,ε : I → SC(Z) and a homotopy
Hn,ε : I

2 → SC(Z) su
h that :(1) Hn,ε(s, 0) = f(s), Hn,ε(s, 1) = fn,ε(s);(2) Im(fn,ε) ∩ ZBn
= ∅;(3) Hn,ε(s, t) = f(s) if f(s) /∈ Oε(Bn).Proof. Let δ be a number su
h that 0 < δ < ε and Uδ(Bn) ∩ T =

Uδ(Bn)∩(L2n−1∪L2n). Sin
e f−1(ZBn
) is a 
ompa
t subset of f−1(Oδ(Bn)),there exists a �nite set of pairwise disjoint intervals {[ak, bk] : k ∈ Kn} whi
h
over f−1(ZBn

) in f−1(Oδ(Bn)) and whose end points lie outside f−1(ZBn
).



A 
onstru
tion of Peano 
ontinua 197Using the modi�
ations of paths along loops we 
an assume without lossof generality that the end points of all paths lie on T . For a given k ∈ Kn
onsider the path f |[ak,bk] : [ak, bk] → Oδ(Bn). Sin
e p−1(Uδ(Bn) ∩ T ) is astrong deformation retra
t of Oδ(Bn), the path f |[ak,bk] is homotopi
 to apath fn,k : [ak, bk] → p−1(Uδ(Bn) ∩ T ) ⊂ Oδ(Bn) by Lemma 3.1.The spa
e p−1(Uδ(Bn) ∩ T ) is naturally homeomorphi
 to the produ
tof the interval and the spa
e Z. The produ
t ([f(ak), Bn] ∪ [Bn, f(bk)])× Zis a strong deformation retra
t of p−1(Uδ(Bn) ∩ T ). Therefore the path f :
[ak, bk] → Oδ(Bn) is homotopi
 to a path in ([f(ak), Bn] ∪ [Bn, f(bk)]) × Z,again by Lemma 3.1. By Lemma 3.2, the path f : [ak, bk] → Oδ(Bn) ishomotopi
 to a path whose linear part lies in L2n−1∪L2n and whose residualpart does not interse
t ZBn

. The linear part 
an be slightly deformed in I× Ito a segment [f(ak), f(bk)] with �xed ends f(ak) and f(bk), whi
h does not
ontain the point Bn. Sin
e the index k is arbitrary and the number of theintervals {[ak, bk] : k ∈ Kn} is �nite we get the desired mapping fn,ε.The next lemma is a dire
t 
onsequen
e of Lemma 3.3:Lemma 3.4. Any loop in SC(Z) with base point in M0 is homotopi
 toa loop in SC(Z) \
⋃

n∈N
ZBn

.Lemma 3.5. M0 is a strong deformation retra
t of SC(Z) \
⋃

n∈N
ZBn

.Proof. The deformation D : (SC(Z) \
⋃

n∈N
ZBn

) × I → SC(Z) \
⋃

n∈N
ZBn

is given by the pie
ewise linear mapping (linear over everytriangle AnBnAn+1 and An+1Bn+1Bn) whi
h maps [An, Bn] \ {Bn} and
[An+1, Bn] \ {Bn} to the points An and An+1, respe
tively (see Figure 1).Sin
e the spa
es ZBn

have been deleted, D is well-de�ned and 
ontinuous.
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198 K. Eda et al.The following is a 
onsequen
e of Lemmata 3.4 and 3.5:Lemma 3.6. Let f be a loop in SC(Z) with base point in M0. Then f ishomotopi
 to a loop in M0.Before we show the simple 
onne
tedness of SC(Z), we exhibit a homo-topy from the 
anoni
al winding to a 
onstant in the 
ase when Z is the
ir
le in Figure 2. In the remaining part of this se
tion we shall use the word�homotopi
� for loops in a weaker sense, that is, two loops f and g will be
onsidered to be homotopi
 if there exists a homotopy H(−, t) su
h that
H(−, 0) = f , H(−, 1) = g and H(−, t) is a loop for ea
h t. From a looplike I in Figure 2 we pull the bottom of the loop to the left. This is pro
e-dure I. Then we pull up to the loop like III through the one like II; this ispro
edure II. Now the loop is in the upper edge without tangles, like III. We
ontra
t the loop to the point B; this is pro
edure III. To generalize thesesimple pro
edures I, II, III, we need to des
ribe them more pre
isely.
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Fig. 2For a loop α in Z with base point z0 and a point u ∈ T , let αu be aloop in Zu indu
ed naturally by the homeomorphism between Z and Zu, i.e.
αu(t) = (u, α(t)); in parti
ular the base point of αu is u.We 
all β : [a, b] → SC(Z) a basi
 loop at An if there exists a loop α in
Z with base point z0 su
h that(a) β(a) = β(b) = A, β((2a+ b)/3) = β((a+ b)/2) = An;(b) β|[a,(2a+b)/3] and β|[(a+b)/2,b] are linear mappings;(
) β|[(2a+b)/3,(a+b)/2]

∼= αAn
.
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ontinua 199Lemma 3.7. Any basi
 loop β : [0, 1] → SC(Z) at An is homotopi
 tothe 
onstant mapping B in the subspa
e p−1([A,An] × I).Proof. We modify β to γ0 so that:(1) γ0(0) = β(0) = A, γ0|[1/3,1] = β|[1/3,1];(2) γ0|[1/(4k+1),1/(4k)]
∼= αAn+k

and γ0|[1/(4k+3),1/(4k+2)]
∼= αAn+k

for
k ≥ 1;(3) γ0|[1/4k,1/(4k−1)] is a linear mapping and γ0|[1/(4k+2),1/(4k+1)] is 
on-stant for k ≥ 1.It is easy to see that γ0 is homotopi
 to β in p−1([0, 1/n] × {0}). This ho-motopy 
orresponds to pro
edure I. Next we des
ribe the homotopy 
orre-sponding to pro
edure II a

ording to the above 
lassi�
ation (1)�(3). Let

En,t be the point ((t+n)/((n+1)n); t) on L2n and Fn,t be the point (1/n; t)on L2n−1. We de�ne H : I × I → p−1([0, 1/n] × I) so that H(s, 0) = γ0(s)and the following hold:(a) H(0, t) = (0; t), H(s, t) = (2(1 − s)/n; t) for s ∈ [1/2, 1] and
H(−, t)|[1/3,1/2]

∼= α(1/n;t);(b) H(−, t)|[1/(4k+1),1/4k]
∼= αEn+k−1,t

and H(−, t)|[1/(4k+3),1/(4k+2)]
∼=

αFn+k,t
;(
) H(1/(4k+2), t) = Fn+k,t,H(1/(4k+1), t) = H(1/(4k), t) = En+k−1,tand H(−, t)|[1/4k,1/(4k−1)] and H(−, t)|[1/(4k+2),1/(4k+1)] are linearmappings.Then H is 
ontinuous and it is a homotopy with H(0, t) = H(1, t) for all t.Let γ1 = H(−, 1). Noti
e that γ1|[1/(4k+1),1/(4k−2)]

∼= αBn+k−1
cBn+k−1

αBn+k−1and γ1|[1/(4k+2),1/(4k+1)] is a linear mapping onto [Bn+k, Bn+k−1] and γ1|[1/2,1]is a linear mapping onto [Bn, B].It is then easy to see that γ1 is null-homotopi
 in p−1([0, 1/n] × {1}),whi
h 
orresponds to pro
edure III.Proof of Theorem 1.1. By Lemma 3.6, we may start from a loop f :
[0, 1] → M0 with base point A. Moreover, sin
e the points Am are isolatedamong {Am : m < ω}, are 
onne
ted by intervals in I × {0} and 
onvergeto A, every loop in M0 is homotopi
 to a loop homotopi
 to an in�nite
on
atenation of basi
 loops. We may assume that we have a disjoint familyof intervals (an, bn) (n < ν), where ν ≤ ω, su
h that ea
h f |[an,bn] is abasi
 loop at some Am and ⋃

n<ν(an, bn) is dense in I. Then f(s) = A for
s /∈

⋃

n<ν(an, bn).We observe that pro
edure II in the proof of Lemma 3.7 
an be performeduniformly for all f |[an,bn]'s. Then we obtain a homotopy from f to a loop in
M1 whi
h 
onsists of possibly in�nitely many null-homotopi
 loops. Sin
ethe homotopies whi
h 
orrespond to pro
edure III 
onverge to B, we have a



200 K. Eda et al.homotopy from f to the 
onstant mapping B. Extending the domain [0, 1]into both dire
tions and adding a path from A to B, we have a homotopyfrom f to the 
onstant mapping A relative to their ends.4. Proof of Theorem 1.2. We shall show that SC(Z) is non
on-tra
tible for every non
ontra
tible spa
e Z. Let SCn(Z) be the subspa
eof SC(Z) de�ned as p−1(L2n−1 ∪ L2n ∪ L2n+1).Definition 4.1. A mapping f : SCn(Z) → SC(Z) is said to be �atif p2(f(z1)) = p2(f(z2)) whenever p2(z1) = p2(z2) for z1, z2 ∈ SCn(Z).A homotopy H : SCn(Z) × I → SC(Z) is said to be �at if the mapping
H(−, t) is �at for every t.A similar idea of �atness was used in [6℄.Lemma 4.2. Let n ∈ N and let H : SCn(Z) × I → SC(Z) be a mappingsu
h that for every y ∈ I and t ∈ I, the 
losure of the set p2(H(My ∩
SCn(Z), t)) does not 
ontain {0, 1} and both mappings H(−, 0) and H(−, 1)are �at. Then there exists a �at homotopy from H(−, 0) to H(−, 1).Proof. Fix the numbers y and t. Let A(y, t) and B(y, t) be the in�mumand the supremum of the fun
tion p2 ◦H(−, t) : My ∩ SCn(Z) → I, respe
-tively. Let

C(y, t) =
A(y, t)

1 +A(y, t) −B(y, t)
.We note that A(y, 0) = C(y, 0) = B(y, 0) and A(y, 1) = C(y, 1) = B(y, 1),be
auseH(−, 0) andH(−, 1) are �at. Consider the subset I×[A(y, t), B(y, t)].Let ϕ be its pie
ewise linear retra
tion to the interval I × {C(y, t)}, whi
his de�ned by the mappings of verti
es (see Figure 1): ϕ(Bn,0) = C2n−1,

ϕ(Bn,1) = C2n, ϕ(An+1,0) = C2n, ϕ(An,1) = C2n−1, where An,0 is the inter-se
tion point of L2n−2 and {(x;A(y, t)) : x ∈ I}, An,1 is the interse
tion pointof L2n−1 and {(x;A(y, t)) : x ∈ I}, Bn,0 is the interse
tion point of L2n−1 and
{(x;B(y, t))}, and Bn,1 is the interse
tion point of L2n and {(x;B(y, t))}.If A(y, t) = 0 or B(y, t) = 1, then C(y, t) = 0 or C(y, t) = 1 and
An,0 = An,1 = An or Bn,0 = Bn,1 = Bn, respe
tively, and the mapping ϕ iswell-de�ned.Let ψy,t be the natural retra
tion of p−1(I× [A(y, t), B(y, t)]) to p−1(I×
{C(y, t)}) generated by ϕ. De�ne now the homotopy H ′ : SCn(Z) × I →
SC(Z) by H ′(z, t) = ψ(p2(z),t)(H(z, t)). It is easy to 
he
k that p2(H

′(z, t)) =
C(p2(z), t) so that H ′ is a �at homotopy, and that H ′(−, 0) = H(−, 0) and
H ′(−, 1) = H(−, 1).To prove Lemma 4.4 below we introdu
e a notion whi
h will help us toinvestigate �at homotopies.For s ∈ (0, 1) and t ∈ I, we de�ne a property P (s, t) of H as follows:
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H(Ms ∩ SCn(Z), t) ⊆ p−1(I × (0, 1)) and the restri
tion of
H(−, t) toMs∩SCn(Z) is homotopi
 to the identity mappingon Ms ∩ SCn(Z) in p−1(I × (0, 1)).We remark that by the �atness of H, if H(Ms∩SCn(Z), t) ⊆ p−1(I× (0, 1)),then there is a neighborhood U of (s; t) su
h that H(Ms′ ∩ SCn(Z), t′) ⊆

p−1(I × (0, 1)) for any (s′; t′) ∈ U .Lemma 4.3. Let Z be a non
ontra
tible spa
e and H : SCn(Z) × I →
SC(Z) a �at homotopy. If p2 ◦H(M0 ∩ SCn(Z), t0) ⊆ p−1(I × (0, 1)), thenthere exists a neighborhood U of (0, t0) su
h that H does not satisfy P (s, t)for any (s; t) ∈ U with s > 0. An analogous statement holds for p2 ◦H(M1 ∩
SCn(Z), t0) ⊆ p−1(I × (0, 1)).Proof. We have a neighborhood U of (0, t0) su
h that H(Ms∩SCn(Z), t)
⊆ p−1(I× (0, 1)) for any (s; t) ∈ U . We �x (s; t) ∈ U with s > 0 and assumeto the 
ontrary that P (s, t) holds. Let P2n+1, P2n, P2n−1 be the interse
-tions of I × {s} and L2n+1, L2n, L2n−1, respe
tively, and I2n = [P2n+1, P2n]and I2n−1 = [P2n, P2n−1]. Then we have Ms = {(0; s)} ∪

⋃

∞

n=1 In ∪
ZPn

and Ms ∩ SCn(Z) = ZP2n+1
∪ ZP2n

∪ ZP2n−1
. Sin
e H(−, t) maps

⋃

u∈[P2n+1,An+1]∪[An+1,P2n] Zu into p−1(I × (0, 1)), the restri
tion of H(−, t)to ZP2n+1
∪ ZP2n

is homotopi
 to a map f : ZP2n+1
∪ ZP2n

→ ZP2n
in

p−1(I × (0, 1)).Sin
e Ms is a strong deformation retra
t of p−1(I × (0, 1)), as inLemma 3.5, ZP2n+1
∪ I2n ∪ ZP2n

is a retra
t of p−1(I × (0, 1)). Sin
e Z isnot 
ontra
tible, the identity mapping on ZP2n+1
∪ZP2n

is not homotopi
 toany map f : ZP2n+1
∪ZP2n

→ ZP2n
in p−1(I×(0, 1)), whi
h is a 
ontradi
tion.To prove the statement for H(M1, t0) we use ZP2n

∪ZP2n−1
and argue ona neighborhood of Bn to obtain a similar 
on
lusion.Lemma 4.4. Let Z be a non
ontra
tible spa
e. If H : SCn(Z) × I →

SC(Z) is a �at homotopy su
h that H(u, 0) = u for every u ∈ SCn(Z), then
H(−, 1) is not a 
onstant mapping.Proof. To show this by 
ontradi
tion, suppose that H(−, 1) is a 
onstantmapping. Let d : [0, 1] → S1 be a winding with base point s0, i.e. both d|[0,1)and d|(0,1] are bije
tive 
ontinuous mappings with d(0) = d(1) = s0.We de�ne a homotopy H∗ : S1 × I → S1 as follows:
H∗(u, t) =

{

d(p2 ◦H(Md−1(u), t)) if u 6= s0 and P (d−1(u), t) holds;
s0 otherwise.If H∗ is a homotopy, we have a 
ontradi
tion with the fa
t that H∗(s, 0)

= s and that S1 is not 
ontra
tible (
f. [2℄). Hen
e it su�
es to verify the
ontinuity of H∗.



202 K. Eda et al.If u 6= s0 and P (d−1(u), t) holds, the 
ontinuity at (u, t) is 
lear. Other-wise, u 6= s0 and P (d−1(u), t) does not hold, or u = s0. We 
onsider two 
ases:
Case 1. Suppose that u 6= s0 and P (d−1(u), t) does not hold. If p2 ◦

H(Md−1(u), t) = {0} or {1}, then the 
ontinuity at (u, t) follows from thatof H. Otherwise, sin
e H(−, t) maps Md−1(u) ∩ SCn(Z) 
ontinuously withrespe
t to u and t, the restri
tion of H(−, t) to Md−1(u) ∩ SCn(Z) is nothomotopi
 to the identity on Md−1(u) ∩ SCn(Z) in p−1(I × (0, 1)), i.e. H∗takes the value s0 in a neighborhood of (u, t).
Case 2. Suppose that u = s0. If ea
h of p2 ◦ H(M0 ∩ SCn(Z), t) and

p2 ◦H(M1 ∩SCn(Z), t) is equal to either {0} or {1}, the 
ontinuity at (u, t)follows from that of H. The remaining 
ase is when p2◦H(M0∩SCn(Z), t) ⊆
(0, 1) or p2 ◦H(M1 ∩ SCn(Z), t) ⊆ (0, 1). In this 
ase the 
ontinuity followsby Lemma 4.3.Proof of Theorem 1.2. To get a 
ontradi
tion, suppose that SC(Z) is a
ontra
tible spa
e. Then there exists a 
ontra
tion H : SC(Z)×I → SC(Z).By the 
ompa
tness of the time interval I, for every a = (0; y) ∈ {0} × I,there exists ε0 > 0 su
h that the diameters of p2◦H(Oε0

(a), t) are less than 1for all t ∈ I. Hen
e, by 
ompa
tness of L, there exists ε1 > 0 su
h that thediameters p2 ◦H(Oε1
(a), t) are less than 1 for all a = (0; y) ∈ {0}× I and all

t ∈ I. Let n be a number su
h that 1/n < ε1. By Lemma 4.2 we may assumethat H|SCn(Z)×I is a �at 
ontra
tion. However, this 
ontradi
ts Lemma 4.4.Remark 4.5. The spa
e SC(S1) is simply 
onne
ted and it follows bythe Mayer�Vietoris exa
t sequen
e for singular homology that Hn(SC(S1))
= 0 for n ≥ 3. The question whether H2(SC(S1)) = 0 was open in the �rstdraft of this paper. This has subsequently been answered negatively by theauthors and also independently by J. Dydak and A. Mitra. The proof willappear in our forth
oming paper �An example of a nonaspheri
al 
ell-like2-dimensional 
ontinuum and some related 
onstru
tions�.A
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