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1 Introduction

In this paper all topological spaces will be assumed to be Hausdorff. We shall follow
the terminology of [3, 4, 7-10, 14, 17]. If A is a subset of a topological space X, then
we denote the closure of the set A in X by clx(A). By a partial order on a set X we
mean a reflexive, transitive and anti-symmetric binary relation < on X. If the partial
order < on a set X satisfies the following linearity law

if x,ye X, then x <y or y <x,

then it is said to be a linear order. We write x < yifx < yandx # y,x > yif y < x,
and x £ y if the relation x < y is false. Obviously, if < is a partial order or a linear
order on a set X then sois >. A set endowed with a partial order (resp. linear order)
is called a partially ordered (resp. linearly ordered) set. If < is a partial order on X
and A is a subset of X then we denote

JA={ye X |y<x forsome x € A} and
<

TA={ye X |x<y forsome x € A}.

For any elements a, b of a partially ordered set X such that a < b we denote ta =
Ma}, la= l{a},[a,b]=1an |b and [a,b) =[a,b]\ {b}. A subset A of a partially
ordered set X is called increasing (resp. decreasing) if A = 1+ A (resp. A = | A).

A partial order < on a topological space X is said to be lower (resp. upper)
semicontinuous provided that whenever x £ y (resp. y £ x) in X, then there exists
an open set U > x such that if a € U then a £ y (resp. y £ a). A partial order is
called semicontinuous if it is both upper and lower semicontinuous. Next, it is said
to be continuous or closed provided that whenever x £ y in X, there exist open sets
Usxand V> ysuchthatifae U and b € V then a £ b. Clearly, the statement
that the partial order < on X is semicontinuous is equivalent to the assertion that ta
and |a are closed subsets of X for each a € X. A topological space equipped with
a continuous partial order is called a topological partially ordered space or shortly
topological pospace. A partial order < on a topological space X is continuous if
and only if the graph of < is a closed subset in X x X [17, Lemma 1]. Also, a
semicontinuous linear order on a topological space is continuous [17, Lemma 3].

A chain of a partially ordered set X is a subset of X which is linearly ordered with
respect to the partial order. A maximal chain is a chain which is properly contained
in no other chain. The Axiom of Choice implies the existence of maximal chains in
any partially ordered set. Every maximal chain in a topological pospace is a closed
set [17, Lemma 4].

An element y of a partially ordered set X is called minimal (resp. maximal) in
X whenever x < y (resp. y < x) in X implies y < x (resp. x < y). Let X and Y
be partially ordered sets. A map f: X — Y is called monotone (or partial order
preserving) if x < y implies f(x) < f(y) forevery x, y € X.

A Hausdorff topological space X is called H-closed if X is a closed subspace
of every Hausdorff space in which it is contained [1, 2]. A Hausdorff pospace X
is called H-closed if X is a closed subspace of every Hausdorff pospace in which
it is contained. It is obvious that the notion of H-closedness is a generalization of
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compactness. For any element x of a compact topological pospace X there exists a
minimal element y € X and a maximal element z € X such that y < x < z (cf. [10]).
Every maximal chain in a compact topological pospace is a compact subset and
hence it contains minimal and maximal elements. Also, for any point x of a compact
topological pospace X there exists a base at x which consists of open order-convex
subsets [14]. (A non-empty set A of a partially ordered set is called order-convex if
A is an intersection of increasing and decreasing subsets.) We are interested in the
following question: Under which conditions does an H-closed topological pospace
have properties similar to those of a compact topological pospace?

In this paper we study chains in an arbitrary H-closed topological partially ordered
space. We give sufficient conditions for a maximal chain L in an H-closed topological
partially ordered space (H-closed topological semilattice) under which L contains a
maximal (minimal) element. Also, we give sufficient conditions for a linearly ordered
topological partially ordered space to be H-closed. We prove that a linearly ordered
H-closed topological semilattice is an H-closed topological pospace and show that
in general, this is not true. We construct an example of an H-closed topological
pospace with a non-H-closed maximal chain and give sufficient conditions under
which a maximal chain of an H-closed topological pospace is an H-closed topological
pospace.

2 On Maximal and Minimal Elements of Maximal Chains in H-Closed Topological
Pospaces

A subset A of a partially ordered set X is called down-directed (resp. up-directed) if
and only if 1 A = X (resp. | A = X). A topological pospace X is called upper point
separated (resp. lower point separated) if for every x € X such that tx # X (resp.
lx # X) there exist an open non-empty decreasing (resp. increasing) subset V in X
and a neighbourhood U (x) of x such that a £ b (resp. b £ a) for each a € U(x) and
beV.

Theorem 2.1 If an upper (lower) point separated H-closed topological pospace X
contains a down-directed (up-directed) chain, then X has a minimum (maximum)
element.

Proof Suppose to the contrary, that X does not contain a minimum element. Let
x ¢ X. We put X* = X U {x} and extend the partial order < from X onto X* as
follows:

x<y forall ye X*.

Let 7 be the topology on X and Z the set of all non-empty decreasing open subsets of
X. The Hausdorff topology t* on X* is generated by the base t U {{x} uU |Ue @}.
Since X does not contain a minimum element the definition of the family ¢ implies
that x is not an isolated point in X*. Also, since X is an upper point separated
topological pospace, < is a closed partial order on X*. Therefore X is a dense
subspace of X*, a contradiction. This implies the assertion of the theorem. O
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Theorem 2.1 implies the following:

Corollary 2.2 Every down-directed (up-directed) chain of an upper (lower) point
separated H-closed topological pospace X contains a minimum (maximum) element.

Proposition 2.3 Every locally compact topological pospace is upper (lower) point
separated.

Proof Let X be a locally compact topological pospace and x € X a point such that
tx # X. Fix any y € X \ 1x. Local compactness of X implies that there exists an
open neighbourhood U(y) of y such that U(y) € clx(U(y)) € X \ tx and the set
clx(U(y)) is compact. Proposition VI-1.6(ii) of [10] implies that 1 cly(U(y)) is a
closed subset of X. Hence V = X \ 1 clxy(U(y)) is an open decreasing subset of X
anda & b foreacha € U(y) and b € V. This completes the proof of the proposition.

]

Theorem 2.1 and Proposition 2.3 imply the following:

Corollary 2.4 If a locally compact H-closed topological pospace X contains a down-
directed (up-directed) chain, then X has a minimum (maximum) element.

Also, Corollary 2.2 and Proposition 2.3 imply the following:

Corollary 2.5 Every down-directed (up-directed) chain of a locally compact H-closed
topological pospace X contains a minimum (maximum) element.

A subset F of topological pospace X is said to be upper (resp. lower) separated
if and only if for each a € X \ 1 F (resp. a € X \ | F) there exist disjoint open
neighbourhoods U of a and V of F such that U is decreasing (resp. increasing) and V
is increasing (resp. decreasing) in X. We shall say that a subset A of a topological
pospace X has the DS-property (resp. US-property) if for any x € X such that
A\ 1tx # @ (resp. A\ |x # @) there exist a neighbourhood U (x) of x and an open
decreasing (resp. increasing) set V such that VN U(x) = @ and VN A # @.

Theorem 2.6 Every upper (lower) separated maximal chain with the DS-property
(resp. US-property) of an H-closed topological pospace contains a minimum (resp.
maximum) element.

Proof Suppose to the contrary, that there exists an H-closed topological pospace X
with the DS-property and a maximal upper separated chain L in X such that L does
not contain a minimum element.

Let x ¢ X. We extend the partial order < from X onto X* = X U {x} as follows:

x<x and x<Ly if yetlL.

Let % be the set of all open increasing subsets in X which contain the chain
L. We denote the set of all open decreasing subsets which intersect L by ;. If t
is the topology on X then we define the Hausdorff topology t* as the one which
is generated by the pseudobase 7 U {{x} uU|UeZLU %L}. Since L is an upper
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separated maximal chain with the DS-property, we conclude that the partial order
< is continuous on X*. Therefore X is a dense subspace of X*, a contradiction. This
implies the assertion of the theorem. O

Proposition 2.7 Every subset of a locally compact topological pospace has the DS-
and the U S-properties.

Proof Let X be a locally compact topological pospace. Let A C X and x € X be
such that A\ 1x # @. Fix any y € A \ 1. Since x £ y there exist neighbourhoods
U(x) and U(y) of x and y, respectively, such that a §§ b forallae U(x) and b €
U(y). Local compactness of X implies that there exists an open neighbourhood
V(x) of x such that V(x) Ccly(V(x)) € U(x) and the set cly(V(x)) is compact.
Proposition VI-1.6(ii) of [10] implies that 1 cly(V(x)) is a closed subset of X. Hence
V =X\ tclx(V(x)) is an open decreasing subset of X such that VN A # &. This
completes the proof of the proposition. ]

Theorem 2.6 and Proposition 2.7 imply the following:

Corollary 2.8 Every upper (lower) separated maximal chain of an H-closed locally
compact topological pospace contains a minimum (maximum) element.

Similarly to [13, 15] we shall say that a topological pospace X is a C;-space (resp.
Cy-space) if whenever a subset F of X is closed, the set 1 F (resp. | F) is closed in
X. A maximal chain L of a topological pospace X is called an M CC;-chain (resp. an
MCCg4-chain)in X if 1 L (resp. | L) is a closed subset in X. Obviously, if a topological
pospace X is a C;-space (resp. Cy-space) then any maximal chain in X is an MCC;-
chain (resp. MCCjy-chain) in X. A topological pospace X is said to be upper (resp.
lower) regularly ordered if and only if for each closed increasing (resp. decreasing)
subset F in X and each element a ¢ F, there exist disjoint open neighbourhoods U
of a and V of F such that U is decreasing (resp. increasing) and V is increasing (resp.
decreasing) in X [5, 11]. A topological pospace X is regularly ordered if it is upper
and lower regularly ordered.

Theorem 2.6 implies Corollaries 2.9 and 2.10:

Corollary 2.9 Every maximal MCC;j-chain with the US-property of an H-closed
upper regularly ordered topological pospace X contains the least element which is
a minimal element of X. Consequently, if in an H-closed upper regularly ordered C;-
space X every maximal chain has the U S-property, then X contains a collection M of
minimal elements such that t M = X.

Corollary 2.10 Every maximal MCCy-chain with the DS-property of an H-closed
lower regularly ordered topological pospace X contains the greatest element which
is a maximal element of X. Consequently, if in an H-closed lower regularly ordered
Cy-space X every maximal chain has the DS-property, then X contains a collection M
of maximal elements such that | M = X.
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3 On H-Closed Topological Semilattices

A topological space S which is algebraically a semigroup with a continuous semi-
group operation is called a fopological semigroup. A semilattice is a semigroup
with a commutative idempotent semigroup operation. A topological semilattice is a
topological semigroup which is algebraically a semilattice. If E is a semilattice, then
the semilattice operation on E determines the partial order < on E:

e< f ifandonlyif ef= fe=e.

This order is called natural. A semilattice E is called linearly ordered if the semilattice
operation admits a linear natural order on E. The natural order on a Hausdorff
topological semilattice E admits the structure of topological pospace on E (cf. [10,
Proposition VI-1.14]). Obviously, if S is a topological semilattice then te and | e are
closed subsets in S for every e € S.

A topological semilattice S is called H-closed if it is a closed subset in any
topological semilattice which contains S as a subsemilattice. Properties of H-closed
topological semilattices were established in [6, 12, 16].

Theorem 3.1 Every upper point separated H-closed topological semilattice contains
the smallest idempotent.

Proof Suppose to the contrary, that there exists an upper point separated H-closed
topological semilattice £ which does not contain the smallest idempotent. Let x ¢ E.
We put E* = E U {x} and extend semilattice operation from E onto E* as follows:

XX=Xxe=ex=2x forall ee€ E.

Let t be the topology on E and Z the set of all non-empty decreasing open subsets
of E. The Hausdorff topology t* on E* is generated by the base t U {{x}UU | U €
2}. The continuity of the semilattice operation at x follows from the definition of
the topology t*. Since E is upper point separated we conclude that (E*, t*) is a
Hausdorff topological space. Therefore E is a dense subspace of E*, a contradiction.
This implies the assertion of the theorem. O

Theorem 3.2 Let S be a topological semilattice which is an H-closed topological
pospace. Then every maximal chain of S has a maximum element. Consequently, every
topological semilattice S which is an H-closed topological pospace has a collection M
of maximal elements such that | M = S.

Proof Let L be a maximal chain of S. Fix any x € L. If x is a maximum element of
L, the proof is complete. If x is not a maximum element of L, then there exists y € L
such that x < y. Let U(x) and U(y) be open neighbourhoods of x and y, respectively,
such that a §§ b for all b € U(x) and a € U(y). The continuity of the semilattice
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operation and Hausdorffness of S imply that there exist open neighbourhoods V' (x)
and V(y) of x and y, respectively, such that

V) -Vin =V Vo cUw, VX cUw, Vi)cUy and

Vix)ynV(y) =@.

Therefore 1V (y) N V(x) = @. By Proposition VI-1.13 of [10], 1V(y) is an open
subset of S and hence the chain L has the U S-property. Therefore by Theorem 2.6,
the chain L contains a maximum element. O

We observe that every Hausdorff topological semilattice which is an H-closed
topological pospace is obviously an H-closed topological semilattice. However,
there exists an H-closed Hausdorff topological semilattice which is not an H-closed
topological pospace (cf. Example 3.6). Simple verifications establish the following:

Proposition 3.3 Every linearly ordered topological pospace admits a structure of a
topological semilattice.

Since the closure of a chain in a topological pospace is again a chain, Proposi-
tion 3.3 implies the following:

Proposition 3.4 A linearly ordered topological semilattice is H-closed if and only if it
is H-closed as a topological pospace.

A linearly ordered set E is called complete if every non-empty subset of S has an
inf and a sup. Propositions 3.3 and 3.4, and Theorem 2 of [12] imply the following:

Corollary 3.5 A linearly ordered topological pospace X is H-closed if and only if the
following conditions hold:

(1) X is a complete set with respect to the partial order on X;
(i) x=sup A for A= | A\ {x}implies x € cly A, whenever A # &; and
(ili) x =inf B for B = 1B\ {x} implies x € clxy B, whenever B # @.

A semilattice S is called algebraically closed (or absolutely maximal) if S is a closed
subsemilattice in any topological semilattice which contains S as a subsemilattice [16].
Stepp [16] proved that a semilattice S is algebraically closed if and only if every
chain in S is finite. Therefore an algebraically closed semilattice S is an H-closed
topological semilattice with any Hausdorff topology t such that (S, ) is a topological
semilattice.

A partially ordered set A is called a tree if | a is a chain for any a € A. Example 3.6
shows that there exists an algebraically closed (and hence H-closed) topological
semilattice X which is a tree but X is not an H-closed topological pospace.

Example 3.6 Let X be a discrete infinite space of cardinality t and let <7 (t) be the
one-point Alexandroff compactification of X. We put {a} = /() \ X and fix 8 € X.
On o/ (t) we define a partial order < as follows:

x<x, B<x and x<a forall xe. (7).
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The partial order < induces a semilattice operation ‘x’ on .27 (t):

(1) x*xx=x,Bxx=xxB=pFanda*xx =x*a = xforall x € &/(r); and
(2) xxy=y=xx=pforalldistinctx, y € X.

Since X is a discrete subspace of 27 (t), X with the semilattice operation induced
from /() is a topological semilattice. By [16, Theorem 9], X is an algebraically
closed semilattice, and hence it is an H-closed topological semilattice. Simple
verifications show that for every a, b € </ (v) such that a £ b there exist an open
increasing neighbourhood V(a) of a and an open decreasing neighbourhood V(b)
of b such that V(a) N V(b) = @. Therefore 7 (1) is a compact (and hence normally
orderable) topological pospace. However, X is a dense subspace of &7 (1) and hence
X is not an H-closed topological pospace.

4 Linearly Ordered H-Closed Topological Pospaces

Let C be a maximal chain of a topological pospace X. Then C =), .({x U tx), and
hence C is a closed subspace of X. Therefore we get the following:

Lemma 4.1 Let K be a linearly ordered subspace of a topological pospace X. Then
clx(K) is a linearly ordered subspace of X.

Since the conditions (i)-(iii) of Corollary 3.5 are preserved by continuous
monotone maps, we have the following:

Theorem 4.2 Any continuous monotone image of a linearly ordered H-closed topo-
logical pospace into a topological pospace is an H-closed topological pospace.

Also, Proposition 4.3 follows from Corollary 3.5.

Proposition 4.3 Let (X, ty) be a non-empty H-closed sub-pospace of a linearly
ordered topological pospace (T, tr). Then the set tx N X ({x N X) contains a minimal
(maximal) element for any x € T.

Let L be a subset of a linearly ordered set X. A subset A of X is called an L-chain
in Xif A C L and A is order convex (i.e.,fxN |y C Lforanyx,y € A, x < y).

Theorem 4.4 Let X be a linearly ordered topological pospace and L a subspace of X
such that L is an H-closed topological pospace and any maximal X\ L-chain in X is
an H-closed topological pospace. Then X is an H-closed topological pospace.

Proof Suppose to the contrary, that the topological pospace X is not H-closed. Then
by Lemma 4.1, there exists a linearly ordered topological pospace Y which contains
X as a non-closed subspace. Without loss of generality we may assume that X is a
dense subspace of a linearly ordered topological pospace Y.

Let x € Y\ X. The assumptions of the theorem imply that the set X\ L is a
disjoint union of maximal X\ L-chains L,, « € <7, which are H-closed topological
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pospaces. Therefore any open neighbourhood of the point x intersects infinitely
many sets Ly, o € 7.

Since any maximal X\ L-chain in X is an H-closed topological pospace, one of the
following conditions holds:

MYNL#AED or IxNL#D.

We consider the case when the sets 1x N L and |x N L are nonempty. The proofs in
the other cases are similar.

By Proposition 4.3, the set 1x N L contains a minimal element x,, and the set |x N
L contains a maximal element xj,. Then the sets 1x,, and |x), are closed in Y and,
obviously, L C |xy U tx,,. Let U(x) be an open neighbourhood of the point xin Y.
We put

V) =U)\ (bxp U txp).

Then V(x) is an open neighbourhood of the point x in Y which intersects at most
one maximal S\ L-chain L,, a contradiction. Therefore X is an H-closed topological
pospace. ]

Corollary 4.5 Let X be a linearly ordered topological pospace and L a subspace of X
such that L is a compact topological pospace and any maximal X\ L-chain in X is a
compact topological pospace. Then X is an H-closed topological pospace.

Example 4.6 Let N be the set of all positive integers. Let {x,} be an increasing
sequence in N. Put N* = {0} U {ﬁ | n € N} and let < be the usual order on N*. We
put U,(0) = {0} U {ﬁ | k > n},n € N. A topology t on N* is defined as follows:

a) any point x € N*\ {0} is isolated in N*; and
b) HA(0) = {U,(0) | n € N} is the base of the topology t at the point 0 € N*.

It is easy to see that (N*, <, 7) is a countable linearly ordered o-compact locally
compact metrizable topological pospace and if xz > xx + 1 for every k € N, then
(N*, <, 1) is a non-compact topological pospace.

By Corollary 4.5, (N*, <, 7) is an H-closed topological pospace. Also, (N*, <, 7)
is a normally ordered (or monotone normal) topological pospace, i.e. for any closed
subset A = | A and B =1B in X such that AN B = &, there exist open subsets
U=|UandV =1Vin Xsuchthat A C U, B C V,and U NV = @& [14]. Therefore
for any disjoint closed subsets A = | A and B = 1B in X, there exists a continuous
monotone function f: X — [0, 1] such that f(A) =0and f(B) = 1 (cf. [14]).

Example 4.6 implies negative answers to the following questions:

(i) Isevery closed subspace of an H-closed topological pospace H-closed?
(ii) Has every locally compact topological pospace a subbasis of open decreasing
and open increasing subsets?

Example 4.7 shows that there exists a countably compact topological pospace,
whose space is H-closed. This example also shows that there exists a countably
compact totally disconnected scattered topological pospace which is not embeddable
into any locally compact topological pospace.
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Example 4.7 Let the set X = [0, w;) be equipped with the order topology (cf. [9,
Example 3.10.16]), and let Y = {0} U {% |n=1,2,3,...} have the natural topology.
We consider § = X x Y equipped with the product topology 7, and the partial
order <:

(x1,¥1) < (x2,y2) ifandonlyif x; <x x;andy, <y yi,

where <y and <y are the usual linear orders on X and Y, respectively. We extend
the partial order < onto $* = S U {«}, where o ¢ S, as follows: @ < @ and o < x for
all x € §, and define a topology T on S* as follows. The bases of topologies 7 and ,,
at the point x € § coincide and the family Z(«) = {Ug(a) | B € w} is the base of the
topology t at the point o € S*, where

Up(@) = {a} U (B, @) x {1/n|n=1,2,3,...}).

Since clg(Ug(a)) € U, (a) for any B,y € w;, Propositions 1.5.2 and 1.5.5 of [9]
imply that (8%, <, ) is a Hausdorff non-regular topological pospace. Therefore by
Theorem 2.1.6 [9], the topological space (S*, <, t) does not embed into any regular
topological space, and hence by Theorem 3.3.1 [9] neither into any locally compact
space. Proposition 3.12.5 of [9] implies that (S*, ) is an H-closed topological space.
By Corollary 3.10.14 of [9] and Theorem 3.10.8 of [9], the topological space (S*, 1)
is countably compact. Since every point of ($*, t) has a singleton component, the
topological space (S, 7) is totally disconnected.

Let A be a closed subset of (8%, <, t) such that A # {«}. Then there exists x €
[0, w;) such that A=AnN ([0, x] x Y) # &. Since [0, x] x Y is a compactum, Aisa
compact topological pospace and hence A contains a maximal element of A. Let x,,
be a maximal element of A. The definition of the topology  on $* implies that {x,,
is an open subset in (S*, ). Then 1x,, N A= X, and hence x,, is an isolated point of
the space A with the induced topology from (S*, ). Therefore every closed subset of
(S*, ) contains an isolated point and hence (S*, 7) is a scattered topological space.

Remark 4.8 The topological pospace (N*, <, t) from Example 4.6 admits the struc-
ture of a topological semilattice:

ab = min{a, b}, for a,b e N*.

Also, the topological pospace (S*, <, ) from Example 4.7 admits the continuous
semilattice operation

(x1, y1) - (x2, y2) = (max{xy, xo}, max{yy, y»}) and (x;,y)-a=a-(x,y) =q,

forx;,x;, € Xand y;,y, € Y.

The following example shows that there exists a countable H-closed scattered
totally disconnected topological pospace which has a non- H-closed maximal chain.

Example 4.9 Let N be the set of all positive integers with the discrete topology,
and consider Y = {0} U {% |ln=1,23,... } equipped with the natural topology. We
define 7= N x Y with the product topology tr and the partial order <:

(xl, yl) (Xz yz) if and OIlly if X2 X < X1 and y2 Y1,
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where < is the usual linear order induced from R on N and Y, respectively. We
extend the partial order to 7" = T U {«a}, where « ¢ T, as follows: ¢ X o ando < x
for all x € T. We define a topology t* on T* as follows: the bases of topologies t*
and tr at the point x € T coincide and the family Z(a) = {Ux(e) | k € {1,2,3,...}}
is the base of the topology t* at the point « € T*, where

Uk(a):{(x}U({k,k—l—l,k—l—Z,...}x{% |n:l,2,3,...}).

It is obvious that (7%, <, t*) is a Hausdorff non-regular topological pospace. Propo-
sition 3.12.5 of [9] implies that (7%, t*) is an H-closed topological space. Since every
point of (7%, t*) has a singleton component, the topological space (7%, t*) is totally
disconnected. The proof that (7%, t*) is a scattered topological pospace is similar to
the proof of the scatteredness of the topological pospace (S*, <, t) in Example 4.7.

We observe that the set L = (N x {0}) U {«} with the induced partial order from
the topological pospace (7%, <, t*) is a maximal chain in 7*. The topology t*
induces the discrete topology on L. Corollary 3.5 implies that L is not an H-closed
topological pospace.

Theorem 4.10 gives sufficient conditions for a maximal chain of an H-closed
topological pospace to be H-closed. We shall say that a chain L of a partially ordered
set P has the |-max-property (resp. 1-min-property) in P if for every a € P such
that Jan L # @ (resp. taN L # &) the chain laN L (ta N L) has a maximal (resp.
minimal) element. If the chain of a partially ordered set P has the |- max- and the
4. min-properties, then we shall say that L has the $- m-property.

Similarly to [13, 15] we shall say that a topological pospace X is a CC;-space (resp.
CCy-space) if whenever a chain F of X is closed, 1 F (resp. | F) is a closed subset
in X.

Theorem 4.10 Let X be an H-closed topological pospace. If X satisfies the following
properties:

(1) X is regularly ordered;
(i) X is a CCi-space; and
(iii) X is a CCy-space,

then every maximal chain in X with the §-m-property is an H-closed topological
pospace.

Proof Suppose to the contrary, that there is a non- H-closed maximal chain L with
the ¢- m-property in X. Then by Corollary 3.5, at least one of the following conditions
holds:

(I) the set L is not a complete semilattice with the induced partial order from X

(IT) there exists a non-empty subset A in L with x = inf A such that A = 1 A \ {x}
and x ¢ cl (A);

(IIT) there exists a non-empty subset B in L with y = sup B such that B = | B\ {y}
and y ¢ cly(B).

Suppose that condition (I) holds. Since a topological space X with the order dual
to < is a topological pospace, we can assume without loss generality that there exists
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a subset § of L which does not have a sup in L. Then the set | .S N L does not have
a sup in L either. Hence the set I = L\ | S does not have an inf in L. We observe
that the maximality of L implies that there exist no lower bound b of I and no upper
bound a of S such that a < b. Also, we observe that properties (ii)—(iii) of X and
Corollaries 2.9 and 2.10 imply that I # &. Otherwise, if I = & then by Corollary 2.10
the chain S has a sup in X, which contradicts the maximality of the chain L. We
observe that the dual argument shows that S # &, when there exists a subset / in L
which does not have an inf in L. Therefore we can assume without loss of generality
that S= | SN L,I=1IN L and L is the disjoint union of S and /.

Since the set S does not have a sup in L we conclude that (,_¢ 1 is a closed subset
of X and (.4 tx NS = @. Hence S is an open subset in L. A dual argument shows
that / is an open subset in L. Therefore S and [ are clopen subsets of L.

Let x ¢ X. We extend the partial order < from X onto X* = X U {x} by setting
a < b in X* if and only if one of the following conditions holds:

1) a,b € Xanda < b in X;
2) a=xandb € tyl;
3) aelxSandb =x.

Let %;s be the set of all increasing open subsets of X which intersect S and let
be the set of all decreasing open subsets of X which intersect /. Let 7 be the topology
of X and let * be the topology generated by the pseudobase

tU{x}UU U e %} U{{x}uU | U € 2,}.

Since the chain L has the $- m-property and conditions (i)-(iii) hold we conclude that
X* is a topological pospace which contains X as a dense subspace, a contradiction.

Suppose that the statement (II) holds, i. e. that there exists an open neighbour-
hood O(x) of x =inf A such that O(x) N A = @. We can assume without loss of
generality that 1A = L N A. By Corollary 2.9, the chain L has a minimum element
and hence B= L\ A # @ and x € B. Since [),cg |y is a closed subset in X we
conclude that A is an open subset of L. Since for any y € B\ {x} we have that X \ 1x
is an open neighbourhood of y and there exists an open neighbourhood O(x) of x
such that O(x) N A = &, we obtain that A is a closed subset of L. The maximality of
L implies that A is a closed subset of X.

Let p ¢ X. We extend the partial order < from X onto X' = X U {p} by setting
a < b in X7 if and only if one of the following conditions holds:

1) a,b € Xanda < b in X;
2) a=pandb € tyA,
3) ae€lyBandb = p.

Let %4 be the set of all increasing open subsets of X which contain A and let

2 4 be the set of all decreasing open subsets of X which intersect A. Let T be the
topology of X and let t¥ be the topology generated by the pseudobase

tU{{ptUU | U e Zs}U{{ptUU | U € D4}

Since the chain L has the ¢-m-property and conditions (i)—(iii) hold we conclude
that X is a topological pospace. Therefore we get that (X7, t7, <) is a topological
pospace and X is a dense subspace of (X7, t7, <). This contradicts the assumption
that X is an H-closed pospace.
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In case (III) we get a similar contradiction as in (II). These contradictions imply
the assertion of the theorem. ]

Remark 4.11 We observe that the topological pospace (T*, <, ™) from Example 4.9
is not regularly ordered and is not a CC;-space. Also, the topological pospace (T*, <
, T*) admits the continuous semilattice operation

(x1, y1) - (x2, y2) = (max{xy, xo}, max{y;, y2}) and (x1,y1) -a=o-(x;,y) =a,

for x;, x, € X and y,, y, € Y. Therefore a maximal chain of an H-closed topological
semilattice is not necessarily an H-closed topological semilattice.
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