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pact, countably compact) topological Brandt A%-extensions of topological monoids
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On the Brandt 20-extensions of monoids with zero 9

1 Introduction and preliminaries

We shall follow the terminology of [1, 5, 6, 17]. Given a semigroup S, we shall denote
the set of idempotents of S by E(S). A semigroup S with the adjoined unit [zero] will
be denoted by S! [S°] (cf. [5, 6]). Next, we shall denote the unit (identity) and the zero
of a semigroup S by 1g and Og, respectively. Given a subset A of a semigroup S, we
shall denote by A* = A\ {Os} and | A| = the cardinality of A. A semigroup S is called
regular if for any x € S there exists y € S such that xyx = x, and it is called inverse
if for any x € § there exists a unique y € S such that xyx = x and yxy = y. Such an
element y is called inverse of x and it is denoted by x~!. An inverse semigroup S
is called Clifford if xx~ V' =x"1x, forall x € S. We note that xx ! is an idempotent
in S for any x € S, and that for any Clifford inverse semigroup S, every idempotent
is in the center of S.

If h: S — T is a homomorphism (or a map) from a semigroup S into a semi-
group T and if s € S, then we denote the image of s under & by (s)h. A semigroup
homomorphism h: S — T is called trivial if (s)h = (¢t)h for all s, € S. A semi-
group S is called congruence-free if it has only two congruences: the identical and
the universal [17]. Obviously, a semigroup S is congruence-free if and only if every
homomorphism / of § into an arbitrary semigroup 7 is an isomorphism “into” or is
a trivial homomorphism.

Let S be a semigroup with zero and I a set of cardinality A > 1. We define the
semigroup operation on the set B, (S) = (I x § x I) U {0} as follows:

(a,ab,8), ifB=y;
0, if B £y,

and (¢,a,8)-0=0-(«,a,8)=0-0=0, forall o,8,y,6 €I and a,b € S. If
S = S! then the semigroup B;, (S) is called the Brandt A-extension of the semigroup
S [11, 12]. Obviously, if S has zero then J = {0} U {(«, Og, B) | Os is the zero of S}
is an ideal of B, (S). We put BS(S) = B, (S)/J and the semigroup BE(S) is called
the Brandt AV-extension of the semigroup S with zero [14].

Next, if A C S then we shall denote Ayg = {(c, s, B) | s € A} if A does not contain
zero, and Ay g = {(a,5,8) | s € A\{0}}JU{0}if O € A, for o, B € I;,. If T is a trivial
semigroup (i.e. Z contains only one element), then we denote the semigroup Z with
the adjoined zero by Z°. Obviously, for any A > 2, the Brandt A°-extension of the
semigroup Z° is isomorphic to the semigroup of I, x I;-matrix units and any Brandt
1%-extension of a semigroup with zero which also contains a non-zero idempotent
contains the semigroup of I, x [ -matrix units.

We shall denote the semigroup of I, x [,-matrix units by B) and the subsemi-
group of I, x I;-matrix units of the Brandt A%-extension of a monoid S with zero
by Bg(l). We always consider the Brandt A%-extension only of a monoid with zero.
Obviously, for any monoid S with zero we have B?(S ) = S. Note that every Brandt
A-extension of a group G is isomorphic to the Brandt A%-extension of the group G°
with adjoined zero. The Brandt A%-extension of the group with adjoined zero is called
a Brandt semigroup [5, 6, 17]. A semigroup S is a Brandt semigroup if and only if
S is a completely O-simple inverse semigroup [4, 16] (cf. also [17, Theorem I1.3.5]).

(O‘»avﬁ)'(%b»a):{
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10 O. Gutik, D. Repovs

We also observe that the semigroup B; of I, x I)-matrix units is isomorphic to the
Brandt A°-extension of the two-element monoid with zero § = {15, 05} and the triv-
ial semigroup S (i.e. S is a singleton set) is isomorphic to the Brandt A-extension
of S for every cardinal A > 1. We shall say that the Brandt A%-extension B)?(S) of a
semigroup S is finite if the cardinal A is finite.

In this paper we establish homomorphisms of the Brandt A%-extensions of monoids
with zeros. We also describe a category whose objects are ingredients in the con-
structions of the Brandt A%-extensions of monoids with zeros. We introduce finite,
compact topological Brandt A%-extensions of topological semigroups and countably
compact topological Brandt A%-extensions of topological inverse semigroups in the
class of topological inverse semigroups, and establish the structure of such exten-
sions and non-trivial continuous homomorphisms between such topological Brandt
A9-extensions of topological monoids with zero. We also describe a category whose
objects are ingredients in the constructions of finite (compact, countably compact)
topological Brandt A%-extensions of topological monoids with zeros.

2 Some properties of the Brandt A"-extensions of semigroups

Gutik and Pavlyk [14] proved that for every cardinal A > 1, the Brandt A°-extension
of a semigroup S is a regular, orthodox, inverse, O-simple or completely O-simple
semigroup if and only if such is also S. They also proved that for every cardinal A > 1,
the Brandt A’-extension of a semigroup S with zero is a congruence-free semigroup
if and only if such is also S. The definition of the semigroup operation on the Brandt
A9-extension of a semigroup implies the following:

Proposition 2.1 Let A > 1 be any cardinal. Then:

(1) If T is a subsemigroup of a semigroup S then BS(T) is a subsemigroup of BS(S);
and

(i) If T is a left (resp., right, two-sided) ideal of a semigroup S then BS(T) is a left
(resp., right, two-sided) ideal in BS(S).

Proposition 2.2 Let A1, Ay > 1 be any cardinals, S a semigroup and S1 the Brandt
)L(l)—extension of the semigroup S. Then the Brandt Ag—extension of the semigroup S| is
isomorphic to the Brandt \°-extension of the semigroup S for the cardinal A = A1 - 1».

Proof Let I, and I,, be the sets of cardinality A; and A,, respectively. We put
I, = I, x I),. Then the set I, has the cardinality A = A; - A,. We define a map
h: B) (S1) =B (B} (S)) = BJ(S) as follows

(az, (a1, s, B1), B2)h = ((a2, 1), 5, (B1, B2)) and (02)h =0,

fors € S, a1, p1 € I, az, B2 € I),, and zeros 0, and O of semigroups B)?Z(B)?. S))
and BS(S), respectively. Obviously, the map % : B)?z(Bf\)I S)) — BS(S) is bijective
and it preserves the semigroup operation, hence /4 is an isomorphism. d

The cardinal arithmetics and Proposition 2.2 imply the following corollaries:
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On the Brandt 20-extensions of monoids with zero 11

Corollary 2.3 Let S be a semigroup and Ay, Lo any infinite cardinals. Then
B} (BY (8)) = BJ(S), where ). = sup{ii, A2}.

Corollary 2.4 BS(BE(S)) = BS(S) for every infinite cardinal A and any semi-
group S.

Corollary 2.5 Let A,v > 1 be any cardinals. Then the Brandt \°-extension of the
semigroup of I, x I,,-matrix units is the semigroup of I,.,, X I.,-matrix units.

Corollary 2.6 Let A be any infinite cardinal. Then the Brandt )\°-extension of the
semigroup of I x I)-matrix units is the semigroup of I, x I)-matrix units.

Corollary 2.7 Let 1 > 1 be any cardinal. Then the Brandt 1\°-extension of a Brandt
semigroup is a Brandt semigroup.

Let S be a semigroup with zero Og and {Sy}yec4 a family of subsemigroups of S
such that S = (J,c 4 So and So N Sg = So - Sg = O for all distinct «, B € 4. Then
the semigroup § is called an orthogonal sum of the semigroups {Sq}ye4 and it is
denoted by >, 4 So (cf. [17]).

Proposition 2.8 Let X > 1 be any cardinal. Let a semigroup S be an orthogonal sum
of a family of semigroups {Sq}aca With zeros. Then the Brandt 1\%-extension BS(S)

of the semigroup S is isomorphic to the orthogonal sum ), , B)?(Sa).

Proof Obviously, BY(S) = J,c4 BY(S») and BY(Sy) N BY(Sp) = {0} for all distinct
o, B € A, where 0 is the zero of the Brandt 2.0-extension BS(S) of the semigroup S.
Proposition 2.1 implies that BS(SD,) is a subsemigroup of BS(S), for all o« € A. The
semigroup operation in BS(S) implies that for every distinct &, B € 4 and for any
non-zero elements (y, sy, 8) € BE(SQ) and (u,1g,v) € BS(S;;) we have (y, sq4,6) -
(e, g, v) = 0. This completes the proof of the proposition. g

The semigroup operation on a semigroup S with E(S) # @ induces the natural
partial order < on E(S): e < f if and only if ef = fe =e, for e, f € E(S). If
E(S) has a zero then an idempotent e € (E(S))* is called primitive if it is minimal in
(E(S)* (cf. [17D).

An inverse semigroup S with zero is called primitive inverse, if every non-zero
idempotent of S is primitive [17]. Since every primitive inverse semigroup is an or-
thogonal sum of Brandt semigroups (cf. Theorem I1.4.3 of [17]), Proposition 2.8 and
Corollary 2.7 imply:

Corollary 2.9 Let A > 1 be any cardinal. Then the Brandt A\°-extension of a semi-
group S is a primitive inverse semigroup if and only if such is also S.

3 On homomorphisms of the Brandt A’-extensions of monoids with zero

The following proposition is obvious:
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12 O. Gutik, D. Repov§

Proposition 3.1 Let S and K be semigroups and let ). > 2. Then the homomorphism
h: BS(S) — K is trivial if and only if its restriction h|32(1) : Bg(l) — K is a trivial
homomorphism.

Proposition 3.2 Let S be a monoid with zero, .. > 1 any cardinal, and B)?(S) the
Brandt 10-extension of S. Then every non-trivial homomorphic image of BS(S) is
the Brandt 19-extension of some monoid with zero. Moreover, if T is the image of
BS(S ) under a homomorphism h, then T is isomorphic to the Brandt \%-extension
of the homomorphic image of the monoid Sy o under the homomorphism h for any
o e l.

Proof In the case A = 1 the proof is trivial. Therefore we may assume that X > 2.
Let T be a semigroup and #: Bf\)(S) — T a homomorphism. Without loss of gen-
erality we can assume that the homomorphism #: BS(S) — T 1is a surjective map.
Note that (0)2 = O7 is the zero in T, where 0 is the zero in BS(S). By Theo-
rem 1 of [10], the semigroup B)?(l) is congruence-free and thus Proposition 3.1
implies that the restriction 4| B Bg(l) — T of the homomorphism 4 is an iso-
morphism.

We fix g € I,. Next we shall show that the semigroup T is the Brandt A°-
extension of a semigroup 7Ty, where Ty is the homomorphic image of the sub-
semigroup Sy, «,, under the homomorphism /. For every «, 8 € I), we denote
lo,p = ((ar, 15, B))h and T*/6 ={((a, s, B))h | s € S} \ {O7}. First we show that for
any a, B, y, 8 € I, we have [T ﬁ| = |T* l.

We define the maps ga((;ﬂi T;ﬂ — T*a and (p((;‘ f)) T* — Toj,ﬂ by the formu-

lae (x)gog Bi =1y4-x-1gs and (x)w((y’f)) = lg, - x - 15,. Then for any s, g =

(a, s, ﬂ))heT*’ ,s €S\ {0}, we get

(o) (¥l © 06y
=lagy lya-Sap-lgs-lsp
= ((a, Iy, )b - ((y, L, )b - ((a, s, )R- (B, 15, 8)h - ((8, Ls, PR
= (e, 15, ¥) - (7, Ly ) - (@, 5, B) - (B, 15,8) - (8, 15, B))
= (o, s, B)h = 50,8,

and similarly

@B) ()
5.5 (P15 © L)) = Sy.6-

Hence the compositions (p((g g)) O(p((;f f)) T;ﬁ — T* and (p((;l f)) go((g 2; T* — T;a

are the identity maps. Therefore the maps (p((z;g)) and (p((;f g)) are mutually invertible

and hence we have that |T* | = |T;’5| = |Tp \ {O7}|. This implies that T = I, x (Tp \
{07}) x I, U{0r}.
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On the Brandt 20-extensions of monoids with zero 13

Elementary calculations shows that for all s, ¢ € S\ {Og} we have

(8D)a,y, if st #0g;
M) Seop 1By = Or if st =0g;

(2) Sap-tys=0r forB#y;
(3) Sq,p-07 =07 -54,5 =07,

o, B,y,8 € I, and hence T is the Brandt 20-extension of the semigroup Ty. This
proves the last assertion of the proposition. g

Since a homomorphic image of a subgroup is a subgroup, Propositions 3.1 and 3.2
imply the following:

Corollary 3.3 Every non-trivial homomorphic image of a Brandt semigroup is a
Brandt semigroup.

Proposition 3.4 Let S and T be monoids with zeros, and let .1 and L be any car-
dinals such that Ao > A1 > 1. Let 0: B)E)l ) — BSZ(T) be a non-trivial homomor-
phism. Suppose that the monoid T has the following properties:

(1) T does not contain the semigroup of I, x I, -matrix units; and
(2) T does not contain the semigroup of 2 X 2-matrix units By such that the zero of
By is the zero of T.

Then the following assertions hold:

(i) The image of zero Og of the semigroup B(l)l (S) under the homomorphism o is the
zero of the semigroup BSZ (T);

@1i) If (o, 1s, B) and (y, g, 8) are distinct elements of the Brandt A-extension of the
semigroup S, o, B,y, 0 € I, such that ((a, 1s, B))o € Ty, , and ((y, 1s,8))o €
T, for some , v, 1,k € I,, then T:’v N1 =9.

Proof Suppose to the contrary, that (Og)o is not the zero of the semigroup BEZ(T).
Since the element (Og)o is an idempotent of BSZ(T), there exists « € I, such that

0s)o € T;i o Since Bgl(l) is a congruence-free semigroup, o is a non-trivial ho-
momorphism and 7" does not contain the semigroup of I, x I, -matrix units. We
can conclude that there exist ¥, § € I, such that y # o or § # o and (BSl 8o N

T;:k,a # . Letx € (B)(\)1 8o N T;,B‘ If y # « then the element (Og)o - x is the zero of
B} (T) and if § # o then the element x - (Os)o is the zero of BY (T). But x = (S)o

for some non-zero element s of the semigroup B)?l (1). Therefore
x-(0g)o =(s-05)0 =(0s)0 and (Og)o-x=(0s-s)o =(0s)o,

a contradiction. Hence the statement (i) holds.
Next we shall show that there does not exist ag € I, such that ((«, s, 8))o,
(B, 1s,a))o € T;O’ao for distinct o, B € I;,. Suppose to the contrary. Then since
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14 O. Gutik, D. Repov§

Ty« 15 @ subsemigroup in BSZ(T) and o is a non-trivial homomorphism Proposi-
tion 3.1 implies

((a’ 155 ﬂ))O' : ((133 1S7a))0 = ((Ol, 1S9 ﬁ) : (ﬁ’ IS’a))U = ((a’ 15,01))(7 € TOT() g

and

((B. Ls,a))o - ((a, 15, B))o = ((B, L5, @) - (e, Ls, B))o = ((B. Ls, B))o € Ty 4.

and hence

(OS)G = ((Ol, 15705) : (ﬂv 157 ﬁ))a = (((X, IS,CY))O' . ((ﬂv 15’ ﬁ))O' € Tao,a0~

Then by statement (i), the element (Os)o is the zero of the semigroup Bgz (T). This
contradicts the assumption that the monoid 7 does not contain the semigroup of
2 x 2-matrix units B such that the zero of B is the zero of T'.

In the next step we shall show that there does not exist g € I, such that
(o, 15,B8))o €T, ao o - Otherwise we would have

((X, 155 18) : (18157a) =((X, ISﬂa)v

and since the homomorphism o is non-trivial, we would have

(@, 15, B))o - (B.1s, @))o = (&, 15, )0 € Ty 4,5
and hence ((«, 15, a))o €T, oeo oy Therefore (e, 15, B))o € T, and ((B.1s,@))o €
T, .« This contradicts the previous statement.

We shall show that there do not exist two distinct non-zero idempotents (¢, 1s, o)
and (B8,15,B) in Bgl (), o, € I, such that ((, ls,))o, (B, 1s,B))o €

T, .o, for some ag € I,. Suppose to the contrary. Then

050 [&00]

(@, 1s,0) =(a, 15, B) - (B, 15, ) and (B, 15, B) = (B, 15, ) - (, 15, B),

and hence

((a, Is, @))o = ((a, 15, B))o - ((B, Is,a))o and
(B, 15, B))o = ((B, 1, )0 - ((, 15, B))o.

Since o is a non-trivial homomorphism, Proposition 3.1 implies that («, 15, ﬂ)cr €
Ty a and (B, 15, a)o € T, - Hence (a, 15, )0 € Ty, and (B, 15, B)o € Ty, 4 -
This is in contradiction with the previous statement.

In order to complete our proof we need to prove that there do not exist u, v € I,
such that ((«, 15, B))o, (v, 1s,8))o € T* for distinct non-idempotent elements
(o, 15, 8) and (y, lg, 6) from the semlgroup B, (S). Suppose to the contrary. We
consider only the case « # y. In the case B # ¢ the proof is similar. Then since o is
non-trivial homomorphism, Proposition 3.1 implies

((Ol, 151“))0 = ((a’ IS’ IB) : (,B, 15,01))(7 = ((av 1S’ ﬁ))O' : ((ﬁ’ ISaa))U € T:y
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On the Brandt 20-extensions of monoids with zero 15

and

(7, 1s,¥)o = ((y, 15,8) - (8, Is, y))o = (v, 15,8))0 - (8, s, ¥))o €T} .

But this contradicts the previous statement. The obtained contradiction implies the
statement of the proposition. O

The following example shows that Proposition 3.4 fails in the case when the semi-
group 7T contains the semigroup of 2 x 2-matrix units B, such that zero of T is zero
of B.

Example 3.5 Let B be the semigroup of 2 x 2-matrix units. Let S be the semi-
group B; with the adjoined identity and 14 = {1, 2, 3, 4}. We define a map h: By —
B4(S) as follows:
(0)h =0,

((1, D)h = (1, (1, 1), 1), ((2,2)h=(1,(2,2), ),

((3,3)h=(2,(1,1),2), (4, 49)h=Q2,2,2),2),

((1,2)h = (1,(1,2), 1), (2, 1)Hh=(1,2,D, D),

((1,3)h =(1,(1,1),2), (G, Hh=(2,(1, D, D),

(1, 4)h = (1,(1,2),2), (4, D)h=Q2,2,1), 1),

((2,3)h=(1,(2,1),2), (3.29)h=2,(1,2), ),

(2, 9)h=(1,(2,2),2), ((4.2)h=(2,(2,2), D),

(B, 4)h=(2,(1,2),2), ((4,3)h=Q2,(2,1),2),

where by 0 we denote the zeros of semigroups B4 and B4(S). Elementary calculation
shows that the map & : B4 — Ba(S) is a semigroup homomorphism.

The following example shows that Proposition 3.4 fails in the case when the semi-
group T contains the semigroup of I, x I, -matrix units By, .

Example 3.6 Let A1 and A, be any cardinals >2. Let P be the semigroup of I, x I,-
matrix units B;, with the adjoined identity (1, 01 be the zero of B), and let z ¢ P.
We extend the semigroup operation onto 7 = P U {z} as follows:

s-z=z-s=z-z=2z, forallse P.

Obviously, z is the zero of the semigroup 7.
Let S be a monoid with the zero Og of cardinality >3. We define a map
o: Bgl S — BSZ(T) as follows: fix arbitrary o € I, and put

(a, (B, 1, ), ), if x =(B,s, y) is a non-zero element of B}?. (S);
| @.01,0), if x is zero of BY (S).

(x)o
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16 O. Gutik, D. Repov§

Obviously, such a map o : Bgl S) — Bgz (T) is a semigroup homomorphisms.

Definition 3.7 Let A be any cardinal >2. We shall say that a semigroup S has the
B*-property if S does not contain the semigroup of 2 x 2-matrix units and that S has
the B} -property if S satisfies the following conditions:

(1) T does not contain the semigroup of I x [)-matrix units; and
(2) T does not contain the semigroup of 2 x 2-matrix units B, such that the zero of
B; is the zeroof T.

Obviously, a semigroup S has the B*-property if and only if S has the 3} -property,
and hence Proposition 3.4 implies:

Corollary 3.8 Ler S and T be monoids with zeros, and )1 and Ay any cardinals such
that Ay > A1 > 1. Let o : Bgl S) —> BEZ(T) be a non-trivial homomorphism. If the
monoid T has the B*-property, then the following assertions hold:

(i) The image of the zero Os of the semigroup B}?l (S) under the homomorphism o is
the zero of the semigroup B)?z (T); and

(1i) If (o, s, B) and (y, 15, §) are distinct elements of the Brandt A1-extension of the
semigroup S, , B, y,8 € Iy, such that ((a, 15, B))o € Ty, , and ((y, 1s,8))o €
T, for some w,v,t,k € I,, then T;’v N Tt*,( =.

Corollary 3.9 Let S and T be monoids with zeros, and )1 and Ay any cardinals such
that A\ > A1 > 1. Let o : BSI S — BSZ(T) be a non-trivial homomorphism. Let
a,pel,, and (a,ls, B)o € T;;k,& Suppose that the monoid T has the B*-property.
Then the following assertions hold:

1) If (a, s, B)o is a non-zero element of the semigroup BSZ(T), then (a, s, B)o €

T;a? and

(1) If («, s, B)o is a non-zero element of the semigroup B)?z(T), then such is also
(a1, s, Br)o forall ay, By € I,.

Proof The statement (i) follows from Proposition 2.1(ii).
Suppose there exist o, 81 € I, such that («q,s, B1)o = 02 is the zero of the
semigroup B)(»)z (T). Then

(a,s,B)0 = ((a, s, 1) - (a1, 5, B1) - (B1, 1s, B))o
= ((a, 15, a1))o - (a1, 5, B1))o - ((B1, 15, B))o
= ((a, 15, a1))o - 02 - ((B1, Ls, B))o =0a.

The obtained contradiction implies the assertion (ii) of the corollary. g

The following theorem describes all non-trivial homomorphisms of the Brandt
19-extensions of monoids with zeros.

@ Springer



On the Brandt A%-extensions of monoids with zero 17

Theorem 3.10 Let Ay and A be cardinals such that Ay > A1 > 1. Let BSI(S)

and BSZ(T) be the Brandt )‘(1)' and kg-extensions of monoids S and T with zero,
respectively. Let h: S — T be a homomorphism such that (Os)h = Or and sup-
pose that ¢: I, — I, is a one-to-one map. Let e be a non-zero idempotent of
T, H. a maximal subgroup of T with the unity e and u: I, — H, a map. Then
In={s eS| (s)h =07} is an ideal of S and the map o : B)(?l S) — BEZ(T) defined
by the formulae

(@, @u - (- (Bw) ", (B)p), ifs ¢S\ In;

(@, s, B))o = 0s. ifs €Iy,

and (01)o = 07 is a non-trivial homomorphism from B)(»)1 (S) into B}?Z(T). Moreover,
if for the semigroup T the following assertions hold.

(i) Every idempotent of T lies in the center of T; and
(ii) T has the B’{l -property,

then every non-trivial homomorphism from Bgl (S) into BSZ(T) can be constructed
in this manner.

Proof A simple verification shows that the set I; is an ideal in S and that ¢ is a
homomorphism from the semigroup BSI (S) into the semigroup Bz(\)z (T).

Leto: Bgl S — BEZ(T) be a non-trivial semigroup homomorphism. We fix « €
I, . Since the homomorphism o : B)?I S) — BSZ(T) is non-trivial, ((«, 15, a))o is
a non-zero idempotent of Bgz(T), and hence ((«, 1s,a))o = (a’, e, a’) for some
ec (E(T))* and o’ € I,. Let H, be a maximal subgroup in T which contains e as
a unity and let G be the group of units of S. Therefore we have that ((G1)a,q)0 S
(He)a’,a’~

Since (B, 1s, ) (e, 15, ) = (B, 15, ) for any B € I, we have

((ﬂ? IS,(X))O' = ((ﬁ’ 151 a))o : (a/’ e, (X/),
and hence
(B, 1s, )0 = ((B)g. (Bu,a’),
for some (B)¢ € I, and (B)u € T. Similarly, we have
(o, 1, B))o = (@', (B)v, (BIV),
for some (B)y € I, and (B)v € T. Since («, 15, B)(B, 15, @) = («, 15, o), we have
(@' e,a’) = ((a,1s, )0 = (@', (B)v, (BIY) - (B)e, (Bu,a’)
= (', (Bv- (Bu,a’),

and hence (B)¢ = (B)Y = B’ € I, and (B)v - (B)u = e. Similarly, since (8, 1s, ) -
(o, 15, B) = (B, 15, B), we see that the element

(B, 1s, B)o = ((B, Is, @) (a, 15, B))o = (B', (B)v - (B)u, B')
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18 O. Gutik, D. Repov§

is an idempotent, and hence the element f = (8)v - (8)u is an idempotent of the
semigroup 7. Since idempotents of T lie in the center of 7', we conclude that

(@' e,a’) = ((a 15, 0)0 = (@, 15, B) - (B, 15, B) - (B, 15, @)
=, (B, B)-B'. f.B)- (B, (Bu,a’)
=@, (Byv-f-Bu,a)=(@', f-(Bv-(Bu,a’)
=(', f-ea’)

and

B, f.B) = ((B, 15, B))o = ((B, s, @) - (a, L5, @) - (e, L5, B))o
=B (Bu,a’)- (@' e,a)- (@ (B)v, B
=B (Bu-e-Bv,a’)y=(B'. (Bu-(Bv-e p)
=" fep),

and hence e = f - e = f. Therefore (B)v - (B)u = (Bu - (B)v=ce, (B)v, (B)u € H,,
and hence (B8)v and (B)u are inverse elements in the subgroup H,. If (y)p = (§)¢
for y, 8 € I, then

01 # (@' e, (@) - (B)g, e,a) = (@, Is, ¥)o - (8, 15, @))o,

and since o is a non-trivial homomorphism, we have (o, 1g, ¥) - (6, 15, ) # 0 and
hence y = 6. Thus ¢: I, — I, is a one-to-one map.
Therefore for s € S\ I, we have

(7.5.8))0 = (7. 15.0) - (.5, @) - (@, 15,8))0
= ((y. 15, @)o - (. 5, @)0 - (o, 15, 8))o
= (M. Vu,a) - @' (Hh.a") @ (w6
= (M. V- - (), 6)¢).

Corollary 3.9 implies that ((c, s, 8))o = 02 for all s € I}, and by Proposition 3.4 we
conclude that (0)o = 0,. O

Remark 3.11 We observe that if a semigroup T satisfies one of the following condi-
tions:

(i) T* is a cancellative monoid; or
(i1) T is an inverse Clifford monoid,

then the second assertion of Theorem 3.10 holds. Also, Examples 3.12 and 3.13 imply
that this statement is not true for inverse monoids with zeros and completely regular
monoids with zeros.

Example 3.12 Let T be the bicyclic semigroup C(p,q) =(p,q | pq = 1) with ad-
joined zero. Then we can write every element of the semigroup C(p, g) as ¢’ p’ for
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On the Brandt 20-extensions of monoids with zero 19

some i, j =0,1,2,.... We define a homomorphism o: B, — Bg(@(p, q)) as fol-
lows:
(01)o =02,
(1,1, 1) =(1,1,1), ((1,1,2))0 =(1, p,2),
(2,1,2))0 = (2,q9p,2), (2,1,1)0 =(2,q, 1.
Example 3.13 Let T be a 2 x 2-rectangular band with adjoined unity 17 and zero Or,
ie. T ={lr,(1,1),(1,2),(2,1),(2,2),0r7}. We define a homomorphism o : Bg —
B,(T) as follows:
(01)o =02,
(1, 1, D)o =1, (1, 1), ), (1, 1,2))0 = (1,(1,2),2),
(2,1,2))0 =(2,(2,2),2), (2,1, )0 =2,2,1,1).
We observe that a composition of two non-trivial homomorphisms of the Brandt

19-extensions of monoids with zeros may be the trivial homomorphism. This obser-
vation follows from the next example.

Example 3.14 Consider the set E = {a, b, c} with the following semigroup operation:
a-a=a, a-b=b-a=b and a-c=c-a=b-c=c-b=c-c=c.

Then E with this operation is a semilattice with zero ¢ and unity @, and hence the
conditions (i)—(ii) of Theorem 3.10 hold for the monoid E. We define a homomor-
phism h: E — E as follows: (a)h = b and (b)h = (c)h = c. Then for any non-empty
set I, the homomorphism o : BS(E ) — BS(E ) defined by formulae

(a,a, B))o = (a, b, B), ((a,b,B))0 =0, and (0)o =0,

where «, B € I and 0 is the zero of the semigroup Bf\)(E), the composition o o
o: BS(E ) —> BS(E ) is the trivial homomorphism.

Proposition 2.1(i) yields simple sufficient conditions that a composition of non-
trivial homomorphisms of the Brandt A°-extensions is a non-trivial homomorphism:

Proposition 3.15 Let A1, Ay and A3 be cardinals such that .1 < o < A3z andlet S, T
and R be monoids with zeros. Let o1 : Bgl ) — BSZ(T) and oy : B)(»)z(T) — BS} (R)
be non-trivial homomorphisms. If one of the following conditions holds ‘

(i) For some a € I, the restriction oils, . Sa,0 = (Sa,e)01 C BSZ(T) of o1 is a
monoid homomorphism;, or
(i) E(T)={17,07},

then the composition o1 0 07 : B)?l S) —» ng (R) is a non-trivial homomorphism.
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Since the semigroup of matrix units is congruence-free (cf. Theorem 1 of [10]),
we get the following proposition:

Proposition 3.16 Let A1, Ay and A3 be cardinals such that A1 < o < Az andlet S, T
and R be monoids with zeros. Let o1 : Bgl S) —> BSZ(T) and oy : B)E)z(T) — BS} (R)
be non-trivial homomorphisms. Then the composition 61 0 03 BS] (S) — BS} (R) is
a non-trivial homomorphism if and only if ((«, 1g, B))o1 & {(a’,t,8') € BSZ(T) |
(o', t, B"))o2 =03}, for some o, B € I, &', B € I,.

4 The category of the Brandt A’-extensions of monoids with zeros

Let S and T be monoids with zeros. Let Hom (S, T') be the set of all homomorphisms
o: S — T such that (Og)o = 07. We put

E((S,T)={e e E(T) | there exists 0 € Hom(S, T) such that (15)c = e}
and define the family
Hi(S,T)={H(e) | e € E1(S,T)},

where we denote the maximal subgroup with the unity e in the semigroup 7 by H (e).
Also by ‘B we denote the class of monoids S with zeros such that S has B*-property
and every idempotent of S lies in the center of S.

We define a category 8B as follows:

(i) Ob(B) ={(S,I)| S € B and I is a non-empty set}, and if S is a trivial semi-
group then we identify (S, I) and (S, J) for all non-empty sets I and J;
(if) Mor(B) consists of triples (h, u, ¢): (S, 1) — (S’, 1), where

h: S — S’ is a homomorphism such that & € Hom(S, "),
u: I — H(e)isamap, for H(e) € #,(S,S"), 1)
p: 1 — 1’ is an one-to-one map,
with the composition
(h,u, 9)(h' u',@")y = (hh', [u, 0, h', u'], pp"), 2)
where the map [u, ¢, h',u’]: I — H(e) is defined by the formula
@[u, 0, h',u'l=(@@)u’ - ()u)h’ forael. 3)
A straightforward verification shows that 8B is a category with the identity morphism
e, = (Ids, up,1dy) for any (S, 1) € Ob(8B), where Idg: S — Sand Id;: I — [

are identity maps and (@)ug = 1g forall o € 1.
We define the category B*(8) as follows:
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On the Brandt A%-extensions of monoids with zero 21

(i) Ob(B*(4)) are all Brandt A%-extensions of monoids S with zeros such that S
has the B*-property and every idempotent of S lies in the center of S;

(ii) Mor(B*(8)) are homomorphisms of the Brandt A’-extensions of monoids §
with zeros such that S has the B*-property and every idempotent of S lies in the
center of S.

For each (S, I,) € Ob(8) with non-trivial S, let B(S, I,) = Bgl (S) be the
Brandt A%-extension of the semigroup S. For each (h, u, ¢) € Mor(8) with a non-
trivial homomorphism 4, where (h, u, ¢): (S, I,,) = (T, I,,) and (T, I,) € Ob(B),
we define amap B(h, u, ¢): B(S, I,) = B)?l S —=B(T, I, = Bgz(T) as follows:

-1 : .

(@ 5. B)B(h. 1. 0)] = (e, (@u - ()h - (Bu)", (B)¢). %fs ¢ S*\ In;

07, ifsel,

“)
and (0))[B(h,u, )] = 0y, where I, = {s € S| (s)h = Or} is an ideal of S
and O; and 0, are the zeros of the semigroups B)?l (S) and B)?z (T), respectively.
For each (h,u,9) € Mor(8B) with a trivial homomorphism # we define a map
B(h,u,¢): B(S, I,) = B (S) > B(T, I,,) = B} (T) as follows: (a)[B(h, u, p)] =
0> foralla € B(S, I),) = Bgl (S8). If S is a trivial semigroup then we define B(S, 1,)
to be a trivial semigroup.

A functor F from a category C into a category X is called full if for any a,b €
Ob(C) and for any J-morphism « : Fa — Fb there exists a C-morphism f: a — b
such that F8 = «, and F called representative if for any a € Ob(XK) there exists
b € Ob(C) such that @ and Fb are isomorphic.

Theorem 4.1 B is a full representative functor from B into B*(8).

Proof For any (S, 1)) € Ob(8B), B((S, I,)) is the Brandt 20-extension of the
monoid with zero § by Proposition 3.2, and hence we have that B(S,I)) €
Ob(8*(48)). By Theorem 3.10 we have that for a B-morphism (%, u, ¢): (S, I,) =
(T, I,,), B(h, u, @) is a non-trivial homomorphism of B(S, Iy,) into B(T, I;,) in the
case when £ is a non-trivial homomorphism. Obviously, Be(s, 1) = B(Ids, ug, Id;)
is the identity automorphism of B(S, ). Let (h,u,¢): (S, Iy,) — (T, 1I,) and
(fiv,¥): (T, I,) — (R, I,;) be 8-morphisms with non-trivial 2 and f. Then for
any (a, s, B) € B(S, I,,) we get

(a,s, BB, u, p)][B(f, v, )]

_ @, @u- )k (B~ (BB v L s ¢ S\ i
O)[B(f, v, Y], ifs el

(g, (@u- (- (Buw)~", (BYeNIB(f, v, ¥)]
(@), ((@@)v-((@)u-()h-((BYu)~H £-((BYY)V) L, (B ),
if (@)u-(s)h-((B)u) " ¢T\Is;
(0)I[B(f, v, Y1,
if (@u-()h-((BYw)~'el7,
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(@), (((p)v-(()u) £)-(()) f-(B))v-((B)u) )L (B,
if (c)u-(s)h-((B)u) "¢ T\I;

0 [B(f. v, ¥)]1,
if (@u-()h-((BYw)~'el7,

and (01)[B(h, u, )1B(f, v, ¥)] = (02)[B(f,v,¥)] = 03. In the case when for
at least one of the B-morphisms (i, u,@): (S,Iy,) = (T,1,) and (f, v, ¥):
(T, I,,) — (R, I;), either h or f is trivial, we have by Proposition 3.1 that
x)[B(h, u, p)1[B(f, v, ¥)] = 03. Therefore B preserves the compositions of mor-
phisms, and hence B is a functor from 8B into B*(4).

Theorem 3.10 implies that the functor B is full and by the definition of the Brandt
19-extension we conclude that the functor B is representative. g

We define the first series of categories B4, BLC, BSL, B4S, and BG as follows:

(i) Ob(BY4) ={(S,1I)| S € B is an inverse monoid and / is a non-empty set}, and
if S is a trivial semigroup then we identify (S, I) and (S, J) for all non-empty
sets 7 and J;

Ob(BIC) ={(S, I) | S is an inverse Clifford monoid and / is a non-empty set},
and if S is a trivial semigroup then we identify (S, I) and (S, J) for all non-empty
sets / and J;

Ob(BSL) = {(S,1) | Sisasemilattice with unity and zeroand I/ is a non-
empty set}, and if S is a trivial semigroup then we identify (S, I) and (S, J)
for all non-empty sets / and J;

Ob(B482) ={(S,I)| S is a monoid with two idempotents, the zero and the unity
and 7 is a non-empty set};

Ob(8B%) ={(S,I)| S is a group and [ is a non-empty set};

(i) Mor(84), Mor(B4C), Mor(B4.L), Mor(B4,) and Mor(8§) consist of cor-
responding triples (h,u, ¢): (S, 1) — (§’, 1), which satisfy condition (1).

Obviously, B, BIC, BSL, BS, and BG are subcategories of the category B.
The second series of categories B*(L4), B*(LCE), B*($L), B*(482) and B*(%)
is defined as follows:

(i) Ob(B*(438)) are all Brandt °-extensions of inverse monoids S with zeros such
that S has $B*-property and every idempotent of S lies in the center of S;
Ob(B*(1€C4)) are all Brandt A°-extensions of inverse Clifford monoids with ze-
1os;

Ob(B*($.L£)) are all Brandt A%-extensions of semilattices with zeros and identi-
ties;

Ob(B*(4,)) are all Brandt A%-extensions of monoids with two idempotents ze-
ros and identities;

Ob(8*(4)) are all Brandt semigroups;

(ii) Mor(B*(148)), Mor(B*(LC48)), Mor(B*(8L)) and Mor(B*(4)) are homo-
morphisms of the Brandt A’-extensions of monoids § with zeros such that S has
the B*-property and every idempotent of S lies in the center of S, inverse Clif-
ford monoids with zeros, semilattices with zeros and identities, monoids with
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two idempotents zeros and identities and Mor(B*(4)) be non-trivial homomor-
phisms of Brandt semigroups.

The proof of the following proposition is similar to the proof of Theorem 4.1.

Proposition 4.2 B is a full representative functor from B4 [resp., BIC, BEL, BE>
and BG] into B*(L38) [resp., B*(ICSE), B*(8L), B*(82) and B*(%)].

Proposition4.3 Let (h,u,¢): (S, 1) = (T, L,) and (f,v,¥): (S, I,,) = (T, L,)
be BEL-morphisms. Then B(h,u, ) =B(f,v,¥) ifand only if h = f, u =v and
p=y.

Proof By definition of the functor B we have B(h, u, ¢) = B(f, v, ¥) if and only if

(@)@, @)u - () - (Bu)~L, (B)p) = (¥, (@)v - () f - (B)v)~ L, (B)Y),

for (o, s, B) € B(S, I,,;). Then ¢ = v and since for semilattices S we have (a)u =
((@u)""'=(1g)h and (@)v = ((@)v) "' = (1) f, we get that h = f. O

Remark 4.4 The definition of the functor B implies that B is one-to-one on objects of
the category B4 [resp., BLC, BSL, BE> and BG]. Also, Proposition 4.3 implies
that the functor B is one-to-one on morphisms of the category 84.L, but Proposi-
tion I1.3.9 of [17] implies that the functor B is not one-to-one on morphisms of the
category Bd [resp., BLC, B4, and BG].

Therefore Theorem 4.1 and Proposition 4.3 imply:

Corollary 4.5 The categories B8L and B*(8L) are isomorphic.

5 Topological Brandt A°-extensions of topological monoids with zero

A topological space S which is algebraically a semigroup with a jointly continuous
semigroup operation is called a topological semigroup. A topological inverse semi-
group is a topological semigroup S that is algebraically an inverse semigroup with
continuous inversion. If 7 is a topology on a (inverse) semigroup S such that (S, t)
is a topological (inverse) semigroup, then 7 is called a (inverse) semigroup topology
on S.

In this section we shall follow the terminology of [2, 3] and [9].

Definition 5.1 [14] Let § be some class of topological monoids with zero. Let A be
any cardinal >1, and (S, 7) € 4. Let tp be a topology on B)?(S) such that:

(@) (BY(S),1p) € 8; and
(b) t8ls,, =1 for some « € I;.

Then (BS(S), tp) is called the fopological Brandt 1°-extension of (S, 1) in 8. If §
coincides with the class of all topological semigroups, then (BS(S), tp) is called the
topological Brandt A\%-extension of (S, 7).
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Results of Sect. 2 of [14] imply that for any infinite cardinal A and every non-
trivial topological semigroup S, there are many topological Brandt A%-extensions
of S, and for any topological inverse semigroup 7', there are many topological Brandt
1O-extensions of T in the class of topological inverse semigroups. Moreover, for any
infinite cardinal A on the Brandt A%-extension of two-element monoid with zero (.e.,
on the infinite semigroup of I X I, -units) there exist many semigroup and inverse
semigroup topologies (cf. [13]).

These observations imply that for infinite cardinals A there does not exist a
proposition for topological semigroups similar to Theorem 4.1 and Propositions 4.2
and 4.3. In this section we prove such statements for any finite non-zero cardinals.

Proposition 5.2 Let A be any finite non-zero cardinal. Let be (S, t) a topological
semigroup and tp a topology on BS(S) such that (B)?(S), Tp) is a topological semi-
group and s, , = T for some a € I,.. Then the following assertions hold.

(i) If a non-empty subset A # Og of S is open in S, then so is Ag ., in (BS(S), B)
forany B,y € I;

(i) If a non-empty subset A > Og of S is open in S, then so is Uﬁ,yel-k Apgy in
(BY(S). p);

(iii) If a non-empty subset A ¥ Os of S is closed in S, then so is Ag y in (BS(S), TB)
forany B,y € I;

@iv) If a non-empty subset A > Og of S is closed in S, then so is Uﬂ,yeu Agy in
(BY(S). t8);

(v) If x is a non-zero element of S and By is a base of the topology t at x, then
the family Bg x,y) = {Ug,, | U € By} is a base of the topology tp at the point
(B.x,y) € B)(S) forany B,y € L;

(vi) If Bog is a base of the topology t at zero Os of S, then the family By =
{Uﬁ’ye,/\ Ug,y | U € 8o} is a base of the topology tp at zero 0 of the semi-
group BS(S).

Proof (i) Let W % 0 be an open set in (BS(S), 7p) such that WN Sy o € T5ls,, - Sup-
pose that W j(_ S;a. We fix (o, x,a) € W. Since (o, 15, a) - (o, x, ) - (o, 15, 0) =
(o, x, @), there exists an open neighbourhood U of the point (o, x, ) such that
UCWand (o, 1s,) - U - (2, Iy,0) SW.If U Z S5, then 0 € (a, 15,0) - U -
(o, 1, ) € W, a contradiction. Therefore for any (o, x, «) € W there exists an open
neighbourhood of (&, x, o) such that U C S ,, and hence WN S , is an open subset
in (B)(S), 7p).

By Definition 5.1 the set A, , is open for some « € I,. Since the map
e BY(S) — BY(S) defined by the formula ()@ = (e, 15, y) - x - (3,15, @)
is continuous, we get that the set A, s = (Aa,a)((p%")’] is open in (B)?(S), tp) for
any y, 6 € I,.

Let A 50 be an open subset in S and W an open subset in (Bf\)(S), Tp) such
that W N Sy, = Ag,o for some o € . Since the map (p%" is continuous for any
o, Y, 8 € I, the set

A, 5= U SicUAys
RO X B\ (Y.5)
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is an open subset in (BS(S), tp). Then since the set I, is finite, we have that

~

Ua,ger, Aa.p =(y scr, Ay.s and this implies statement (ii).
Statements (iii)—(vi) follow from (i) and (ii). O

Remark 5.3 Note that the statements (i), (iii), (iv) and (v) of Proposition 5.2 hold for
any infinite cardinal A. However, Example 21 and Proposition 25 of [13] imply that
the statements (ii) and (vi) are false for any infinite cardinal A.

We shall need the following lemma from [14]:

Lemma 5.4 [14, Lemma 1] Let A > 2 be any cardinal and B)?(S) the topological
Brandt A\%-extension of a topological monoid S with zero. Let T be a topological
semigroup and h Bg(S) — T be a continuous homomorphism. Then the sets (Ayg)h
and (Ays)h are homeomorphic in T forall o, B,y,6 € I, and all A C S.

Proof If h is an annihilating homomorphism, then the statement of the lemma is
trivial.
Otherwise, we fix arbitrary «, 8, v, § € I, and define the maps gogg: T — T and

gpf,‘g : T — T by the formulae

(S)fpgg=(()/,1,0t))h-s-((ﬂ,1,3))h and  (s)¢}s = (@, 1, y)Dh-5- (3,1, B)h,

s € T. Obviously,
(. x, BYELDESS = (. x, ph and (v x, )M@5H) Ly = (v, x, &),

forallea, B,y,8 € ), x € S, and hence (pgg |Aaﬂ= (gp;‘g)_l |Aaﬂ‘ Since the maps <pg§

and (pjg are continuous on 7', the map gogg lh(Agp) : 1 (Aap) = h(Ay5) is a homeo-

morphism. O

Proposition 5.5 Let A > 1 be any cardinal and BS(S) the topological Brandt )\°-
extension of a topological (inverse) monoid S with zero in the class of topological
(inverse) semigroups S. Let T € S and h: B}?(S) — T be a continuous homomor-
phism. Then the image (Bg(S))h is the topological Brandt \°-extension of some
monoid M € G with zero in the class S.

Proof Proposition 3.2 implies the algebraic part of the proposition. Since a subsemi-
group of a topological semigroup is a topological semigroup, Lemma 5.4 implies that
(BS(S))h is the topological Brandt A0-extension of (Sa,a)h for some a € I. Also if
S and T are topological inverse semigroups, then by Proposition II.2 of [8] the image
(BS(S))h is a topological inverse semigroup. g

Corollary 3.3 and Proposition 5.5 imply:
Corollary 5.6 Let B, (G) be a topological (inverse) Brandt semigroup. Let T be a

topological (inverse) semigroup and h: B (G) — T be a continuous homomorphism.
Then the image (B (G))h is a topological (inverse) Brandt semigroup.
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Proposition 5.2 and Lemma 5.4 imply the following:

Lemma 5.7 For any topological monoid (S, t) with zero and for any finite cardi-
nal A > 1 there exists a unique topological Brandt 1\°-extension (BS(S), tg) and the
topology tp generated by the base Bp =U{Bp(t) |t € BS(S)}, where:

1) Bp(t) ={(U(s))a,p \ {0s} | U(s) € Bs(s)}, when t = (a, s, B) is a non-zero
element of B)(S), o, B € I;
(i) Bp(0) ={Uy ger, (U05))a,p | U(Os) € Bs(0s)}, when 0 is the zero of BY(S),

and Bs(s) is a base of the topology t at the points € S.

Moreover, if A > 1 is any finite cardinal then a topological monoid (S, t) with zero
is a topological inverse semigroup if and only if (BS(S ), TB) is the topological Brandt
AO-extension of (S, ©) in the class of topological inverse semigroups.

The topological Brandt 10-extension (BS(S ), Tg) is called compact (resp., count-
ably compact) if the topological space (BS(S ), Tp) is compact (resp., countably com-
pact).

Propositions 5.8 and 5.9 describe the structures of compact Brandt A°-extensions
and countably compact Brandt A’-extensions in the class of topological inverse semi-
groups.

Proposition 5.8 A topological Brandt 1°-extension BS(S) of a topological monoid
(S, T) with zero is compact if and only if the cardinal A > 1 is finite and (S, 1) is
a compact topological semigroup. Moreover, for any compact topological monoid
(S, T) with zero and for any finite cardinal A > 1 there exists a unique compact topo-
logical Brandt \-extension (BE(S), tp) and the topology tp generated by the base
Bp =U{Bp(1) | 1 € BY(S)}, where:

(1) Bp@) ={(U($)a,p \ {05} | U(s) € Bs(s)}, when t = (a, s, B) is a non-zero
element of BY(S), a, B € I;
(i) Bp(0) = {Ua,ﬂelk (U0s5))a,p | UOs) € Bs(0s)}, when 0 is the zero of BS(S),

and Bs(s) is a base of the topology T at the point s € S.

Proof Since by Theorem 10 of [13], the infinite semigroup of matrix units does not
embed into a compact topological semigroup, the compactness of the topological
Brandt 1°-extension (BS(S), 7p) of a topological semigroup (S, ) implies that the
cardinal A is finite. Then by Theorem 1.7(e) of [2], (¢, 15, a)Bg(S)(oc, Is,a) = Su.a
is a compact semigroup for any « € [, and hence (S, 7) is a compact topological
semigroup. The converse follows from Lemma 5.4 and the assertion that the finite
union of compact spaces is a compact space.

Lemma 5.7 implies the last assertion of the proposition. g

Proposition 5.9 The topological Brandt \'-extension BS(S ) of a topological monoid
(S, T) with zero in the class of topological inverse semigroups is countably compact
if and only if the cardinal ) > 1 is finite and (S, T) is a countably compact topo-
logical inverse semigroup. Moreover, for any countably compact topological monoid
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(S, T) with zero and for any finite cardinal A > 1 there exists a unique countably com-
pact topological Brandt \°-extension (BS(S ), T) in the class of topological inverse
semigroups and the topology tp generated by the base Bp = U{Bp(t) |t € BS(S)},
where:

(1) Bp@) ={(U(s)a,p \ {05} | U(s) € Bs(s)}, when t = (a, s, B) is a non-zero
element ofBg(S), o, B el;and
(i) Bp0) = {Ua,ﬂel-h(U(OS))‘X,ﬁ | U(Og) € Bs(0s)}, when 0 is the zero of BS(S),

and Bs(s) is a base of the topology t at the point s € S.

Proof By Theorem 14 of [13], the semigroup of I X I)-matrix units is a closed
subsemigroup of any topological inverse semigroup 7 which contains it. By The-
orem 6 of [13], on the infinite semigroup of matrix units there exists no countably
compact inverse semigroup topology. Therefore A is a finite cardinal, hence by The-
orem 1.7(e) of [2] and Theorem 3.10.4 of [9], («, 15, a)BS(S)(a, ls,a) =Sy isa
countably compact topological semigroup for any « € I, and thus (S, 7) is a count-
ably compact topological semigroup. The converse follows from Lemma 5.4 and the
assertion that the finite union of countably compact spaces is a countable compact
space.

The last assertion of the proposition follows from Lemma 5.7. g

Theorem 5.10 Let Ay and Ly be any finite cardinals such that Ao > Ay > 1. Let
B)?l (S) and B)?Z(T) be topological Brandt )»(1)— and Ag—extensions of topological
monoids S and T with zero, respectively. Let h: S — T be a continuous homomor-
phism such that (Os)h =07 and ¢: I, — I, an one-to-one map. Let e be a non-
zero idempotent of T, H, a maximal subgroup of T with unity e andu: I, — H,. a
map. Then I, = {s € S| (s)h =07} is a closed ideal of S and the map o : Bgl (S) —

B)?z (T) defined by the formulae

()¢, (@u- (k- (B~ (B)e), ifs ¢S\ In;
(@, s, B)o = .
0,, ifsel o
and (01)o = 0y, is a non-trivial continuous homomorphism from BEI (S) into B>(»)2 (T).
Moreover if for the semigroup T the following conditions hold:

(i) Every idempotent of T lies in the center of T ; and
(i) T has BII -property,

then every non-trivial continuous homomorphism from B)?l (S) into Bgz (T) can be so
constructed.

Proof The algebraic part of the theorem follows from Theorem 4.1.

Since the homomorphism # is continuous, I, = (07)h~! is a closed ideal of the
topological semigroup S.

Further we shall show that the homomorphism o is continuous whenever is also /.
We consider the following cases:

(i) (0o =0y;
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(i) (a,s,B))o =0,,i.e.s € I;and
(i) (. s, B)o = (@), (@u - (h-(Buw) ", (B)¢).

where (¢, s, B) is any non-zero element of the semigroup Bgl (S).
Without loss of generality we may assume that ¢ : I, — Iy, is a bijection. More-
over, for the simplification of the proof we can assume that («)¢ =« forall @ € I,
Consider case (i). Let U (0) = Ua’ pes, (U(07))q,p be any open basic neighbour-

hood of the zero 0, in B)?Z (T). Since left and right translations in 7 and the homomor-
phism 4 : § — T are continuous maps, there exists for any ()u, (B)u)~! € Bgl (S),
an open neighbourhood V*#(0g) in S such that (a)u - (VB (0s)h - (B)u)~! C
U(O7). Weput V(05) =) Ve (0g) and V (01) = 1 (V(0s))a,p- Then
(V(0)o CU(0).

In case (ii) we have that (s)h = 07. Let U (02) = Ua,ﬁelkz (U(07))qa,p be any basic

open neighbourhood of the zero 05 in Bgz (T). Since left and right translations in T
and the homomorphism /#: § — T are continuous maps, for the open neighbourhood
U (07) of the zero O7 there exists an open neighbourhood V (s) of s in S such that
(@)u - (V(s)h - ((,B)Lt)’1 C U(07). Therefore we have that ((V (s))g,g)o € U(07).

Next we consider case (iii). Let Uy g be any basic open neighbourhood of the
element ((«, s, B))o = (o, (@)u - (s)h - ((/3)u)’1 ,B) in BSZ(T). Since left and right
translations in the semigroup 7 and the homomorphism A: S — T are continuous
maps, there exists an open neighbourhood V (s) of the point s in S such that (@)u -
(V(s))h - ((B)u)~' € U and hence we get (V(5))a,p)o S Uqp.

Since left and right translations in the topological semigroup Bf\)z(T) are contin-
uous and any restriction of a continuous map is a continuous map, the continuity of
the homomorphism o : B)?l S) — Bgz (T) implies the continuity of /. O

o,Bel a,Bel),

Note that the statements of Theorem 5.10 are false for the topological Brandt A°-
extensions when A is an infinite cardinal. This follows from the next example:

Example 5.11 Let X\ be an infinite cardinal. On B, we define a topology t,,; as fol-
lows: all non-zero elements of B, are isolated points and the family

JB(O)Z{VQ]ﬂ-“ﬂVaiﬂHﬂlﬂ-“ﬂHﬂj|C(1,...,0[,',,31,...,,3jGIA,i,jEN},

where V), = By \ {(y,0) | § € I,} and H, = By \ {(8,v) | § € .}, y,v € I, deter-
mined a base of the topology t,,; at zero of B, (cf. [13]). By Proposition 25 of [13],
(By., Ti) 1s a topological inverse semigroup.

Let 0 be the discrete topology on B;. Then the identity map o: (By, Tni) —
(B, 0) is not continuous, but the maps #, ¢ and u are as requested in the statements
of Theorem 5.10.

Similarly to Sect. 4, we define new categories of topological semigroups and pairs
of finite sets and topological semigroups.

Let S and T be topological monoids with zeros. Let CHom(S, 7) be the set of all
continuous homomorphisms o : S — T such that (Og)o = Or. We put

E"(S,T) = {e € E(T) | there exists & € CHomg(S, T)) such that (15)o = e}
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and define the family
H,P(S, T)={H(e) | e € E{P(S,T)),

where by H (e) we denote the maximal subgroup with the unity e in the semigroup 7.
Also, by TB we denote the class of all topological monoids S with zero such that S
has B*-property and every idempotent of S lies in the center of S.

We define the category T Bgy as follows:

(i) Ob(TBgn) ={(S,I) | S € TB and [ is a finite set}, and if S is a trivial semi-
group then we identify (S, 7) and (S, J) for all finite sets 7 and J;
(if) Mor (7 Byy) consists of triples (h, u, ¢): (S, 1) — (S’,1’), where

h: S — S’ is a continuous homomorphism such that 4 € CHom(S, S”),
u: I — H(e)isamap, for H(e)e](’}oP(S,S’), 5)

@: I — I'is an one-to-one map,

with the composition defined by formulae (2) and (3).

Straightforward verification shows that 78y, is the category with the identity mor-
phism &(s,7) = (Ids, uo,Id;) for any (S, I) € Ob(TBf,), where Idg: S — S and
Id; : I — I are identity maps and («)ug = ls forall « € 1.

We define a category B (78) as follows:

(i) Let Ob(8Bg (748)) be all finite topological Brandt 20-extensions of topological
monoids S with zeros such that S has B*-property and every idempotent of S lies
in the center of S;

(ii) Let Mor(8; (74)) be homomorphisms of finite topological Brandt 20-ex-
tensions of topological monoids S with zeros such that S has B*-property and
every idempotent of S lies in the center of S.

We define a functor B from the category T8y into the category Bf (78) simi-
larly as in Sect. 4 (cf. (4)). Theorems 4.1 and 5.10 imply:

Theorem 5.12 B is a full representative functor from T By into Bf (T8).

We define the first series of categories as follows:

1) Ob(TBgnd) = {(S,I) | S € ‘B is a topological inverse monoid and / is a non-
empty finite set}, and if S is a trivial semigroup then we identify (S, /) and (S, J)
for all non-empty sets / and J;

Ob(CCTBand) = {(S,1) | S € B is a countably compact topological inverse
monoid and [ is a non-empty finite set}, and if S is a trivial semigroup then we
identify (S, 7) and (S, J) for all non-empty sets I and J;

Ob(CTBand) = {(S, 1) | S € B is a compact topological inverse monoid and
is a non-empty finite set}, and if S is a trivial semigroup then we identify (S, I)
and (S, J) for all non-empty sets I and J;
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Ob(T8BadC) = {(S,I) | S is atopological inverse Clifford monoid and 7 is a
non-empty finite set}, and if S is a trivial semigroup then we identify (S, I)
and (S, J) for all non-empty sets I and J;

Ob(CCTBxdC) = {(S,I) | Sisacountably compact topological inverse
Clifford monoid and [/ is a non-empty finite set}, and if S is a trivial semigroup
then we identify (S, /) and (S, J) for all non-empty sets / and J;
Ob(CT B dC) = {(S,I) | S is acompact topological inverse Clifford monoid
and / is a non-empty finite set}, and if S is a trivial semigroup then we identify
(S, 1) and (S, J) for all non-empty sets I and J;

Ob(TBendL) ={(S, )| S is a topological semilattice with unity and zero and
I is anon-empty finite set}, and if S is a trivial semigroup then we identify (S, /)
and (S, J) for all non-empty sets I and J;

Ob(CCTBan8L) = {(S,1) | Sis acountably compact topological semilattice
with unity and zero and I is a non-empty finite set}, and if S is a trivial semi-
group then we identify (S, I) and (S, J) for all non-empty sets / and J;
Ob(CTBand8L) = {(S,I) | S isacompact topological semilattice with unity
and zero and I is a non-empty finite set}, and if S is a trivial semigroup then we
identify (S, 7) and (S, J) for all non-empty sets I and J;

Ob(T8Bgn82) = {(S,I) | S is a topological monoid with two idempotent zero
and unity and / is a non-empty finite set};

Ob(T8Ban%) ={(S, 1) | S is a topological group and / is a non-empty finite set};
Ob(CCTBan%) ={(S,I) | S is a countably compact topological group and / is
a non-empty finite set};

Ob(CTB:ng) =1{(S, I) | S is a compact topological group and [ is a non-empty
finite set};

(i) Mor(T8Bgnd), Mor(CCT Bgnd), Mor(CT Bgnd), Mor (T 8B, 1C),
Mor(CCTBandC), Mor(CTBandC), Mor(TBgindL), Mor(CCT BfindL),
Mor(CT BsindL), Mor(TBfind2), Mor(TBn%), Mor(CCTBn%), and
Mor(CT Bsn$) consist of corresponding triples (k,u,¢): (S,1) — (S, 1),
which satisfy condition (5).

Obviously, these categories are subcategories of the category 7 8B,. The second se-
ries of categories is defined as follows:

(i) Let Ob(B (7 44)) be all finite topological Brandt 20-extensions of topological
inverse monoids S with zeros in the class of topological inverse semigroups such
that S has B*-property and every idempotent of S lies in the center of S;

Let Ob(B*(CCT 48)) be all countably compact topological Brandt A%-extensions
of topological inverse monoids S with zeros in the class of topological inverse
semigroups such that S has 3*-property and every idempotent of S lies in the
center of S;

Let Ob(B*(CT48)) be all compact topological Brandt A°-extensions of topo-
logical inverse monoids S with zeros such that S has B*-property and every
idempotent of S lies in the center of S;

Let Ob(Bf (74C4)) be all finite topological Brandt 19-extensions of topologi-
cal inverse Clifford monoids with zeros in the class of topological inverse semi-
groups;
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Let Ob(B*(CCTLCS)) be all countably compact topological Brandt 20-
extensions of topological inverse Clifford monoids with zeros in the class of
topological inverse semigroups;

Let Ob(B*(CTLC4)) be all compact topological Brandt A’-extensions of topo-
logical inverse Clifford monoids with zeros;

Let Ob(B*(74L)) be all finite topological Brandt A°-extensions of topological
semilattices with zeros and identities;

Let Ob(B*(CCT L)) be all countably compact topological Brandt A%-exten-
sions of topological semilattices with zeros and identities in the class of topolog-
ical inverse semigroups;

Let Ob(B*(CT4L)) be all compact topological Brandt A°-extensions of topo-
logical semilattices with zeros and identities;

Let Ob(i:’f’{n('f{fz)) be all finite topological Brandt 20-extensions of topological
monoids with two idempotents zeros and identities;

Let Ob(8Bf (74)) be all topological inverse Brandt semigroups with finite
bands;

Let Ob(B*(CCT4)) be all O-simple countably compact topological inverse

semigroups;
Let Ob(B*(CT4)) be all 0-simple compact topological inverse semigroups;

(ii) Let Mor (B, (T 18)), Mor(B*(CCTI8)), Mor(B*(CT 18)),
Mor(Bf (T1C4%)), Mor(B*(CCTLCY)), Mor(B*(CTIC3H)),

Mor(B*(T4L)), Mor(B*(CCTSL)), Mor(B*(CT L)), and Mor (B, (T742))
be continuous homomorphisms of corresponding topological Brandt A%-ex-
tensions of corresponding topological semigroups and let Mor(Bf (7%)),
Mor(B*(CCT4)), and Mor(B*(CT4)) be non-trivial continuous homomor-
phisms of the corresponding topological inverse Brandt semigroups.

Theorem 5.12 implies:

Proposition 5.13 B is a full representative functor from TBgand [resp., CCT Bind,
CTBfind, TBendC, CCTBindC, CTBandC, TBsind8L, CCTBind8L, CTBrindL,
T Bfind2, and TBn§] into Bf (T18) [resp., B*(CCT I8), B*(CT I8), Bf, (TL1C4H),
B*(CCTICS), B*(CTICSE), B*(TEL), B*(CCTSL), B*(CTSL), Bf (782),
and B{_ (T§)].

Therefore Propositions 4.3 and 5.13 imply:

Corollary 5.14 The categories TBan8L, [resp., CCTBandL, CTBandL], and
B*(TEL) [resp., B*(CCTEL), B*(CTSL)] are isomorphic.

Gutik and Repovs [15] proved that every countably compact O-simple topo-
logical inverse semigroup S is isomorphic to the topological Brandt A’-extension
(BS(G), 7p) of a topological group G in the class of topological inverse semigroups
for some finite cardinal A. This implies the following:

Proposition 5.15 B is a full representative functor from CCT Bn G [resp., CTBein$]
into B*(CCTG) [resp., B*(CTG)].
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Comfort and Ross [7] proved that the Stone-Cech compactification of a pseudo-
compact topological group is a topological group. Therefore the functor of the Stone-
Cech compactification B from the category of pseudocompact topological groups
back into itself determines a monad. Similarly, since the Stone-Cech compactifica-
tion of a countably compact O-simple topological inverse semigroup is a compact
0-simple topological inverse semigroup [15, Theorem 3], we get the following:

Corollary 5.16 The functor of the Stone-Cech compactification p: B*(CCTG) —
B*(CCTG) determines a monad.
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