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ABSTRACT

This paper is concerned with the following fractional Schrédinger equations involving

critical exponents:

(=A)%u+V(z)u = k(z)f(u) + Au/?>> 20 in RV,

where (—A)® is the fractional Laplacian operator with o € (0,1), N > 2, X\ is
a positive real parameter and 2}, = 2N/(N — 2a) is the critical Sobolev exponent,
V(z) and k(z) are positive and bounded functions satisfying some extra hypotheses.
Based on the principle of concentration compactness in the fractional Sobolev
space and the minimax arguments, we obtain the existence of a nontrivial radially
symmetric weak solution for the above-mentioned equations without assuming the
Ambrosetti-Rabinowitz condition on the subcritical nonlinearity.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction and main result

In this paper, we study the solutions of the following Schriodinger equations involving a critical

nonlinearity:

(=A)u+ V(2)u = k(z) f(u) + Aju/?* 72w in RV, (1.1)

driven by the fractional Laplacian operator (—A)® of order o € (0,1), where N > 2, X\ is a positive real
parameter and 2% = 2N/(N — 2a) is the critical Sobolev exponent.
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The fractional Laplacian operator (—A)®, which (up to normalization constants), may be defined as
u(z) —u
(=A)%u(z) == P.V. /RN |x()y|NJEgO)‘ dy, zeRN,

where P.V. stands for the principal value. It may be viewed as the infinitesimal generators of a Lévy stable
diffusion processes (see [1]). This operator arises in the description of various phenomena in the applied
sciences, such as phase transitions, materials science, conservation laws, minimal surfaces, water waves,
optimization, plasma physics and so on, see [13] and references therein for more detailed introduction.
Here we would like to point out some interesting models involving the fractional Laplacian, such as, the
fractional Schrodinger equation (see [14,15,22-24]), the fractional Kirchhoff equation (see [17,32,33,46,47]),
the fractional porous medium equation (see [11,45]), the fractional Yamabe problem (see [34]) and so on,
have attracted recently considerable attention. As a matter of fact, the literature on fractional operators
and their applications to partially differential equations is quite large, here we would like to mention a few,
see for instance [3,9,12,26,27,35,38].

In what follows, let us sketch the related advance involving the fractional Schrédinger equations with
critical growth in recent years. In [41], Shang and Zhang studied the existence and multiplicity of solutions
for the critical fractional Schrédinger equation:

2 (= A)u+ V(z)u = M (u) + [u>>"2u  in RV, (1.2)

Based on variational methods, they showed that problem (1.2) has a nonnegative ground state solution for
all sufficiently large A and small €. In this paper, the following monotone condition was imposed on the
continuous subcritical nonlinearity f:

f(t)/t is strictly increasing in (0, +00). (1.3)

Observe that (1.3) implies 2F(t) < f(t)t, where F(t) = fg f(&) d¢. Moreover, Shen and Gao in [43]
obtained the existence of nontrivial solutions for problem (1.2) under various assumptions on f(¢) and
potential function V(z), in which the authors assumed the well-known Ambrosetti-Rabinowitz condition
((AR) condition for short) on f:

there exists p > 2 such that 0 < pF(t) < f(¢)t for any ¢ > 0. (1.4)

See also recent papers [42,36] on the fractional Schrodinger equations (1.2). In [44], Teng and He were
concerned with the following fractional Schrédinger equations involving a critical nonlinearity:

(—A)%u+u = P(2)|u)P2u+ Q(z)|u>> 2w in RY (1.5)

where 2 < p < 2%, potential functions P(z) and Q(x) satisfy certain hypotheses. Using the s-harmonic
extension technique of Caffarelli and Silvestre [10], the concentration-compactness principle of Lions [29]
and methods of Brézis and Nirenberg [8], the author obtained the existence of ground state solutions. On
fractional Kirchhoff problems involving critical nonlinearity, see for example [2,31] for some recent results.
Last but not least, fractional elliptic problems with critical growth, in a bounded domain, have been studied
by some authors in the last years, see [4,5,18,28,39,40] and references therein.

On the other hand, Feng in [16] investigated the following fractional Schrodinger equations:

(=A)%u+ V(z)u = Mu[P"%u in R, (1.6)

where 2 < p < 2%,V (x) is a positive continuous function. By using the fractional version of concentration
compactness principle of Lions [29], the author obtained the existence of ground state solutions to problem
(1.6) for some A > 0. Zhang et al. in [48] considered the following fractional Schrodinger equations with a
critical nonlinearity:

(=A)%u+u = Af(u) + [ul*>>2u  in RV, (1.7)
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Based on another fractional version of concentration compactness principle (see [30, Theorem 1.5]) and
radially decreasing rearrangements, they obtained the existence of a ground state solution for (1.7) which is
nonnegative and radially symmetric for any A € [\, 00), where A, > 0.

Inspired by the above works, we are interested in non autonomous cases (1.1), that is, V(z) is not only
a constant. To this end, we assume the following conditions on the potential V:

(V1) V € CHRY,R) and VV(x) -z < 0 for any z € RY;
(V2) V is radially symmetric, i.e. V(x) = V(|z|) for any 2 € RY and there exist positive constants V; and
Vs such that V; < V(z) < Vs for any o € RV,

Moreover, the following assumptions are imposed on the coefficient k:

(K1) k is radially symmetric and there exist positive constants k; and ko such that k; < k(x) < ky for any
z € RY;
(K2) k € CY(RN,R) and there exists a constant ko such that 0 < Vk(z) -z < ko for any = € RY.

Remark 1.1. Since VV (z)-x = V'(|z|)|z|, it follows from (V1) that V'(|z|) < 0. Thus we can choose V to be
a positive constant. Another example for V' is given by V() = 2 — arctan |z|. From (K2), k¥'(|z|) > 0. Hence
we can choose k(x) = 2 + arctan |z| as a simple example. The conditions (V1) and (K2) were motivated by
[20,37).

Meanwhile, the nonlinearity f will satisfy:

H1) f € CY(R,R). For any t <0, f(t
H2) lim, o+ L2 = 0 and Timy_ o 2,

(H1)
(H2)
(H3) For any ¢t > 0,0 < 2F(t) < f(¢)t;
(H4)

H4) There exists T > 0 such that F(T) > 5=T2,

Remark 1.2. In order to seek nonnegative solutions of (1.1), we assume that f(¢) = 0 for any ¢ <0 in (H1).
Moreover, from (H2) we know that f is subcritical. Here we do not assume classical condition (1.3) or (1.4),
while the weaker condition (H3) on f is employed to replace (AR) condition. A typical example for f is
given by

f(t) =tlog [1 +t (t2 — %t— Zat—ka)}

for any ¢ > 0 and a certain constant a > 1/3 which is sufficiently close to 1/3. It is easy to see that the
function f does not fulfill the monotone condition (1.3) and the (AR) condition (1.4).

Now we give the definition of weak solutions for problem (1.1):
Definition 1.1. We say that u is a weak solution of (1.1) if for any ¢ € H*(RY),
[ (Cafu CaFos Vo = [ E@ )+ Auliwods
RN RN
where H®(RY) is the fractional Sobolev space, see Section 2 for more details.
The energy functional on H*(RY) is defined as follows:
1 a A x
I(u) = 7/ (|(=2)2ul|? + V(2)u?) do — / k(x)F(u)de — — u|?e da.
2 Jpw RN 22 RN
It is easy to check that I € C*(H*(RY), R) and the critical point for I is the weak solution of problem (1.1).
Let O(N) be the group of orthogonal linear transformations in RY. It is immediate that I is O(N)-invariant.
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Then, by the principle of symmetric criticality of Krawcewicz and Marzantowicz [21], we know that ug is a
critical point of I if and only if ug is a critical point of

I= I| o
where
HY(RY) = {ue H*RY): u(z) =u(|z])},
is the fractional radially symmetric Sobolev space. Therefore, it suffices to prove the existence of critical

points for I on H*(RM).
Now we are in a position to state our main result as follows:

Theorem 1.1. Assume that hypotheses (H1)—-(H4), (V1)-(V2) and (K1)-(K2) are fulfilled. Then there exists
A« > 0 such that for any A € (0, ), problem (1.1) has a nontrivial weak solution ug € H*(RY) which is
nonnegative and radially symmetric.

Remark 1.3. (i) In the proof of Theorem 1.1, we follow an approximation procedure to obtain a bounded
(PS) sequence {u,} for I, instead of starting directly from an arbitrary (PS) sequence. To show the
boundedness of (PS) sequences {u,} for I, we need condition (K2) on k. It allows us to make use of a
Pohozaev type identity to derive the boundedness of {u,}. A key point which allows to use the identity
is that {u,} is a sequence of exact critical points. In fact, the requirement f € C'(R,R) will only be
used in the proof of Pohozaev identity.

(ii) To the best of our knowledge, there are only few papers that study the existence and symmetry of
solutions for problem (1.1) by using concentration compactness principle in the fractional Sobolev space
which is different from the version used in [16].

This paper is organized as follows. In Section 2, we will give some necessary definitions and properties of
fractional Sobolev spaces. In Section 3, by using the principle of concentration compactness and minimax
arguments, we give the proof of Theorem 1.1.

2. The variational setting

For the convenience of the reader, in this part we recall some definitions and basic properties of fractional
Sobolev spaces H*(R™). For a deeper treatment on these spaces and their applications to fractional Laplacian
problems of elliptic type, we refer to [13,25] and references therein.

For any a € (0, 1), the fractional Sobolev space H%(RY) is defined by

H*RY) = {ue€ L*(RY) : [u]go@n) < 00},

where [u] o @~y denotes the so-called Gagliardo semi-norm, that is

)|2 1/2
[u] o mv) = (//R?N |m—y|N+20‘ dxdy)

and H*(R") is endowed with the norm

ull ey = (U] ge@yy + [Jull L2 @)

As it is well known, H%(R™) turns out to be a Hilbert space with scalar product

u(y))(v(x) = v(y))
(U, v)ga@mn) = //RQN |a: mpREEER dzxdy + /]RN u(z)v(z) dz,

for any u,v € H*(RY). The space H*(RY) is defined as the completion of C§°(RY) under the norm

[u] o (RN)-
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By Proposition 3.6 in [13], we have [u] go @) = [|(—A) 2 ul| L2y for any u € H*(RN), ie.

//RZN |z — y|N+2)o!2 dady = /RN (= 4)Fu(z)[? da. (2.1)

(u(z) — u(y)) (v(z) — v(y)) A ale)  (AVE () d
//W |z — y|N+2a dmdy—/ (=4)=u(z) - (=4) v(z) da. (2.2)

RN

Thus,

Theorem 2.1 ([15, Lemma 2.1]). The embedding H*(RYN) — LP(RY) is continuous for any p € [2,2}] and
the embedding H*(RY) —— LV (RN) is compact for any p € [2,27).

3. Proof of Theorem 1.1

Throughout this section, we assume that conditions (H1)-(H4), (V1)-(V2) and (K1)-(K2) are satisfied.
In this part, we will use minimax arguments and we denote that C' and C; are positive constants, for any
i=1,2....

A crucial step to obtain the existence of a critical point for I is to show the boundedness of (PS)
sequence. But it seems difficult under our assumptions. To overcome this difficulty we use an indirect
approach developed in [19]. For any n € [1/2, 1], we consider the following family of functionals defined on
Ho(RN):

I(u) = 1/ (=23 ul? + V@)y2)dz -y | k@)F(u)de — @/ luf2% dz.
2 Jrw RN

*
RN 2a

It is easy to check that I, € C'(H2(RY), R) and the critical point for I, is the weak solution of the following
equation:

(—A)%u + V(z)u = nk(z) f(u) + nAlu/*> 24 in RV, (3.1)

Firstly, we will give the following two lemmas to show that I, has a Mountain Pass geometry.

Lemma 3.1. There exist vo € H*(RN) and 7 € [1/2,1) such that I,,(vo) < 0 for any n € [, 1], where vy and
7 are independent of A.

Proof. Let R > 0, we define

T for |x| < R,
w(x) =< T(R+1—|z|) for R<|z| < R+1,
0 for || > R+ 1,

then w € HY(RY). Hence, from (H4) we have

1 1 1
/ (le(w) - V2w2> dm:/ (le(w) - V2w2> dw—i—/ (le(w) - V2w2) dx
RN 2 B(0,R) 2 B(0,R+1)\B(0,R) 2

1 1

> (le(T) — V2T2) |B(0,R)| — |B(0,R+1)\ B(0, R)| - max |k1F(t) — = Vat?|
2 t€[0,T] 2

> O RN — CyRN T,

where | - | denotes the Lebesgue measure and C,Cy are positive constants. So we could choose R > 0 large

/ <k1F(w) - 1V2w2> dz > 0.
RN 2

enough such that
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Define

_ 1 Jfon Vow?da
TN Ly ki F(w)dz |

then we have that 77 > 1/2. Thus, for any n € [7, 1] and 6 > 0, from (K1) it follows that
T 1 a FANE WANE z
had < = ~A)2 d had _ ad
Iy (w(0>) = Q/RN (‘( A)zw( )’ +V($>‘“’( )‘ ) d "/H{Nk(x)F(w(a)) de
1tﬂ)N*m/ (=) 2 w|* dx + eNv / w? da — GNﬁ/ k1 F(w) dz
2 RN RN RN

1 o 1 1
= 79N—2a/ (—A)2w|? dx — =6V max{/ Vow? di, 7/ k:lF(w)dgc}.
2 RN 2 RN 2 RN

Then there exists § > 0 such that for any 0 > 0, I, (w(z/0)) < 0. We take vo(z) = w(z/0). Therefore, the
proof is complete. [

IN

Lemma 3.2. For any n € [7, 1], define

=, iy 0O

where I, = {v € C([0,1], H*(RYN)) : 4(0) = 0,7(1) = wo},5 and vy are from Lemma 3.1. Then
cp > max{] (0),I(vo)} and there exists co > 0 such that ¢, < co for any n € [7, 1], where cq is independent
of A.

Proof. According to (H1) and (H2), for any € > 0, there exists a constant C(¢) > 0 such that for any ¢ € R,
F(t) < elt] + Cle)tP". (3.2)
By (3.2), for any € € (0,1), we get

F(t) < et? + C(e)|t]?. (3.3)

Taking ¢ = V1 /(4kz), for any u € H¥*(RY) and n € [7, 1], we obtain

Loz L [ ey v e [ krwa - X [
RN 2% Jpn

RN a

> 7/RN|(—A)%u\2dm+(‘/1/2—€k2)/ u?dz — O(e )k2/ |u

2a dx

9* A
adx——/ |u
25 Jaw

2a dx

I
)

1 o Vi

> [catupars [ raec [ a2 [
2 Jan 4 Jrw

> min {1/2,V;/4} ||“Hi1a(RN) - C||u”;“(RN)'

Thanks to 2, > 2, there exist 0 < p < ||vo|| o (ry) and o > 0 such that I,,(u) > o for any v € HX(RY) with
|ull zre vy = p. For any v € I, we have v(0) = 0 and (1) = vo. Then, there exists ¢, € (0,1) such that
I7(tn) | sre(my = p, which implies

ey 2 inf 1,((ty)) > 0 > max{1,(0), I(v0)}.

Take 7o(t) = tvg, then o € I5,. For any ¢t € [0, 1], we obtain
_ 1 5 2 2 A
Iy(70(t) = In(tvo) < 5 RN(I( A)>vol” + V(2)vg) da = co,

which implies that ¢, < maxycjo,1) Iy(70(t)) < co for any 1 € [7, 1]. Now, we complete the proof. [
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Theorem 3.1 (/19, Theorem 1.1]). Let (X, | - ||x) be a Banach space and I C R* an interval. Consider a
family {J,}ner of C* functionals on X with the form

In(u) = A(u) =nB(u), ¥n € I,

where B(u) > 0,Yu € X, and such that either A(u) — 400 or B(u) — +00 as ||ul|x — oo. If there are two
points vi,ve € X such that

ey = ’vienlﬁn tren[g,ﬁ] Jp(y(t)) > max{J,,, Jo,}, n€l,

where
Iy ={yeC([0,1],X) : 7(0) = v1,7(1) = v},

then, for almost every n € I, there exists a sequence {v,} C X such that

(i) {vn} is bounded;
(i) Jp(vn) — cp;
(iii) J;(vn) — 0 in the dual X' of X.

Remark 3.1. In fact, the map n — ¢, is nonincreasing and continuous from the left (see [19]).

By using Lemmas 3.1, 3.2 and Theorem 3.1, we obtain that for any n € [7], 1], I,, possesses a bounded
(PS) sequence at the level ¢,).

Next we will verify that each bounded (PS) sequence for the functional I, contains a convergent
subsequence. The main difficulties here are that the embedding H®(RY) < L%« (RY) is not compact and we
do not have a similar radial lemma (see [6]) in H®(RY). To get the compactness of bounded (PS) sequence in
H%(RY), we assume that A in (1.1) is small. Based on the following principle of concentration compactness
in H¥(RY) and Lemma 2.4 in [12], we obtain Lemma 3.5.

Theorem 3.2 (/30, Theorem 1.5]). Let 2 C RN an open subset and let {u,} be a sequence in H* () weakly
converging to u as n — oo and such that

(A3 un? = i and  |u,|? — v weakly-+  in M(RYN).

Then, either u, — u in L?EXC(IRN) or there exists a (at most countable) set of distinct points {x;}jc; C 2
and positive numbers {v;};cs such that we have

v =|ul® + Z Vjls,.
jed

If, in addition, 2 is bounded, then there exist a positive measure i € M(RYN) with suppii C 2 and positive
numbers {1, }jes such that

p=1(=D)2ul’ + i+ Y b,
jeJ

Remark 3.2. In the case 2 = RY, the above principle of concentration compactness does not provide any
information about the possible loss of mass at infinity. The following result expresses this fact in quantitative
terms, and the proof.
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Lemma 3.3. Let {u,} € H*(RY) such that u, — u weakly in H*(RN), (=) 3 u,|? — p and |up|>s — v
weakly-+ in M(RY), as n — oo and define

oo = lim limsup/ |(*A)%Un‘2d$y
R {zeRN:|z|>R}

—X0 n—oo

Voo = lim limsup/ |t |2 dex.
R—oo pn—oo {z€RN:|z|>R}

The quantities oo and Vo, are well defined and satisfy

limsup/ |(—A)%un|2dx:/ dp+ too,
RN RN

n—oo

limsup/ |y, |2 dx:/ dv + Veo. (3.4)
RN RN

n—oo

Proof. The proof is similar to that of Lemma 3.5 in [48]. Thus we just give a sketch of the proof for the
reader’s convenience. Take ¢ € C*°(RY) such that 0 < ¢ < 1; ¢ = 1 in RV \ B(0,2),¢ = 0 in B(0,1). For
any R > 0, define ¢r(x) = ¢(x/R). Then we have

/ (CDtufdr< [ |-ufonds< [ (=2, o
{zeRN:|z|>2R} RN {zeRN:|z|>R}
thus pteo = limpg_co limsup,, fRN |(—A)%u,|?¢r dr. Note that
/ (=AY |2 dz = / (= 2)3 un[2én do +/ (=AY 3 un (1 — bp) da.

RN RN RN

It is easy to verify that
/ (=) 2 un|*(1 = ¢r)dz — [ (1—¢r)du,
RN RN

as n — oQ. Hence we have

p®RY) = lim lim (—=A)2u,|>(1 — ¢R) dz.

R— 00 n—00 RN

Then

limsup/ (—A) 2 up|?de = lim <limsup/ |(7A)%un|2¢Rd:c+/ (IQSR)du)
RN RN RN

n— oo R—o0 n— oo
= foo + p(RY).

Similarly, we obtain that limsup,,_ . [on [un|?> dz = V(RY) + vu. The lemma is thus proved. O

In the following, we derive some results involving v; for any i € J and v.

Lemma 3.4. Let {u,} C H*(RN) such that u, — u weakly in H*(RN), |(=A)*?u,|? — p and |up|?>> — v
weakly-+ in M(RY), as n — oo. Then, v; < (S5 u({xi}))%/? for any i € J and v < (S5 poo)?/?,

where x;,v; are from Theorem 3.2 and oo, Voo are from Lemma 3.3, S, is the best Sobolev constant of the
embedding H*(RN) < L%« (RN) (see [13]), i.e.

Jex [(=4)5uf’ da
RT : (3.5)
L2& (RN)

Sq = inf
u€H~(RN) [l
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Proof. (1) Take ¢ € C5°(RY) such that 0 < ¢ < 1; o =1 in B(0,1),¢ = 0 in RV \ B(0,2). For any ¢ > 0,
define . () = p(£=2), where i € J. It follows from (2.1) and (3.5) that

S

2 2./2
n 2:; de < // |Un ) (y)@a(yﬂ dxd .
N O e

We have
/ [t pe| 2 dsc—>/ @?Z dv, as n — oo,
RN RN
/ ol dy — v({z:}) = v, ase— 0.
]RN
Note that
|Un a )—un(y)%(y)P
/L... »x- g
_ _ 2
// |un ‘Pe ) (x)@e(y)+un(x)@e(y) un(y)Qpa(y” dady
R2N |=’E — y| N2
uz () (ee () — ¢e () // P2 () (un () — un(y))?
- JL." o=l P [ foan ™ Jo—gi¥rza W
2, (1) (Y) (Un () — un(y))(0e () — e (y))
dxd
// [ — [+ e
we get

2 2
pz (y) (un () — un(y)) >
//RQN [z — [V 72 dxdy — o wzdp, asn— oo,

©2dp — p({x;}), ase— 0.
N

Since {u,} is bounded in H*(RY), by the Holder inequality we obtain

[ nlelocalnte) = e (pte) e dxdy‘

|l‘ _ |N+2a

</ /R?” = |m— I)N“:(y o dy) (//RN . |a:— &) g} dxdy>1/2

<o(f, Bt )

In the following, we claim that

. (2) = o)’
i // |x_ . =0

Note that

RY x RY = (RN \ B(z,2¢)) U B(z,2¢)) x (RN \ B(wy,2¢)) U B(wy, 2¢))
= (RN \ B(z4,2¢)) x (RN \ B(z;,2¢))) U (B(x,2¢) x RY)U (RN \ B(z,2¢)) x B(xi,2¢)).

(i) If (z,y) € RN\ B(ai,2¢)) x (RN \ B(a,2¢)), then oc(x) = ¢c(y) = 0.
(ii) (z,y) € B(w;,2¢) x RN If |z —y| < ¢,|y — 2] < |z — y| + |x — 24| < 3¢, which implies

2 _ 2
[ o) — o)
B(xi,2¢) {yeRN:|z—y|<e} |£L’ - y|

e |2

B uZ ()| V(&) |22

= dx N+2a dy
B(zi2e)  J{yeRN:|z—y|<c) [z -yl
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Uz ()

: 05_2/ dx/ T Niza—z W
Bize)  JyerNijo—y|<e} [T —y[N T2

= Ce 2@ u? (z)de,
B(zi,2¢)

where £ = (y — z;) /e + 7(x — x;) /e and T € (0,1).
If [x — y| > ¢, then we have

2 o 2 2
B(w;,2¢) {yeRN:|z—y|>e} |z — vy B(w;,2¢) {yeRN:|z—y|>e} |z — vy

= Ce 2™ u? (z)dz.
B(wi,Qe)

(iii) (z,y) € (RN \ B(z;,2¢)) x B(x;,2¢). If |z —y| < e, |z — 2] < |z —y| + |y — ;| < 3e. Then

/ I / up () (e () = ¢e(y))? ay
RN\ B(x;,2¢) {yeB(xi,2¢):|z—y|<e) |z — y[NF2e
2
< 2 / dx / %dlf
B(x;,3¢) {yeB(z;,2e):|z—y|<e} |1’ - y|
2
< Ce? / dx / %dz
Bleide)  J{zerNijzi<ey |2

= Ce 2@ u? (z)dx.
B(mi,3€)

Notice that there exists K > 4 such that (RY \ B(z;,2¢)) x B(x;,2¢) C (B(zs, Ke) x B(x;,2¢)) U ((RV\
B(z;, Ke)) x B(z;, 2¢)).

If |z — y| > e, we obtain

2 _ 2
B(ziKe)  J{yeBlai2)lo—yl>e} 1T Yl
2
< C/ dﬂf/ %dy
B(w;,Ke) {y€B(x;,2¢):|lx—y|>e} |z —y|
<C iz / _un()
h B(z;,Ke) {z€RN:|z|>€} |Z|N+2a
< 067204/ u? (z)dx.
B(z;,Ke)
If (z,y) € (RN \ B(z;, Ke)) x B(z;,2¢), we get
oyl 2 o -l — g~ = EST B,y
- 7 K2 2 2 K2
|z — ;] +5£_26> |x — ;]
- 2 2 2 ’
which implies
/ i / up () (e () — pe(y))? dy
RN\B(z;,Ke) {yeB(z;,2¢e):|lz—y|>e} |.’L' - y|N+2a
up (x)

<C dx/ —
RN\B(z;,Ke) {yeB(x;,2¢e):|z—y|>e} ‘.’t - $i|N+2a
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up ()

< 0N / S
RN\ B(ai,Ke) |7 — T VT2

2% . (25-2)/2;
<ceN / |t ()2 da: / | — mi|7(N+2a)2Z(12 dx
RN\B(z;,Ke) RN\B(z;,Ke)
2/2],
— KN / (@) de |
RN\B(z;,Ke)

In views of (i), (ii) and (iii), we have

uz () (pe () — @e(y))?
n dxd
//R2N |z — y[N+2e o
2 _ 2 2 _ 2
B(z;,2¢) xRN |z — y| N2 (RN\B(z;,2¢)) x B(w:,2¢) |z — y|NF2e

2/27
< Ce 2 / u?(z)de + CK—N / un (2)| % dz
B(z;,Ke) RN\B(z;,Ke)

< (e / 2 (z) dz + CK . (3.6)
B(z;,Ke)

dx

Note that u, — u weakly in H*(RY), by Theorem 2.1 we obtain u,, — u in L7 (RY), which implies

Ce™2™ / u?(z)de + CK—N — Ce™2 / u?(z)dx + CK—V,
B, Ke) B(ws,Ke)
as n — 00. Then,

2/2" 1-2/2"
Ce 2 / u?(z)de + CK—N < Ce™2@ / |u(x) | d / dx +CKN
B(z;,Ke) B(z;,Ke) B(z;,Ke)

2/2%
= CK?* (/ Ju(z)| da:) +CK N CcKN
B(z;,Ke)

as ¢ — 0. Furthermore, we have

: : () = ¢ ())?
1 1 dxd
H?jélp lrrzrisolclnp //R2N y|N+2O‘ vy
(x) = ¢e(y)®
= lim li li dxdy = 0. 3.7
Aty //W o g - do 32

Thus, for any 7 € J, we obtain
vi < (S p({wi}))%/>.
(2) It follows from (2.1) and (3.5) that

2 2;,/2
2% < ‘un ) — Un (y>XR(y)|
/]RN |unxR|"™ do < < //RzN |x EppLEER dxdy ,

where xg is from Lemma 3.3. We have

lim sup limsup/ lunxr|?* dz = Voo
RN

R—oo n—oo
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Note that
U —u 2
//RMI n (2) |NZgZi)XR(y)| dudy
/ / ( )(XR( )N+;CQR(9)) dedy + ><%(y)|(zm(;'Jvl)N—+ ;tan(y))z o
R2N R2N Xr —
L s 20a(2) =t QD) = 1810 g,
We obtain

. . XR (z) — un(y))?
1 lims dxdy =
im sup 1mbup//RzN |x [N zdy = oo

R—oo n—oo

and it follows from the Holder inequality that

' // n ()X ><un<|£_ZrN<+ll<xR<> X2 () dzdy’< C< // |x_y|>N+§aR<y>> dzdy)m_

Note that

. . (z) = xr(¥))?
1 1 dxd
mswptima [0 g
((1— —(1- 2
= lim sup lim sup// Xa(7)) — X&) dxdy,
R—oo n—oo R2N |£L’ — |N+20¢

then, similar to the proof of (3.7), we obtain

lim sup lim sup //RzN (= xr(@) — (1 - xr®))* dxdy = 0.

R—oo n—oo |LU - y|N+2°‘

Then,

Voo < (Sglﬂm)22/2~
Therefore, we complete the proof. O
Lemma 3.5. There exists A\« > 0 such that for any X € (0,\,) and n € [7, 1], each bounded (PS) sequence
for functional I,, contains a convergent subsequence.
Proof. Let {u,} C H¥(RY) be a bounded (PS) sequence, i.e. there exists C5 > 0 such that

[Ty (un)| < Cs
and
I (u,) — 0 in HY(RYN), as n — oo.

Passing to a subsequence, still denoted by {u,}, we may assume that u, — ug weakly in H¥(RY). By the
compact embedding

H*(RY) — LP(RY)
for p € (2,2}), we assume that

Uup — ug in LP(RY) and  u,(z) — ug(z) a.e.in RY,

as n — oo. Moreover, by Prokhorov’s Theorem (see Theorem 8.6.2 in [7]) there exist u, v € M(RY) such
that

(=A)3u,? = and  |un|> — v weakly- % in M(RY),

as n — o0o. It follows from Theorem 3.2 that u, — ug in LZOC(RN) or v = |ug|?> + > jeyVida;, as n — oo,
where J is a countable set, {v;} C [0,00), {z;} C RV.
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For any ¢ € H*(RY), we obtain

(I (un), &) = (I (uo), &) = / (=4)% (un *UO)(*A)%¢>dx+/ V(@) (un — uo)p dx

RN RN

= [ K@) = Fo)dz=ad [ (P22, = o 2u0) da.

RN
As u, — ug weakly in H*(RY), we have

a

[ 0w =) (-2 Fodet [ Vi@~ w)éda 0.
RN RN

Note that
{|un|23*2un - ‘UO‘22*2UO}n is bounded in L%(RN)
and
[ ()%~ 2 (@) — |uo ()| 2ug(z) — 0 a.e. in RV,
then

28
|t |22y, — |ug|®>2ug — 0 weakly in Lz (RY)

which implies

/ (|Un|2;_2un — |u0|2;_2u0)¢dm — 0.
RN

In the following, we will verify that [;n k(x)(f(un) — f(uo))¢dz — 0, as n — oo.
Let ¢ € C§°(—2,2) such that ¢ =1 on (—1,1) and define fi(¢) =¥ (t) (1), f2(t) = (1 — 1(t)) f(t). Hence

we obtain
1) < Caft] and | fa(t)] < Clef*".

Since {k(x)f1(u,)} is bounded in L2(RY) and k(z)fi(un(z)) — k(z)fi(uo(z)) a.e. in RY, we get that
k(x) f1(un) — k(x)f1(uo) weakly in L2(RY). Thus

[ k@ fuode— [ k) filu)ods.
RN RN
Similarly,
[ k@) faten)oda = [ bla)alu)o o
RN RN

Note that f(t) = f1(t) + f2(t), we deduce

[ K@ f)ods = [ k@ f)ods

RN
As (I} (un), ¢) — 0, it follows that (I} (uo), ¢) = 0, i.e. I} (ug) = 0. Thus,
/ [(—A)Zug|? de + / V(z)ud dr = 7]/ k(x) f(uo)uop dz + n)\/ ug|?> da. (3.8)
RN RN RN RN
By Lemma 2.4 in [12], we get

/RN k(x) f(up)up dz — k(x) f(uo)uo de, (3.9

RN
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as n — oo. It follows from the Fatou Lemma that

/ V(x)ud dr < liminf V(2)u? d.
RN

n—oo [pN

Next we will verify that u, — ug in L%+ (RN). To this end, we divide the proof into two steps.

Step 1: For any i € J, u({x;:}) < Ay and proo < Moo

(1) Taking radially symmetric function ¢, as in Lemma 3.4, we get

|un ()0 () — un (y)pe(y)]?
/.. |x [N ey
un () — un(y)|*©2(y) // u? ()| (x) — o (y)?
<2 9
//RQN |:c — N2 dxdy + o o — y| NP2 dxdy

Jn (2) — (3 /] u2(2)]e(2) — e (9) ?
<2 dxd 2 dxdy.
// |x— oyl 2 [ SR e dedy

Similar to the proof of (3.6), we have

up (@)= (2) — ¢e(y)|?
n dedy < Ce™2® / u?(z)dz + CK™N,
//Rmv |z — y|N+2e B(xi,Ke) (=)
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(3.10)

(3.11)

(3.12)

where K > 4. As {u,} is bounded in H¥(RY), it follows from (3.11) and (3.12) that {u,¢.} is bounded in

HY(RYN). Then

<I1/7(un)a un@a> — 0,

as n — 0o, which implies

[

For any 7 > 0, by (H2) there exist p € (2,2%) and Cs > 0 such that

Wl

- (<2)F (o) do = [

RN

Vi x
tf(t) < o -t* + Tt + Coltl,
2ko
which implies

[ (b)) + a5 =V (@)u2) g d
R
Vi . .
RN

< / <7k2|un|2; + Coka|un|P + >\|un|2:) e dz.
RN

Note that

[ wnlecdo= [ junocds - o Ppe e
RN B(x;,2¢) B(x;,2¢)

as n — oo and

/ |uglPpe dx — 0,
B(Zi,QE)

(nk(gc)f(un)un + A un|?e — V(x)ui) wedr+o(1). (3.13)
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as € — 0, then

lim sup limsup/ (nk(x)f(un)un + Mg |? — V(z)u n) e dx < (Tha + A) lim sup hmsup/ lun | oo da
RN

e—0 n— oo e—0 n— oo

= (7kg + A) lim sup/ e dv

e—0
= (Tkz + )\)Vi
Letting 7 — 0, we get
lim sup lim sup/ (nk(z)f(un)un + A, |2 — V(a:)ui) e dz < Ay;. (3.14)
e—0 n—oo RN

By (2.2), we have

A2y U  — un _Un(y))(un(x)@e(x)_un(y)%(y)) -
/RN( A)Euy - (=A)% (uppe) d //RN dzdy

|z — y|N+20

Up () — un(y ))2905@)
dzd
//Rw |z — y| N2 o

Un () — un(Y))(pe () — @e(y))un ()
+ //RN dady.

|z — y[N+2a

It is easy to verify that

(un () — un(y))*¢e(y)
//}RzN |z —y|N+2e dudy = o it

RN

as n — oo and
/ Pe dpp — p({z;}),
]RN

as € — 0. Note that the Holder inequality implies

‘//]RQN (un(z) —up (|;3)_(<Ps|§v22a 0 (y))un(x d dy’ //Rwlun — (y)|x. |_90;(|j\;])+2a%(y)| N ()] Loy

< c (/ngv |ws fN+Z§( n?dwdy>1/2'

Similar to the proof of (3.7), we have

- (z) — ¢e(y))? _
5;11—1% nlgrolo //RZN |l‘ - y\N‘*‘QO‘ d$dy =0
Then, combining (3.13) with (3.14), we obtain that for any i € J,
p{zi}) < Avi.

(2) Taking radially symmetric function xg as in Lemma 3.3, we could verify that {u,xr} is bounded in
H2(RYN), hence

(I (un), unxr) — 0,

as n — 00, which implies

L=

[N

- (<2)F (wxr) do = [

- (nk(m)f(un)un + A s — V(m)ui) Xrdz+o(l). (3.15)
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Similar to the proof of (3.14), we get

lim sup lim sup/ (nk(x)fl (tn )ty + DA > — k(x)fg(un)un> XRdr < Ago. (3.16)
RN

R—oo n—oo

Notice that
(u —u 2
/ (=) 2wy, - (—A)2 (uyxg) dz = // n \x — ;S\?[Jl)QQXR(y) dxdy
Un (%) = un(y)) (Xr(T) = XR(Y))Un ()
+ //RQN dxdy.

|z —y|N+2e

It is easy to verify that

_ 2
lim sup lim sup// (un(@) = un(y))"Xr(y) drdy = s
R2N

R—oo n—oo ‘SL’ - y|N+2a

’ // <un<x>—un<|yi><_xjgvx+>m X () un () dxdy‘w( // ||;ai |)N+§‘f(y)'2 dxdy)”?

Note that

. . () — xr(y))?
sty [/ |x - |N+2a ey
((1- 1-— 2
:hmsuphmsup// xr(@)) — (1= xr())) drdy.
R—oo n—oo R2N |.’II — |N+2a

then, similar to the proof of (3.7), we obtain

((1- —(1- 2
lim sup lim sup // Xn( ))N 5 Xr(y))) dxdy = 0.
R—oo n—o0 R2N |.’L' — y| +2a

Combining this with (3.15) and (3.16), we have
Hoo < Ao

Step 2: There exists A, > 0 such that for any 0 < A < A, v; = 0 for any i € J and v, = 0. Suppose that
there exists ig € J such that v;; > 0 or vs > 0, using Lemma 3.4 and Step 1 we obtain

Vig < (S5 nl{min})*e/? < (S5 iy )%/
or
Voo < (85 too) /% < (55 Avee) a2,
which implies
Vig > (SaA71)2a/(2a=2) (3.17)
or

Voo > (SaA™1)2a/(272), (3.18)
By (H3), we have

21, 00) = Ty va) = 1 [ Bt =2 () o+ (1= 2/20) [ Jun P

RN

2« * 6% «
> pA— nl?e de > A — nl?e 0. da. 3.19
S T T (319)



64 X. Zhang et al. / Nonlinear Analysis 142 (2016) 48-68

Letting n — oo, we obtain that 2C3 > A{ fRN e dv. Since fRN e dv — v, as € — 0, it follows that
203 2 )\%Vio-

Similarly, we get
203 > )\%I/OO

It follows from (3.17) or (3.18) that

(0% * * (0%
> A (S A" H)20/(20-2) — = gN/(2e) \~(N—2a)/(20)
2C3 > N(S ) NSC‘

which implies A > (5 )2/ (N2 5072 2

So the assumption 0 < A < A, gives a contradiction. Then, for any i € J,v; = 0 and v = 0. Using (3.4)
we obtain

limsup/ |y, |2 d:c:/ lug|? dux.
n—o00 RN RN
As |u, — ug|> < 2% (|un|?> + |ug|?*), it follows from the Fatou Lemma that
/ 22+ o 2 da :/ T inf (2% |un |25 + 2% uo | — [un — uo|2%) da
RN RN TTO0

< liminf [ (2% |u,|% 4 2%

n—oo JpN

= 22:1“/ lug|?e dx — limsup/ lun — uo|e da,
RN RN

n—oo

22 da

UO\ZZ - \un — Up

which implies limsup,, ., [~ [tn — up|?> dr = 0. Then
Uy, — Ug ID LQZ(RN), as n — 00.
Note that I} (u,) — 0, it follows from (3.8)(3.10) that
lim sup/ |(—A)%u,|?de = limsup (77/ k(x) f(un)uy, dz + n)\/ || da: —/ V(z)u? dx)
n—oo JRN n—00 RN RN RN
<o [ k@) fouods o [ julids - [ Viepddo
RN RN RN

< liminf/ |(—A) % uy,|? d,
RN

n—oo

which implies

lim |(—A)%un|2dx=/ |(—A) 2 ug|? da. (3.20)
n—oo RN RN
Thus
limsup/ V(z)u2 dz = limsup (77 k(x) f(un)un dx—l—n)\/ |t 2 dx—/ (—A)gun|2dx)
n—oo RN n—oo RN RN RN

— [ k(@) (wo)uo dz + nA / o % d — / (=) o2 da
RN RN

RN

:/ V(z)ud d.
RN
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As u,, — ug weakly in H*(RY), it follows from (3.20) that
lim [(=A)% (up — uo)|* da + V(x)(un — up)? dz = 0,
n—oo ]RN RN

which implies u,, — ug in H*(RY). This completes the proof. [

Finally, we will show that the sequence {u,} of critical points for I, is bounded and it is a (PS) sequence
for I. Then, from Lemma 3.5 we obtain a nontrivial critical point for I. To show the boundedness of {un},
we will use the following Pohozaev type identity for (3.1):

Let u € H*(RY) be a weak solution of (3.1), then

N -2 . A e 1
a / |(—A)2ul*dr — N/ Mk(x)F(u) + 1 /\|u|2a — ~V(z)u?) dx
2 RN RN 23 2
1
= / M F(uw)VEk - zdr — = / u?VV -z de. (3.21)
RN 2 Jpn

In [12], using the a-harmonic extension, the authors prove the Pohozaev identity with subcritical nonlinearity.
In this paper, although the problem (3.1) involves critical nonlinearity |u|?> 2w, the potential functions V (x)
and k(x), similar to the proof of Pohozaev identity in [12], we could also obtain the Pohozaev identity (3.21),
so we do not provide the proof here.

Proof of Theorem 1.1. (1) By Theorem 3.1, for almost every n € [7, 1], there exists a bounded sequence
{upn} C HX(RN) such that I,(uyn) — ¢, and I} (uyn) — 0 in HX(RY), as n — oo. By Lemma 3.2,
0 < ¢, < ¢ for any n € [77,1]. We assume that |1, (uy,n)| < co + 1 for any n € N.

Let A = (m)za/w—m)silﬁ (see Step 2 in Lemma 3.5). If A € (0, A\,), by Lemma 3.5, passing to a
subsequence if possible, there exists u,, € H(RY)\ {0} such that u, , — u, in H*(RY), as n — oo. Then,

L (uy) = ¢, and I (u,) = 0.

Let {n,} C [7,1] with n,, T 1 such that there exists u,, € H*(RY)\ {0} satisfying I,,, (u,) = ¢,, < co,
I (un) = 0. Then u, is a weak solution of the following equation

(—A)%u + V(2)u = npk(a) f1(w) + gu|ul?e2u.

By Pohozaev identity for the above equation, we get

N —2 o n x 1
. / |(—A)5un|2d$ o N/ Nnk(z) F1(un) + 1 /\‘un|2a - fV(x)ui dz
2 RN RN 2; 2

:/ nnF(un)Vkmxdx—%/ uiVV - xdr.
RN

RN
Note that F(t) > 0 for any t € R, it follows from (V1) and (K2) that

o ].
/ (—A)2uy,|? de = NI%(un)f/ nnF(un)ka:cdquf/ uiVV - xdr
RN RN 2 RN

< NI, (un) < Ncg. 3.22
Nn

Using (3.2), for any € > 0 we obtain

V(x)u? de = nn/

RN

(k(x)f(un)un + A|un|2?l) do — /RN (= A)3u, |2 do

23) dzx

RN

< [ (k@) ) + M,

< / ekou? dz + (ko O(e) +>\)/ |tp| e daz.
RN RN
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Taking € = V1 /(2k2), by (3.5) and (3.22) we get

27 /2
/ uidwﬁC’/ |un|2;dx§6’</ |(—A)5un|2dx> <C.
RN RN RN

Then {u,} is bounded in H*(RY). Therefore, { [ox k(z)F(uy) dz+ 2 [on [un|?> da} is bounded. It follows
from Remark 3.1 that as n — oo

f(un) =T (up) = Iy, (un) + (0 — 1) /RN k(x)F(uy) dx + (0, — 1)2% /RN |Un|2; dr — cg.

For any ¢ € H*(RY), combining (3.2), the Hélder inequality with Theorem 2.1 we obtain

/]RN (k(z) f(un) + )‘|“n‘2:‘72un)¢dx

< / (kalund| + Clun|?~|4]) da
RN
(25-1)/2;

< kollunll o) [9]Lz2 ey + Cllanll % L% 101 2 vy
< |9l o @)y
Since
(T (). ) = (T3 0). ) = {13, (0n). )+ (1= 1) [ K@)+ =D [ om0,

we get as n — 0o
17 ()l = sup{ [(T' (un), &) | : [[]l ey = 1} — 0.

For any 0 < X\ < ), passing to a subsequence, still denoted by {u,,}, we assume that u,, — ug in H(R").
Then I(ug) = I1(ug) = ¢1 and I'(ug) = I (ug) = 0. It follows that ug is a nontrivial weak solution.

(2) up is nonnegative. In fact, it suffices to consider the following functionals on H(R™):
e 1 a A .
It (u) = f/ (\(—A)7u|2+V(w)u2)dx—/ k(z)F(u)de — — |ut|?e da
2 Jgn RN 2;; RN
and

=5 [ (TP + V) d—y [

A x
k(x)F(u)dx —n— / |ut|?e da,
RN 2% Jrn

where ut = max{u, 0}.

Similar to the argument of (1), there exists a nontrivial weak solution ug of (1.1). It is easy to verify that
ug is nonnegative. This concludes the proof of Theorem 1.1. O
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