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We study the existence and multiplicity of solutions for a class of fractional
Schrédinger—Kirchhoff type equations with the Trudinger—Moser nonlinearity. More
precisely, we consider

N/s

M (/%) (=23 0+ Vi@l ¥ 7] = f(o) + bl B,
u(x)—u N/s s/N
Jull = (o Sy + [ V@Il Vo)

where M : [0,00] — [0,00) is a continuous function, s € (0,1), N > 2, A > 0 is
a parameter, 1 < p < oo, (—A)?V/S is the fractional N/s-Laplacian, V : RN —
(0,00) is a continuous function, f : RN x R — R is a continuous function, and
h:RN [0, 00) is a measurable function. First, using the mountain pass theorem, a
nonnegative solution is obtained when f satisfies exponential growth conditions and
A is large enough, and we prove that the solution converges to zero in W{;’N/S(]RN)
as A — oo. Then, using the Ekeland variational principle, a nonnegative nontrivial
solution is obtained when A is small enough, and we show that the solution converges
to zero in W‘S/’N/s (RN) as A — 0. Furthermore, using the genus theory, infinitely
many solutions are obtained when M is a special function and A is small enough.
We note that our paper covers a novel feature of Kirchhoff problems, that is, the
Kirchhoff function M (0) = 0.
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1. Introduction and main results

Given s € (0,1) and N > 2, we study the following fractional Schrodinger—Kirchhoff type equation:

M (1l M) [(=A) g+ V@l ] = fla,u) + M@l in RY, (1.1)

o O i)
|u||:( P /v |u|N/sdx> , lulonys = // @ =W 0 a2
R2N u—m

M :[0,00) — [0, 00) is a continuous function, V : RY — R¥ is a scalar potential, 1 < p < oo, h : RN — [0, 00)
is a weight function, f : R x R — R is a continuous function, and (—A)% /s is the associated fractional
N/s-Laplace operator which, up to a normalization constant, is defined as

N/s—2(

e=0t JRN\ B, () |z -y

on functions ¢ € C§°(RY). Hereafter, B.(z) denotes the ball of RY centered at # € RY and with radius
e > 0.

Equations of the type (1.1) are important in many fields of science, notably in continuum mechanics,
phase transition phenomena, population dynamics, minimal surfaces, and anomalous diffusion, since they
are a typical outcome of stochastic stabilization of Lévy processes, see [3,11,26] and the references therein.
Moreover, such equations and the associated fractional operators allow us to develop a generalization of
quantum mechanics and also to describe the motion of a chain or an array of particles which are connected
by elastic springs, as well as unusual diffusion processes in turbulent fluid motions and material transports
in fractured media, for more details see [11,12] and the references therein. Indeed, the nonlocal fractional
operators have been extensively studied by several authors in many different cases: bounded and unbounded
domains, different behavior of the nonlinearity, etc.. In particular, many works focus on the subcritical and
critical growth of the nonlinearity which allows us to treat the problem variationally by using general critical
point theory.

This paper was motivated by some works which have appeared in recent years. On the one hand, the
following nonlinear Schrodinger equation

(=A)u+V(z)u= f(z,u) inRY, (1.3)

was elaborated on by Laskin [26] in the framework of quantum mechanics. Equations of type (1.3) have been
extensively studied, see e.g. [14,31,32,40]. To the best of our knowledge, most of the works on fractional
Laplacian problems involve the nonlinear terms satisfying polynomial growth, there are only few papers
dealing with nonlinear term with exponential growth.

In recent years, some authors have paid considerable attention to the limiting case of the fractional Sobolev
embedding, commonly known as the Trudinger-Moser case. In fact, when N = 2, then W12(2) — L"(2)
for 1 <r < oo, but we cannot take r = oo for such an embedding. To fill this gap, for bounded domains {2,
Trudinger [44] proved that there exists 7 > 0 such that W,?(£2) is embedded into the Orlicz space Ly, (£2),
determined by the Young function ¢, = exp(7t?) — 1. Afterwards, Moser in [33] found the best exponent 7
and in particular, he obtained a result which is now referred to as the Trudinger—-Moser inequality. For more
details about Trudinger—Moser inequality, we also refer to [36]. Next, let us recall some useful results about
the fractional Trudinger-Moser inequality. Let wy_; be the surface area of the unit sphere in RY and let
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2 C RY be a bounded domain. Define WOS’N/S(Q) as the completion of C§°({2) with respect to the norm

[]s,n/s- In [29], Martinazzi proved that there exist positive constants

N
N I'((N—-s)/2)\ ~N—s
aNs =
N on_y \T'(s/2)257N/2
and Cy s depending only on N and s such that
N
sup / exp(alu|N=3)dx < Cn | 2], (1.4)
wew N2 (o) 72
[“]S,N/sSl

for all o € [0,an ] and there exists aj , > an s such that the supremum in (1.4) is oo for a > aj ..
However, it remains unknown whether an s = aj ;. Kozono et al. in [24] proved that for all o > 0 and
= WS’N/S(RN),

/ Do (u)dr < 00,
RN

where i
N o JN
Bo(t) = exp (am N—s) - Y ST (1.5)
0<j<N/s—1
JjeN
Moreover, there exist positive constants oy s and Cy s depending only on N and s such that
/ D, (u)dr < Cyns, Yae€ (0,ans), (1.6)
RN

for all u € W*N/*(RN) with [u]s v/s < 1.
In the setting of the fractional Laplacian, Iannizzotto and Squassina in [23] investigated existence of
solutions for the following Dirichlet problem

(_A)l/gu = f(u) in (Oa 1)7
{u—() in R\ (0,1), (L.7)

where (—A)'/2 is the fractional Laplacian and f(u) behaves like exp(|ul®) as u — oo. Using the mountain
pass theorem, they proved the existence of solutions for problem (1.7). Subsequently, Giacomoni, Mishra and
Sreenadh in [20] studied the multiplicity of solutions for problems like (1.7) by using the Nehari manifold
method. For more recent results on problem (1.7) in the higher dimensional case, we refer the interested
reader to [37] and the references therein. For the general fractional p-Laplacian in unbounded domains,
Souza in [43] considered the following nonhomogeneous fractional p-Laplacian equation

(—A)su+ V(@)|uf"*u = f(z,u) + \b in R, (1.8)

where (—A)3 is the fractional p-Laplacian and the nonlinear term f satisfies exponential growth. He obtained
a nontrivial weak solution of Eq. (1.8) by using fixed point theory. Li and Yang in [28] studied the following
equation
(—A)Su+ V(@)|ul""*u = AA(@)|u|" *u+ f(u) in RV,
where p>2, 0<(<1,1<qg<p, A>0is a real parameter, A is a positive function in Lﬁ(RN), (—A)g
is the fractional p-Laplacian, and f has exponential growth.
On the other hand, Li and Yang in [27] studied the following Schréodinger—Kirchhoff type equation

k
(/RN(V“'N + V(:r)u|N)d:c) (—Anu+ V(@)Y ?u) = MA(@)|uf*u+ f(u) nRY, (1.9)
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where Ayu = div(|[Vu|" *Vu) is the N-Laplacian, k > 0, V : RN — (0,00) is continuous, A > 0 is a real
parameter, A is a positive function in Lia (RY) and f satisfies exponential growth. By using the mountain
pass theorem and Ekeland’s variational principle, they obtained two nontrivial solutions of (1.9) for the
parameter A small enough. Actually, the Kirchhoff-type problems, which arise in various models of physical
and biological systems, have received a lot of attention in recent years. More precisely, Kirchhoff established
a model governed by the equation

Pu_f(p B [*
oz — \n " 2L J,

Ju
or

2 2
d:c) % =0, (1.10)

for all x € (0,L),t > 0, where u = u(z,t) is the lateral displacement at the coordinate x and the time ¢, E
is the Young modulus, p is the mass density, h is the cross-section area, L is the length, and pg is the initial
axial tension. Eq. (1.10) extends the classical D’Alembert wave equation by considering the effects of the
changes in the length of the strings during the vibrations. Recently, Fiscella and Valdinoci have proposed
in [19] a stationary Kirchhoff model driven by the fractional Laplacian by taking into account the nonlocal
aspect of the tension, see [19, Appendix A] for more details. It is worth mentioning that when s — 1~ and
M =1, problem (1.1) becomes

—Anu+ V(@) |ulN 2w = fz,u) + Mo(@)|ul?u,

which was studied by many authors using variational methods, see for example [2,21,25,35].

Inspired by the above works, we study in the present paper the existence, multiplicity and asymptotic
behavior of solutions of (1.1) and we overcome the lack of compactness due to the presence of exponential
growth terms as well as the degenerate nature of the Kirchhoff coefficient. To the best of our knowledge,
there are no results for (1.1) of such generality.

Throughout the paper, without explicit mention, we assume validity of conditions (V1), (V2) and (M)
below:

(V1) V:RY — R* is a continuous function and there exists Vg > 0 such that infV (z) > V5.

RNV
(Vo) There exists h > 0 such that

lim meas{z € B,(y) : V(z) <c¢} =0

ly|—o0
for all ¢ > 0.

(M) M :Rf — R{ is a continuous function satisfying the following properties:
(My) For any T > 0 there exists k = k(1) > 0 such that M(t) > k for allt > .
(Ms) There exists 0 > 1 such that tM(t) < 0.2 (t) for all t € R, where 4 (t) = fot M(7)dr.

Note that condition (V3), which is weaker than the coercivity assumption V(z) — oo as |z| — oo, was
first proposed by Bartsch and Wang in [8] to overcome the lack of compactness. The condition (M7) that
means M (t) > 0 for all ¢ > 0, was originally used to get the multiplicity of solutions for a class of higher
order p(z)-Kirchhoff equations, see [15] for more details.

A typical example of M is given by M(t) = a + b0t°~! for t > 0, where a,b > 0 and a + b > 0. When
M is of this type, problem (1.1) is said to be degenerate if a = 0, while it is called non-degenerate if a > 0.
Recently, fractional Kirchhoff problems have received more and more attention. Some new existence results
of solutions for fractional non-degenerate Kirchhoff problems are given, for example, in [38-40,45]. For some
recent results concerning the degenerate case of Kirchhoff-type problems, we refer to [5,13,30,41,46,47] and
the references therein. We stress that the degenerate case is quite interesting and is treated in well-known



78 M. Xiang, B. Zhang and D. Repovs / Nonlinear Analysis 186 (2019) 74-98

papers on Kirchhoff theory, see for example [17]. In the vast literature on degenerate Kirchhoff problems,
the transverse oscillations of a stretched string, with nonlocal flexural rigidity, depends continuously on the
Sobolev deflection norm of u via M (||u|?). From a physical point of view, the fact that M(0) = 0 means
that the base tension of the string is zero, which is a very realistic model. Clearly, assumptions (M;)—(Mz)
cover the degenerate case.

The natural solution space for (1.1) is W‘s/’N/ *(RY), that is, the completion of C§°(RY) with respect to
the norm || - || introduced in (1.2). By [40], we know that (Wé’N/S(RN), Il - ]) is a reflexive Banach space.
Furthermore, for all N/s < ¢ < 0o, the following embeddings

Wy N (RN) < WeN/S(RN) < LI(RY)
are continuous, see [18]. Define
| ¥

ON/s
LGN/S(RN)

A1 = inf Tu € WS’N/S(RN) \ {0}

il

Clearly, A1 > 0.
Throughout the paper we assume that the nonlinear term f : RY x RT — R is a continuous function,
with f(x,t) =0 fort <0 and x € RY. In the following, we also require the following assumptions (f1)—(f3):

(f1) There exist by,ba >0 and 0 < ap < an,s, such that
|f(z, )] < brt®N 5L 4 by B, (1) for all (z,t) € RY x RY.

where &,(t) is given in (1.5).

(f2) There exists p > 60N/s such that

0 < pF(a,t) < fa.0)t, Flat) = / ")y,
0

whenever x € RN and t € RT.
(f3) The following holds:

. F(x,t)  s#(1)
lim sup 577 N
Note that (f3) is compatible with the condition (Ms). A typical example of f, satisfying (f1)—(f2), is given
by f(z,t) = ®uy(t) + Cot?™/ 571, where Cy is a positive constant.
We say that u € W‘S/’N/S(RN) is a (weak) solution of problem (1.1), if

A1, uniformly in z € RY.

M([[u]| M) (<u7<p>s,N/s +/RN VIuIN/s‘dex> - /RN(f(a:,u) (@) ulP ) pda,

w(z) — w2 (u(z) — u . ) —
<u’(p>s’N/S://RgN [Ju(z) — u(y)| (u(@) —u))] - [¢(z) = ¢(v)]

|z — y*N

dxdy,

for all o € W™N/*(RN).
First of all, for the case N0/s < p < oo, by using the mountain pass theorem we can obtain the first
existence result as follows.

Theorem 1.1.  Assume that V' satisfies (V1)-(Vz2), f satisfies (f1)—(fs) and M fulfills (My)-(Ms2). If
0 < h e L>®RYN) and N/s < p < oo, then there exists \* > 0 such that for all X\ > \*, problem (1.1)
admits a montrivial nonnegative mountain pass solution uy in W‘S/’N/S(RN). Moreover, limy_, o ||ua|| = 0.
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Then, for the case 1 < p < N/s, by utilizing the Ekeland variational principle we can get the second
existence result as follows.

Theorem 1.2.  Assume that V satisfies (V1)-(Va), f satisfies (f1)—~(f3) and M fulfills (My)—(Ms). If
N
1<p<N/sand 0 <h € LN-sp(RN), then there exists \. > 0 such that for all 0 < X < A, problem (1.1)

s N/S(RN)

admits a nontrivial nonnegative least energy solution in W3, . Moreover, limy_,o |Jux|| = 0.

Finally, to study the existence of infinitely many solutions for problem (1.1) in the case 1 < p < N/s,
inspired by the method adopted in [30], we appeal to the genus theory. However, we encounter some technical
difficulties under the general assumptions (M7 )—(Mz). Therefore, we consider the classical Kirchhoff function,
that is, M (t) = a + b0t?~" for all t > 0, where a > 0,6 >0, a +b > 0 and 6 > 1. As a consequence, we are
able to prove a further result compared to Theorem 1.2.

Theorem 1.3. Assume that V satisfies (V1)-(Va), f satisfies (f1)~(f3), and M(t) = a + b0t~ for all
N

t>0, wherea>0,b>0,a+b>0and0 >1.If1 <p< N/s and 0 < h € LN-r(RY), then there evists

Aix € (0, Mi] such that for all 0 < X < Ay, problem (1.1) has infinitely many solutions in W‘S/’N/S(RN).

Here we point out that it remains open to establish whether A, = A, from Theorems 1.2 and 1.3.
Moreover, it would be interesting to investigate whether there is solutions to problem (1.1) as A € [A., A*]
from Theorems 1.1 and 1.2.

Let us simply describe the approaches to prove Theorems 1.1-1.3. To show the existence of at least one
nonnegative solution of problem (1.1), we shall use the mountain pass theorem. However, since the nonlinear
term in problem (1.1) satisfies exponential growth, it is difficult to get the global Palais—Smale condition. To
overcome the lack of compactness due to the presence of an exponential nonlinearity, we employ some tricks
borrowed from [5], where a critical Kirchhoff problem involving the fractional Laplacian has been studied.
We first show that the energy functional associated with problem (1.1) satisfies the Palais—Smale condition
at suitable levels cy. In this process, the key point is to study the asymptotical behavior of ¢y as A — oo,
see Lemma 3.3 for more details. For the case 1 < p < N/s and X small enough, we prove that (1.1) has at
least one nontrivial solution with negative energy by using Ekeland’s variational principle. In order to get
the multiplicity of solutions for problem (1.1) for A small enough, we follow some ideas from [6] and use the
genus theory.

To the best of our knowledge, Theorems 1.1-1.3 are the first results for the Schrédinger—Kirchhoff
equations involving Trudinger—Moser nonlinearities in the fractional setting.

The paper is organized as follows. In Section 2, we present the functional setting and prove preliminary
results. In Section 3, we obtain the existence of nontrivial nonnegative solutions for problem (1.1) for A large
enough, by using the mountain pass theorem. In Section 4, we prove the existence of nonnegative solutions
for problem (1.1) for A small enough, by using the Ekeland variational principle. In Section 5, we investigate
the existence of infinitely many solutions for problem (1.1) by applying the genus theory. In Section 6, we
extend Theorems 1.1-1.3 to get wider applications, by replacing the fractional N/s-Laplacian operator with
a general nonlocal integro-differential operator.

2. Preliminary results

In this section, we first provide the functional setting for problem (1.1). Let 1 < p < oo and let LP(RY V)
denote the Lebesgue space of real-valued functions, with V (z)|u[’ € L*(RY), equipped with the norm

1/p
ullp,v = (/ V(:r)u|pda:> for all u € LP(RY, V).
RN
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Set
WP(RY) = {u € LP(RY) : [u],,, < o0},

where the Gagliardo seminorm [u]s;, is defined by

1/p
u(z) — u(y)l”
<//]R2N :E N+5p Ty Ve .

» 1/p
el = (Nl oy + [2,)

WeP(RYN) is a Banach space. The fractional critical exponent is defined by

= Nj\i’;p if sp < N;
8 00 if sp > N.

Equipped with the following norm

Moreover, the fractional Sobolev embedding states that W*?(RN) — LPs (RN) is continuous if sp < N,
and W*P(RN)— LI(RY) is continuous for all p < q < oo if sp = N. For a more detailed account of the
properties of W*P(RY), we refer to [18].

By (V1) and [18, Theorem 6.9], the embedding W{c}’N/S(]RN) < L¥(RY) is continuous for any v € [N/s, 00),
namely there exists a positive constant C,, such that

lull o gy < Collull - for all w e Wi™*(RY).

To prove the existence of weak solutions of (1.1), we shall use the following embedding theorem.

Theorem 2.1 (Compact Embedding, II — Theorem 2.1 of [40]). Assume that conditions (V1) and (V) hold.
Then for any v > N/s the embedding W;’N/S(RN) s LY(RN) is compact.

Proof. The proof is similar to the proof of Theorem 2.1 in [40]. Indeed, one can choose ¢ > N/s such that
v € [N/s, g]. Here p plays the same role as p* in [40, Theorem 2.1]. Then, using the fact that the embedding
W{j’N/ *(RN) — Le(RY) is continuous and the same discussion as Theorem 2.1 in [40], one can obtain the
desired conclusion. [

The following radial lemma can be found in [9, Radial Lemma A.IV].

Lemma 2.1. Let N > 2. If u € LP(RYN) with 1 < p < oo, is a radial non-increasing function
(i.e. 0 <wu(x) <wu(y) if |z| > |y|), then

/p
(N
@) < bl 7 () lalgagany @ 20

where wy_1 1s the (N — 1)-dimensional measure of the (N — 1)-sphere.

Clearly, by Lemma 2.1, we have

N”u N/S
Ju(2)|N* < Inisw 2o, (2.1)

Vown 1]z

for all radial non-increasing function u € Wy, /s (RM).
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In the sequel, we will prove some technical lemmas which will be used later on.

Lemma 2.2. Let a < QN,s- [fu c W{;,N/S(RN) and ||u|| < K with 0 < K < (aN,s)(N_S)/N an

pE WS’N/S(RN). Then there exists a constant C(N, s,a, K) > 0 such that

[, #awlelde < O 5.0, )l

for some v > N/s.

Proof. Our paper is motivated by [34]. We may assume u, ¢ > 0, since we can replace u, ¢ by |u| and |¢],
respectively. To use the Schwarz symmetrization method, we briefly recall some basic properties (see [21]).
Let 1 < p < oo and u € LP(RY) such that u > 0. Then there is a unique nonnegative function u* € LP(RY),

called the Schwarz symmetrization of u, which depends only on |z|, u* is a decreasing function of |z|; and
forall A >0

Hz:u'(2) 2 A} = [{z: u(z) 2 A},
and there exists Ry > 0 such that {z : u*(x) > A} is the ball Bg, (0) of radius Ry centered at origin.

Moreover, for any continuous and increasing function G : [0, 00) — [0, 00) such that G(0) = 0,

Gu*(z))dx = G(u(x))dz.

RNV RN

Furthermore, if u € W*N/$(RN), then u* € WN/5(RY) and

u* (z) — u(y)[V/* Ju(z) — u(y)|"*
[/ 3 dxdy < SN dxdy, (2.2)
oY ooy @y oy

see [1,7].
According to the property of the Schwarz symmetrization (see [1,10,16]), for u, ¢ € WS’N/S(RN), we can
conclude that

/ 8o ()] pldx < / 8o (u")| " |dz,
RN RN

where u*, ¢* are the Schwarz symmetrization of u and ¢, respectively. Applying Hoélder’s inequality, we get

[ ealdis < [ eaw)elds
{lzI<R} RV

<[ eplalu Nl
{tlz|<R}

1/r 1/v
< ( / exp(mw*N/N‘S)dx) ( / |@*”dm> S @3
{lz|<R} lz|<R

where 7 > 1 is sufficiently close to 1 so that ra < ay s and v =r(r —1)~! > N/s and R > 0 is a number
to be determined later.
Let us recall two elementary inequalities. Since the function g : [0,00) — R given by

[(t+1)NN e 1] [tV it #0
—S — —Ss — 75, l s
g(t) = _
0, if t =0.
is bounded on [0, 00), there exists A = A(N,s) > 0 such that

N N _s N
(u+v)¥=s <uN-s + AuN—sv+ovN-5, Yu,v > 0. (2.4)
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If € and ¢’ are positive real numbers such that e+ ¢’ = 1, then for all ¢ > 0, by the Young inequality we have
u® < eu+ e v, Vu,v>0. (2.5)
Let
o(x) = u*(x) —u*(Rxo) if x € Br(0),
o if 2 € RN\ Bg(0),
where ¢ is some fixed point in RY with |z¢| = 1. If € RV \ Bg and y € Bg, then
u'(z) <u'(y) and u’(z) < u'(Rxo) < u(y),

since u*(z) is a decreasing function with respect to |z|. Thus,

)|N/S
// —————dzxdy
R2N Ix—y\
N/s * N/s
e Y R e EC TR
Br YBRr |1’*y| B JRN\Bp |z —yl
N/s

N/s *
/ / [u(= §N)| d:cdy—|—2/ / v (@) — 2(%” dady
Br Y/ Br |z — Br JRN\BpR |z —yl

u*(z) —u <y>\N/s
— dxd
S ™y

which means that v € WS’N/S(Q).
By (2.4) and (2.5), we obtain

N

N N N s
¥ ()| V= = |v+ u(Rao) [ V== < |v[ V=5 + AJo| V= u™(Rao) + [u” (Rao) | ¥ =7,

and

N

T N—s (U,*(RJIQ)) N—

2w

vﬁu*(Rxo) = (UNL—S)

[(u* (Rao)) =] "%

N—

0| ¥ + (E
A

mm

It follows that
N

W[5 < (14 €)= 4 Ce, 5, N)(u* (Rao)) ¥

where C(g,s,N) = AN N + 1. Therefore,

/ exp(ar|u’| ¥ )dz < exp (C(e, s, N)u* (Rao) ¥ ) / exp(ral(1 + £)v| 77 )da
|z|<R ‘

z|<R

exp (ra((1+ )l P12 )

< exp (C(E,S,N)U*(Rxo)%)/ [[v]]

|z|<R

Choosing € > 0 and K small enough such that

r[(1+ )Pl ¥ a < r[(1 4 o)l [] ¥ a < r[(1+ ) K] ¥ a < an,,

we get

N
/ exp(ral(1 + £)o| ¥ )dz < Cy.o| Br(0)],
|z|<R

thanks to the Trudinger—Moser inequality on bounded domains. Hence, we obtain

N
/ exp(ar|u*|NL—3)daj < C’N73M exp (C’(E, s, N)u*(Rxg) V=
|z|<R

N
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Furthermore, (2.1) yields that

N _1RYN N %=
/ exp(arju®|N=s)dr < C’N,szi1 exp | C(e, s, N) ( ) K~
jz|<R N WN-1
Therefore, by (2.3), we arrive at
[ PeClelde < OO 015, K)ol zvga (26)
x| <

On the other hand, we have

e J N s]
\x|zR lz|2R [ = ]

where kg is the smallest integer such that kg > p—1. Using (2.1), ||u*|| < ||Ju|| < K and the Hélder inequality,

we get
N —S8 E3
/|>R“' 3OV
x|z

s/N Nj/(N—s) N
< NN / S B,
> Vown 1 2> R |x|Ns]/(N—S)
N\ Nj/(N=s) . 1/r 1/v
< u* / —_——dx / 1Y da
(VOWN—1> el ez R |z NI/ (N=9) lz|>R i

N s/N Nj/(N—s)
<wn_1 RN R K RN, 2.7
S WN-1 ((VOle) ) el (RN) (2.7)
for all j > kg > p — 1. Choosing
N s/N
R* =K ,
<VOWN1>
we can deduce from (2.7) that
/ [u* |NJ/ S)|<p*|d:c < C(N, s, K)ol pv@ny for all j > ko. (2.8)
|z|>R

For the case kg = p — 1, we have by the Holder inequality,

1/r 1/v
[ eias < </ u*rN/s””) </ de)
|z|>R |z|]>R |z|>R

<O, s, K)ol v @y (2.9)

Here we have used the continuous embedding W‘S/’N/ S(RN) s LNT/3(RN),
Combining (2.8) and (2.9), we can conclude that

> Oéj Nj/(N—s)
G|l = 5 L / | N9/ V=) o g
/sz Z U J|z|>R

Jj=ko

< O, B)llellvem) Y
J=ko

S C(N7 $7K)||90||LV(RN) eXp(OéN75),

which together with (2.6) yields the desired result. [
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Similarly, we can obtain the following lemma.

(N=s)/N

Lemma 2.3. Leta<ans, N/s<gq, u€ W{S,’N/S(RN) and |lul]] < K with 0 < K < (%) . Then

there exists C(N,s,a, K) > 0 such that

/ Bo(wlul'de < C(N, 5, a, K)|u]".
]RN

To study the nonnegative solutions of Eq. (1.1), we define the associated functional I : Wé’N/ *(RM) - R
as

D) = et (™) = [ Fawde = [ bt P,

RN
where u™ = max{u,0}. Under the assumption (f;) and the fractional Trudinger—Moser inequality, one can
verify that I is well defined, of class Cl(Wé’N/S(RN), R), and

(101, 0) = M) ({aohasgre + [ V@ P )

- f(z,u)vdx — )\/ h|u+\p72u+vdx,
RN RN

for all u,v € W‘S,’N/S(RN). Hereafter, (-,-) denotes the duality pairing between (W‘S,’N/S(RN))/ and

W{j’N/ *(RN). Clearly, the critical points of I, are exactly the weak solutions of Eq. (1.1). Moreover, the

following lemma shows that every nontrivial weak solution of problem (1.1) is nonnegative.

Lemma 2.4. Let (M) and (fy) hold. If h(z) > 0 for almost every x € RN, then for all X > 0 any
nontrivial critical point of functional Iy is nonnegative.

Proof. Fix A > 0 and let uy € W‘S,’N/S(RN) \ {0} be a critical point of functional I,. Clearly,
u, = max{—u,0} € W‘S/’N/S(]RN). Then (I} (uy), —u,) =0, a.e.

M) (vt hoe + [ Vi s - )
:/ f(x,uA)(—u;)der/\/ h|u:\"|p_2u3\"(—u;\)dz.
RN RN

We observe that for a.e. z,y € RY,

N/sf2(

Jux(z) — uA(y)] ux(z) = ua(y)) (—uy (2) + ur(y)”)
N/s—2 —

=lun(@) — un (@)™ uf (@) (y) + fua(@) = ua(y)] ux (@)uy (y) + luy (@) =y ()7

— — N/s
Z|U>\ — Uy W)l )

f(z,upy)uy =0 a.e. 2 € RN by (f1) and

L Vi@ @ = [ Vi

N/de.

Moreover, h|u;\r|p_2uj(—u;) <0 a.e. in RY. Hence,

—1N/s —N/s
Ml ™) ([ux )34 + s 1. ) <.

This, together with |ju,|| > 0 and (M), implies that u;, = 0, that is uy > 0 a.e. in RY. This completes the
proof. [
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3. Proof of Theorem 1.1

Let us recall that I satisfies the (PS). condition in W‘S’,’N/ *(RN), if any (PS). sequence {u,}, C
W‘S,’N/S(RN), namely a sequence such that I(u,) — ¢ and Ij(u,) — 0 as n — oo, admits a strongly
ibs : s,N/s mN
convergent subsequence in W/ 7 (RY).
In the sequel, we shall make use of the following general mountain pass theorem (see [4]).

Theorem 3.1. Let E be a real Banach space and J € C1(E,R) with J(0) = 0. Suppose that

(i) there exist p, e > 0 such that J(u) > « for all w € E, with ||u|lg = p;
(ii) there exists e € E satisfying ||ellg > p such that J(e) < 0.

Define I' = {y € C*([0,1]; E) : v(0) = 1,~(1) = e}. Then

= inf >
¢ A}Iell“ org?g)% T6®) 2 o

and there exists a (PS). sequence {un}n C E.

To find a mountain pass solution of problem (1.1), let us first verify the validity of the conditions of
Theorem 3.1.

Lemma 3.1 (Mountain Pass Geometry 1). Assume that (V1), (f1), and (f3) hold. Then for each A > 0,
there exist px > 0 and k > 0 such that I\(u) > k> 0 for any u € W‘S/’N/S(RN), with ||ul] = pa.

Proof. By (f3), there exists 7,9, C. > 0 such that for all |u| < 6

s (1)
N

|F(z,u)] < A1 = D)ul™* for all 2 € RV, (3.1)

Moreover, by (f1), for each ¢ > N/s, we can find a constant C = C(g,d) > 0 such that
F(z,u) < Clul? @, (u) (3.2)
for all |u| > & and x € RY. Combining (3.1) and (3.2), we obtain

s (1)
F(z,u) < ~

(A — D)|u|™® + Clul? 6o (u) (3.3)

for all u € R and x € RY.
On the other hand, (My) gives

() > (1)t for all t € [0,1]. (3.4)

Thus, by using (3.3), (3.4) and the Holder inequality, we obtain for all u € W‘S/’N/S(]RN)7 with |lul| <1 small
enough,

s (1) ON/s s (1) (A —7) ON/s q P
) > 28 ot - 2D BTy v — o, )t Nl e,
T (1 <
> TS 10N/ (N, 5, 0) ul]? — Ah] STl

M N

where S, is the best constant from embedding WS’N/ *(RN) to LP(RYM). Since 1 < ON/s < p,q, we
can choose p € (0,1) such that %}\(]DPQN/S — CO(N,s,a)p? — Ah| SPp? > 0. Thus, Ix(u) > k =

1

%p“{/s — CO(N,s,a)p? — Ah| ShpP > 0 for all u € W‘S/’N/S(RN), with |lul]| =p. O
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Lemma 3.2 (Mountain Pass Geometry 2). Assume that (f1)—(f2) hold. Then there exists a nonnegative
function e € C°(RYN), independent of X, such that Iy(e) < 0 and |le|| > px for all \ € R*.
Proof. It follows from (M) that

M(t) < A (1) forall t > 1. (3.5)

Furthermore, F(z,t) > 0 for all (z,t) € RN x R by (f1) and (f2). Let u € W™ *(RN)\ {0}, u > 0 with
compact support 2 = supp(u) and ||u|]| = 1. By (f2), we obtain that for ;1 > ON/s, there exist positive
constants Cq,Cy > 0 such that

F(z,t) > Cit' — Cy for all z € 2 and t > 0. (3.6)
Then for all t > 1, we have

) < 5ot OO = G [ o + a2,
2

Hence, I)(tu) — —oo as t — oo, since ON/s < p. The lemma is now proved by taking e = Tu, with T'> 0
so large that |le]| > px and I)(e) < 0. O

By Theorem 3.1, there exists a (PS). sequence {up }, C W‘S/’N/S(]RN) such that
I\(up) = ¢y and I§(u,) — 0 as n — oo,
where
cx = inf Jnax I(v(1)), (3.7)
and I' = {'y e C([0,1]; W‘S/’N/S(]RN)) :7(0) =0, In(y(1)) = e} . Obviously, ¢y > 0 by Lemma 2.4. Moreover,

we have the following result.

Lemma 3.3. Suppose that V satisfies (V1)—(Va) and f satisfies (f1)—(f2). Then

li =0
Jim e =0
where ¢y is given by (3.7).
Proof. For e given by Lemma 3.2, we have lim;_,o, I)(te) = —oc. Therefore, there exists ¢ty > 0 such that
I)\(txe) = max;>o Ix(te). Hence, by I} (tre) = 0, we have
N M(||trel| V%) el N5 = / f(z, tre)treds + Atﬁ/ hePda. (3.8)
RN RN

Let us first claim that {¢y}» is bounded. Arguing by contradiction, we assume that there exists a
subsequence of {ty} still denoted by {tx}» such that ty — oo as A — oo. Then for A large enough,
by (M3) and (3.5) we get

0.0 (V)Y | N/ > A#;/ hedz,
RN
thanks to (f2). It follows from p > N6/s that tx — 0 as A — oo which is a contradiction. Hence {t)}» is
bounded.

Therefore, up to a subsequence, one can prove that ¢ty — 0 as A\ — oo. Put (t) = te. Clearly, 7 € I', thus
by the continuity of .#, we have

1 ,
0 < ey < max [\(7(1) = Ia(te) < Z;///(HMHN/&) -0

as A — 0o. The lemma is now proved. [
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Lemma 3.4. Let {u,}n C W‘S/’N/S(RN) be a (PS)., sequence associated with Iy. Then there exists Ay > 0
such that for all X > A1, up to a subsequence still denoted by {un }n,

N—s

~
lim sup ||u, || < (aNS>
Qo

n—oo

Proof. We first claim that {u,}, is bounded in W‘S,’N/ *(RY). Indeed, this follows from the fact that {u,},

is a (PS)., sequence such that

Iy (1) — T4 (). ) < e+ 0(1) + 1) ]|

On the other hand, if N6/s < p < p, by (f2) we have

1 1 R R
In(tn) — (T4 (), ) = (— Ml /) e |/
12 p
1 1 1
—|—/ < flz,up)u, — F(z, un)) dzr + ( - ) )\/ h(z)|un | dx
RN \ M wop RN
s 1
D N/s N/s.
> (55 2 ) Ml ¥
Then )
S
(NH - M) MUl ¥l /* < e + 0(1) + o(1)]Jun (3.9)

which means that {uy}, is bounded in W‘S/’N/ *(RN). Similarly, if 1 > p, we obtain

s 1

i) = 33 ) 0) = (35 = ) M) 7

1
+/ <f(x7un)un - F(x,un)) dz
RN \P
s 1
> 2\ M N/s N/s.
> (575 5) MUl

Then )
s o2 N/s N/s <
(5~ 3 ) Ml /)7 < + 01 + (1) . (3.10)

If d == inf,;>1 ||un|| > 0, then by (M), (3.9) and (3.10) we get

) uNOkK(d) b pNOk(d) b
< L~ 7
1171Ln_>solip||un||_max{(ﬂsN0 \ s — Vo c

Hence by Lemma 3.3, there exists A; > 0 such that for all A > A

> 2o

~
lim sup |Ju, || < (OW’S> .
Qo

n—oo

If d == inf, >1 |Ju,|| = 0, we can take a subsequence of {u,,},, such that the result holds. Thus, the proof is
complete. [

Lemma 3.5 (The (PS)., condition). Let (V1)~(V2) and (f1)~(f2) hold. Then the functional I satisfies the
(PS), condition for all X > Aj.

[
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Proof. Let {u,}, be a (PS).,
obtain ||u,|| — n > 0. If n = 0, then the proof is complete. Thus, in the sequel we can assume that n > 0.

sequence. Then by Lemma 3.4, passing to a subsequence, if necessary, we

Then for n large, [ju,|| > 417 > 0.
Next, we show that {u, }, has a convergent subsequence in W{j’N/ *(RY). By Lemma 3.4 and Theorem 2.1,
passing if necessary to a subsequence, we can assume that

up, — u weakly in W“Z’N/S(]RN),
u, — u strongly in L"(R™)(v > N/s),

U, —u a.e. in RV, (3.11)
Since {uy,}, is a bounded (PS). sequence in W‘S/’N/S(RN), we have
o(1) = (I3 (un), un — u)
— N/s §-2
= M([|[unl|™%) | (Un, un — u)s,n/s + NV|un| Up (U, — u)dx
R
- / [f(x,un)(un —u)+ )\h(x)|u;f|p72uj;(un —u)| dx. (3.12)
RN
Define a functional L as follows
N_o
(L)) = (ol + [ V@l owds
R
for all v,w € W‘S,’N/ *(RY). By the Holder inequality, one can see that
(L), w)] < [lol ]|,

which together with the definition of L implies that for each v, L(v) is a bounded linear functional on
Wé’N/S(RN). Thus, (L(u), un, — u) = o(1), that is,

(U, U, — U)s N/s + / V(m)|u|N/Sf2u(un —u)dz = o(1).
RN
Similarly, one can deduce that

lim h(x)|u;f|p72u$(un —u)dz = 0.
n—oo JpN

Using assumptions (f1) and (f2), we have

fx,upn)(uy — u)dx
RN

<b / |un|N0/S_1|un — uldx + bz/ Do, (U |thr, — u|da.
RN RN

Further, by the Holder inequality, we get

NO/s—1 NO/s—1
[ T = ke < 4 o = v

S OHUTL - u”LNO/S(RN) — O as n — oQ.
On the other hand, by Lemmas 2.2 and 3.4, for some v > N@/s we obtain

/ Do, (up) |y, — uldx
]RN

< Cllup — ull pv@ny — 0 as n — oo.
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In conclusion, we can deduce from (3.12) that
M7 |t = )7 = e = )

+ /RN V() (|un|N/S_2un - |u|N/s_2u) (1 — u)dm} = o(1).

By using the following inequality:
(=2 =™ *2m) - (€ =) = Conlé = ™", N > 2> 2s,

we can easily obtain that ||u, — u|| — 0 as n — oco. Thus, the proof is complete. [

Proof of Theorem 1.1. By Lemmas 3.1 and 3.2, we know that I satisfies all assumptions of Theorem 3.1.
Hence there exists a (PS)., sequence. Moreover, by Lemma 3.5, there exists a threshold A* = A; > 0 such
that for all A > A* the functional I, admits a nontrivial critical point u € Wy, N/$(RN). The critical point
uy is a mountain pass solution of Eq. (1.1). Using a similar discussion as in Lemma 3.4, we can deduce that
[luall = 0 as A — co. Furthermore, Lemma 2.4 shows that « is nonnegative. [

4. Proof of Theorem 1.2

Throughout this section we always assume that the conditions in Theorem 1.2 hold. To prove Theorem 1.2,
we first state several basic results.

Lemma 4.1. There exist Ay > 0 and d2 > 0 such that for 0 < A\ < As, there exists py > 0 such that
In(u) > 02 > 0 for any u € Wé’N/S(RN), with ||u|| = px. Furthermore, py can be chosen so that py — 0 as
A—0.

Proof. By using (3.3) and (3.4) and the Holder inequality, we obtain for all u € W{j’N/S(RN), with [Jul| <1
small enough,

S‘%(l) Hu”GN/s _ S%(l) ()‘1

Iw) = 25 DT o> — (N, s, )l - NI el
- %J\(,l)l\ullw/s — C(N, s, a)||ul|” — ASP||A]| 7 ) (e
Hence,
D > (S e - Vsl - ASp ) )l
Since 1 < p < ON/s < g, we can choose py € (0 1) such that ”/ﬂ(l)ﬁiN/s ! C(]\f,s,oz)f)g\_1 > 0. Thus,
In(u) > 6 == (”ﬁ”ﬁiws—f’ — C(N,5,0)p%" — ASZ|| | R )) > 0 for all u € W™N/*(RY), with
ull = fx and all 0 < A < Ay := (”ﬁ%ﬁms P _C(N,s,a)pl P) J(se (] ). O

LN sp(]RN)

Lemma 4.2. There exists A3 > 0 such that for all 0 < A < Az, the functional I satisfies the (PS),
condition for ¢ < 0.

Proof. Fix ¢ <0 and assume that {u,}, C W‘S/’N/S(RN) satisfies
I(up) — ¢, Ij(up) — 0 asn — oo.

If d :== inf,,>1 ||up|| = 0, then up to a subsequence, we can get that u, — 0 in W‘S/’N/S(RN).
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In the following, we assume that d := inf,,>1 ||u,|| > 0. Proceeding as in (3.9), we can deduce
(37~ = ) MOl ¥ < A (5 = 2 ) S50 P+ 0(0) + oDl
NO poopu) P LN @)

which means that {u,}, is bounded in W™/*(RN). By (M), we then get

s i N/s—p _ 1 _ ) gpr P <
(5= ) sl =3 (3= ) syt Nl < o)+ o0

It follows that s
N—sp

d 1 1
s | < | = oa (5= ) syl
n—00 ( s 1) p 17 LN—sp sp(RN)

N6

Set (N—5s)(N6—s)

Ag* ( N0) <OZN’S Ns

M(ANO( = p)SplIAll ag
sp (]RN)
Then for all 0 < A < Ag, we get N
~
lim sup ||uy, || < (aNS>
n— 00 Qo

By using the same argument as in Lemma 3.5, we can prove that I, satisfies the (PS). condition for all
c<0. O

Proof of Theorem 1.2. Choosing a function 0 < v € Wy, /s (RM)\{0} with [[v]| = 1 and [, h(z)vPdz >
0, we can deduce from (fz2) that

StN/S
< — \tP p
I (tv) < (0?3?1 M(T)) At /]RN h(z)|v|’dx
for all 0 <t < 1. Since N/s > p, it follows that I\ (tv) < 0 for ¢ € (0,1) small enough. Thus,

c= inf Iy(u) <0 and inf Ix(u) >0,
u€ B~ ue B“')\
P

where py > 0 is given by Lemma 4.1 and B = = {u e wy N/S(RN)

enough such that (N
. ans\
me()

0<e,< inf Iy(u)— inf Iy(u). 4.1
uE@Bﬁ)\ ( ) uEEﬁ)\ ( ) ( )

: lull < pa}. We can choose A small

Let &, — 0 be such that

By Ekeland’s variational principle, there exists {u,} C Bj, such that

Px

c<I(up) <c+ey

and
I(un) < I(w) +€llun —wll, Vw € Bp,,w # up.

Then, from (4.1) and the definition of ¢, we get

In(up) <c+ep,= inf I\(u)+e, < inf I(u)
ueEﬁA uGBBﬁA

and thus {u,}, C B .



M. Xiang, B. Zhang and D. Repovs / Nonlinear Analysis 186 (2019) 74-98 91

Consider the sequence v,, = u,, + typ C Bg/\ for all ¢ € By and ¢t > 0 small enough. Then it follows that

I)\(un + t‘ﬂ) - I)x(un)
t

> _5n||<p||'

Passing to the limit as ¢t — 0, we deduce

(I\(un), ) > —enllell, Yo € Bi.
Replacing ¢ with —p, we have
(I3 (un), —p) = —enllell, Ve € Bi.
Then
(I3 (un), )| < eny Vo€ By

and thus
I (upn)|| = 0 as n — oo.

Therefore there exists a sequence {uy,}, C B,, such that I\(u,) — ¢ < 0 and I'(u,) — 0, as n — oo.
Observing that

B AN (N—s)/N
”unH < pr < )
@Q

by Lemma 4.2, there exists 0 < A, < min{/As, A3} such that for all A € (0, \.), {un}, has a convergent
subsequence, still denoted by {uy, }r, such that u,, — wuy in W“j’N/ *(RN). Thus, uy is a nontrivial nonnegative
solution with Iy (uy) < 0. Moreover, ||uy|| < px — 0 as A — 0. Hence, the proof is complete. O

5. Proof of Theorem 1.3

In this section, we discuss the multiplicity of solutions for (1.1). To this end, we first recall some basic
notions about the Krasnoselskii genus.

Let X be a Banach space and A a subset of X. A is said to be symmetric if u € A implies —u € A. Let
us denote by = the family of closed symmetric subsets A C X \ {0}.

Definition 5.1. Let A € 5. The Krasnoselskii genus 7y(A) of A is defined as the least positive integer k
such that there is an odd mapping ¢ € C(A,R*¥) such that p(x) # 0 for all z € A. If k does not exist, we
set 7(A) = oo. Furthermore, by definition, () = 0.

In the sequel we list some properties of the genus that will be used later. For more details on this subject,
we refer to [42].

Proposition 5.1. Let A, B be sets in =

(1) If there exists an odd map ¢ € C(A, B), then v(A) < ~(B).
(2) If A€ I' and v(A) > 2, then A has infinitely many points.

(3) If A C B, then v(A) < ~(B).

(4) "(AUB) < ~(4) +1(B).

(5) If S is a sphere centered at the origin in R*, then ~(S) = k.

(6) If A is compact, then y(A) < oo and there exists § > 0 such that Ns(A) € = and v(N;(A)) = v(A),
where N5(A) ={z € X : ||z — A|| < d}.
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Define
I,\(u):%///(HuHN/S)—/ F(x,u)dac—)\/ h(@)lulPda,
RN RN

for all u € W{Z’N/S(]RN). Clearly, under assumption (f1), Zy € CY(W;, N/S(RN) R) and the critical points
are the weak solutions of (1.1).

Following the ideas of [6] (see also [22]), we construct a truncated functional Jy such that critical points
uw of Jy with Jy(u) < 0 are also critical points of Zy. Since the system (1.1) contains a nonlocal coefficient
M (||ul|¥/#) and the operator (—A)3% /s 18 nonlocal, our task is complicated. To overcome these difficulties in
the building of J, we split the discussion into two cases |lu|| < 1 and |jul| > 1.

Case 1: ||u|| < 1. By (f1) and (f}), we obtain for any 7 € (0, A1) and ¢ > N6/s there exists C' > 0 such that
Fla,u) < (a+b) O = 7)lul ™" + Clul @, (u)
for all u € R and # € RY. Furthermore, from the definition of Z, there exist 7 € (0, A1) and C(N,s,a) > 0

such that

7s(a+b), ony )\SN/S
Ih(u) > ————||u S —C(N,s,a)||ul|? — h ul|P
A(u) = NN [l ( Ml » [ 7(RN)|| |

for allu € Wé’N/s (RY) with ||lu|]| < 1, where Sy, is the embedding constant from W‘S,’N/S(RN) to LN/s(RM).
Define

7s(a+b) ony if/s
t) = ———2t"N/s _ C(N, s, a)t? — h P
G)x( ) >\1N O( ,S,Oé) p H || (]RN) )
for all t > 0. Then
Tx(u) > Ga(||ull) (5.1)

for all u € W‘S,’N/S(RN) with [Ju| < 1. Since p < ON/s < gq, there exists A\ € (0, \] small enough such
that G attains its positive maximum for A € (0, A..). Here A\, > 0 is given by Theorem 1.2. Denote by
0 < Tp(A) < T1(A) the unique two positive roots of G(t) = 0. Indeed, to get the solutions of Gz (¢) = 0 for
all t > 0, one can consider G A defined as

~ Ts(a+b) on/s _ )\SN/S
Ga(t) = | ——2tIN/s=p _ (N P — h tP
)\() )\1N ( ?S7a> p || ||LN SP(RN)

for all t > 0.
Actually, To(\) has the following property.

Lemma 5.1. lim,_,o+ Zo(A\) = 0.
Proof. By GA(To())) and G4 (To(X)) > 0, we have

ASP
78 0) gy (ayNoss = 2N Il

oW g ) To W + C(N, 5,0 Ty (V)? (5.2)

and

0 b
e AP N o+ gO(N, 5, ) TH (A" (53)
A1 LN=sp SP(RN)

Combining (5.2) and (5.3), we get

(04 VO —p)r ) T
To(N) < (/\1N(q p)C(N,57a)> ’
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which means that Tp(A) is uniformly bounded with respect to A. Fix any sequence {A;}r C (0,00), with
A — 0 as k — oo. Assume that To(Ax) — Tp as k — oco. Then by (5.2) and (5.3), we have

TS((Z + b) NO/s
o /* = C(N,s,a)T? (5.4)
and 0(a+b)
%Tév‘)/“l > qC(N, s,a)Td . (5.5)
1
It follows from (5.4) and (5.5) that
s O\71(a+b) Vs <,
N q )\1

which implies that Ty = 0, thanks to ¢ > N@/s. The arbitrary choice of { Ak} yields that limy_,o+ To(A) = 0.
This completes the proof. O

By Lemma 5.1, we can assume that Tp(A) < 1 for small enough A. Thus, Tp(A) < min{73()),1}. Take
¥ e C5(]0,00)),0< ¥(r)<1forall 7>0and

1, itte o, o),
U(t) = {07 if t € [min{T1(\), 1}, 00).

Then we define the functional
s o A
) = S (V%) 2 / h(a)|ulPdz — () / Fe,u)da.
P JrN RN
)

W N/S(R

One can easily verify that J, € CY(W, R) and Jy(u) > Hx(||ul|) for all u € W‘i’N/S(]RN) with

lu]l < 1, where
7s(a+b) on/ )\SN/S
Hy(t) = P00 0N/s _ (N, s, ) W(1)89 — h 3 5.6
= L L 5.6

Clearly, Hx(t) > GA(t) > 0 for all t € (Tp(N), min{71(N), 1}]. By the definitions of Z, and Jy, we know
that Zy(u) = Jx(u) for all |ju|| < To(A) < min{T}(A),1}. Let u be a critical point of Jy with Jy(u) < 0. If
|lu|l| < To(A), then u is also a critical point of Iy. To show that ||u|| < To(\) it is important to ensure that
Jx(uw) > 0 when [Ju| > 1.

Case 2: |ju|| > 1. Note that in this case we always have ¥(||lul|) = 0. Hence, for all ||u|| > 1, we obtain by
(Mg) that

5 o A
I = gt (¥ =2 [ hia)fuda
s(a+0b B )\
> SO s

> = N/g”h” 7(RN)HUI|”
= g([[ul),
where g : [0,00) — R is defined by
~ s(a+b A
ORI DSl
It is easy to check that g has a global minimum point at ¢y = <(a+b) )\S%/SHhHLN - (]RN)) and

N
1 AV APEE |

g(ty) = | ——— A5, ||k (—><0,
g( )\) <(a+b)N N/é” HLN sp(]RN)> N P
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ANSP Nz
being p < N/s. Observe that g(t) > 0 if and only if ¢t > N{}S It = to. Thus, to
sp(a+b) I N 55 (RN)

ensure that Jy(u) > 0 for all |lul]| > 1, we let ¢y < 1, that is, A < NS HS:H(G%J)V := X\g. Hence, we take
N/s

L N—sp (RN)
Asx < Ag. Then for each A € (0, A..) we have Jy(u) > 0 for any ||u| > 1.

Lemma 5.2. Let A € (0, ). If Ja(u) < 0, then ||u]| < To(A) and Jx(v) = Zx(v) for all v in a small
enough neighborhood of u. Moreover, Jy satisfies a local (PS). condition for all ¢ < 0.

Proof. Since A € (0, A\.s), Ja(u) > 0 for all |Ju|| > 1. Thus, if Jy(u) < 0 we have |lu|| < 1 and consequently
Ga(Jlull) < Jx(u) < 0. Therefore ||u|| < To(A) and Jy(u) = Zx(u). Moreover, Jy(v) = Zx(v) for all v satisfying
lv —ul| < To(A) — ||ul|. Let {u,}, be a sequence such that Jy(u,) — ¢ < 0 and J}(u,) — 0. Then for n
sufficiently large, we have Zy(u,) = Jx(un) = ¢ < 0 and Z} (uy,) = J}(un) — 0. Note that Jy is coercive in
Wy, N/S(RN) Thus, {u,}, is bounded in Wy, /s (R™). By using a similar discussion as Lemma 4.2, up to a

subsequence, {u,}, is strongly convergent in Wy, N/ fRY). O

Remark 5.1. Set K. = {u € Wé-’N/S(RN) s Ji(w) = 0,Jx(u) =c}. If A € (0, M) and ¢ < 0, it follows
from Lemma 5.2 that K. is compact.

Next, we will construct an appropriate mini-max sequence of negative critical values for the functional
Jx. For € > 0, we define
Iy = {u e WM RN : Jy(u) < —e}.

Lemma 5.3. For any fized k € N there exists e, > 0 such that
V(I *) = k.

Proof. Denote by Ej a k-dimensional subspace of Wy, N/S(RN) For any u € Ej, u # 0, set u = rpv with
v € Ey, |[v|| = 1 and rj, = |jul|. By the assumption on h, we know that ( [;x h(z)[v|"dz)'/? is a norm of Ej.
Since all norms are equivalent in a finite-dimensional Banach space, for each v € Ej, with ||v|| = 1, there

exists Cy > 0 such that
/ h@)|oPdz > C.
RNV

Thus, for r € (0,Tp(N)), we have

J,\(u):IA(u): N M (||u HN/S / h(x \u|pdx—/ F(z,u)d
s(a+b) Noss
< Trk / _ECICT‘Z.

Since p < N6/s, we can choose ), € (0,To())) so small that Jy(u) < —e, < 0. Set S, = {u € Wé-’N/S(]RN) :
|ull = r&}. Then S,, N Ey C Jy °*. Hence, it follows from Proposition 5.1 that y(Jy %) > (S, N Ex) =
k. O

Set &, ={A € Z:v(A) >k} and let

CL = mf sup J. 5.7
ki= ok sup J(w). (5.7)

Then,
—00 < ¢ < —€ <0, VE €N,
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since J, % € 5 and Jy is bounded from below. By (5.7), we have ¢;, < 0. Since J), satisfies (PS). condition
by Lemma 5.2, it follows by a standard argument that all ¢, are critical values of J).

Lemma 5.4. Let A € (0, \i). If c = = Chy1 =+ = Clpm Jor some m € N, then v(K.) > m + 1.

Proof. Arguing by contradiction, we assume that v(K.) < m. By Remark 5.1, we know that K, is compact
and K. € =. It follows from Proposition 5.1 that there exists 6 > 0 such that

Y(K.) = v(Ns(Key,)) < m.

From the deformation lemma (see [42, Theorem A.4]), there exist 0 < € < —¢, and an odd homeomorphism
n: W‘S/’N/S(RN) — W‘S/’N/S (R™N) such that

(I3 N\ No(Ke)) € I3 (5.8)

On the other hand, by the definition of ¢ = ¢jym, there exists A € Sy, such that sup,c 4 Ja(u) < c+¢,
which means that

AcJste.

It follows from Proposition 5.1 that
YA\ N5(Ke)) 2 7(A) = v(Ns(Ke)) = k

and

Y((A\ Ns(Ke))) = k.

Thus,
n(A\ Ns(K.)) € Z,

which contradicts (5.8). This completes the proof. [

Proof of Theorem 1.3. Let A € (0, ). If —00 < ¢ < o < -+ < ¢ < -+- <0, since ¢ are critical
values of Jy, we obtain infinitely many critical points of Jy. From Lemma 5.2, 7, = Jy if Jy < 0. Hence
system (1.1) has infinitely many solutions.

If there exist ¢y = cg4m, then ¢ = ¢ = ¢x41 =+ = Cktm. By Lemma 5.4 | we have v(K.) >m+1> 2.
From (2) of Proposition 5.1, K, has infinitely many points. Thus, system (1.1) has infinitely many solutions.
The proof is now complete. [

It is natural to consider the existence of infinitely many solutions for problem (1.1) in the case
1 < p < N@/s. For this, we replace M(t) = a + b9t~ with M(t) = t°~'. Hence, by employing the
same approach as Theorem 1.3, we can get the following result.

Corollary 5.1.  Assume that V satisfies (V1)—(Va), and f satisfies (f1)~(f3). If 1 < p < NO/s and
N6
0 < h € LN=sp(RYN), then there exists M\ € (0, ] such that for all 0 < X\ < M., problem (1.1) has

infinitely many solutions in W{j’N/S(]RN).
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6. Extensions to a nonlocal integro-differential operator

In this section, we show that Theorems 1.1-1.2 remain valid when (—A)3, /s I (1.1) is replaced by a

S

nonlocal integro-differential operator Ly, defined by

Lr(p) =2 lim, (@) = 9(1)| * (0 (@) — p(v)K(w — y)dady,
e—0 RN\ B (z)

along any function ¢ € C§°(RY), where the singular kernel K : RN \ {0} — R* satisfies the following
properties:

(k1) mK € LY(RN), where m(z) = min{1, |z|"/*};
(k) there exists Ko > 0 such that K(z) > Kolz| >N for all x € RV \ {0}.

Obviously, L reduces to the fractional N/s-Laplacian (—4)3,; when K(z) = || 2.

Let us denote by W, N/ *(RY) the completion of C$°(RY) with respect to the norm

s/N
fullvae = (2 + 1), e =[] 1) = u) Yo - o)

here we apply (k1). Clearly, the embedding W‘S,,]g/ S(RN) — WN/*(RN) is continuous, being
[l vy < Ko Plulsic for all w e WirR/*(RY),

by (k2). Hence Theorem 2.1 remains valid and the embedding W“jg/ *(RY) s L¥(RY) is compact for all
v > N/s by virtue of (V7) and (V32).
A (weak) solution of

Ml [Lx(w) + V(@)™ %] = f(@,u) + (@)l u in R (6.1)
is a function u € W‘S/g/ *(RY) such that
N
M) (00 + [ V¥ upde) = [ fawpde e [ nupds
RN RN RN
N_
P =[] 1) =)l ¥ 2(u(e) = ) (ele) ~ ol)lo = g)dady,
for all ¢ € WyR/*(RY).
Here we p01nt out that it is not restrictive to assume K to be even, as in [5], since the odd part of K does

not give contribution in the integral of the left hand side. Indeed, we can write K(z) = K.(x) + K,(x) for
all z € RY \ {0}, where

Ko(z) = K(z) +2/C(—a?) and Ky () = K(z) —QIC(—x).
Then by a direct calculation, one can get that
x= [\ 1) = )l o) — ulw))ole) — (0K~ )ddy,

for all w and ¢ € W;g/ *(RN). Thus, it is not restrictive to assume that K is even.
The nontrivial solutions of (6.1) correspond to the critical points of the energy functional Iy :
W{j,]g/ *(RYN) — R, defined by

s s A
Do) = 5t (Y%) = [ Flawde == [ bl Pdady
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for all u € W‘S/g/ *(RY). Now we are able to prove the following results for problem (6.1) by employing the
parallel approach as in Theorems 1.1-1.3.

Theorem 6.1. Assume that V satisfies (V1)—(Va), that f satisfies (f1)—(f2) and M fulfills (My)—-(Ms). If
0<heL®RY) and N0/s < p < oo, then there exists \* > 0 such that for all X\ > X\* problem (6.1) admits
s N/s (RN>

a nontrivial nonnegative mountain pass solution ux € Wy, . Moreover,

lim ”U)\”V,IC =0.
A—00

Theorem 6.2. Assume that V satisfies (V1)—-(V2), f satisfies (f1)—(f3), and M fulfills (My)—(Ms). If

1<p<N/sand0<he L~ (RYN), then there exists Ao > 0 such that for all X € (O,X*) problem (6.1)
s, N/S(RN)

admits a nontrivial nonnegative solution uy € W, Moreover,

lim ||u =0.
tim s v,
Moreover, we can prove the multiplicity of solutions.

Theorem 6.3. Assume that V satisfies (V1)-(Vz), [ satisfies (f1)—(f3), and ]\g(t) = a+ bot’~L for all
N

t >0, witha,b>0,a+b>0and 0 > 1. If1 <p< Nf/s and 0 < h € LN0—sp (RN), then there evists

Xex € (0, ] such that for all X € (0, \,,) problem (6.1) has znﬁmtely many solutions in W, N/s( M.
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