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1. Introduction

In this paper we study algebras over a field F' of characteristic zero. Group graded
algebras have been intensively studied in the last two decades (see, for example, [3,5,
6,10,11,18,19,26]). All possible gradings on matrix algebras over an algebraically closed
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field were described in [3,6]. Recently, all gradings by a finite abelian groups on fi-
nite dimensional simple real algebras have also been classified in [7,23]. Many authors
have also paid attention to gradings on Lie algebras [5,8,11,19]. Both, in associative
and Lie case, an exceptional role is played by gradings which cannot be “refined” —
in particular, gradings whose homogeneous components are one-dimensional [3,6,8,19].
Classification of group gradings on Lie superalgebras is only in its initial stages (see,
e.g., [4]). Therefore an important role is played by new examples of gradings on Lie
superalgebras.

It is well known that abelian gradings are closely connected to automorphism and
involution actions on algebra (see, for example, [3]), hence the knowledge of gradings gives
us an important information about the group of automorphisms and antiautomorphisms
of an algebra. Another application of gradings is the study of graded and non-graded
identities and their numerical invariants.

Given an algebra A, one can associate to it an infinite sequence of non-negative inte-
gers

{ecn(A)}, n=1,2,...,

called codimensions of A. The study of asymptotic behavior of {c,(A)} is one of the
most important and current approaches in the modern PI-theory [14]. In many cases
codimension growth is exponentially bounded. In particular,

dmA=d<oco = c,(A) <™t

(see [2] and also [15, Proposition 2]). If, in addition, A is endowed with a grading by
a group G then one can also define the graded codimension sequence c%(A). For a
finite dimensional algebra A, graded and ordinary codimensions satisfy the following
inequalities:

en(A) < ¢C(4) < (dim A)"+! (1)
(see [2]).

As a rule, an investigation of asymptotics of graded codimensions is much easier
than a study of non-graded codimensions. This fact was used in our previous papers for
obtaining the results on both graded and non-graded codimension growth [16,20-22].

If A is a finite dimensional graded simple algebra then there exist the limits

exp(A) = lim /¢, (A), exp®(A) = lim {/cG(A) (2)

n—oo n—oo

and according to (1) we have

exp(A) < exp®(A) < dim A. (3)
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It is well known that in many most important cases of algebras (associative, Lie,
Jordan, alternative, etc.)

exp(A) = dim A, (4)

provided that A is simple and F is algebraically closed [12,13,25]. In this case exp®(A)
is also equal to dim A for any grading on A. If A is graded simple but not simple in
the usual sense then graded and non-graded exponents can differ. For example, if G
is a finite abelian group of order |G| = m and A is its group algebra, A = F'G, then
exp(A) = 1 whereas exp®(A) = m. Clearly, if A is simple in non-graded sense then A
is also graded simple for any G-grading. Relations (3) and (4) show that the conjecture
that exp(A) = exp®(A) holds for associative, Lie, Jordan and alternative algebras over
an algebraically closed field.

Nevertheless, in the Lie superalgebra case there exist simple algebras such that exp(A)
and exp®(A) exist and are strictly less than dim A (see [16,22]). Here we are talking about
canonical Zs-grading on Lie superalgebras. Therefore the study of relations between
graded and non-graded Pl-exponents is of interest in the general case. In particular, if
the conjecture that exp(A) = exp®(A) is confirmed then it would give us a powerful tool
for computing precise asymptotics of codimension growth. Another consequence would
be the independence of exp®(A) on the particular G-grading.

The goal of the present paper is twofold. In the first part we define the so-called Pauli
G-grading on the simple Lie superalgebra of the type L = P(t) (in the notation of [17],
for general material on Lie superalgebras see also [24]), where ¢ is the power of 2 and G
is an elementary abelian 2-group. This grading possesses many remarkable properties. In
fact, it is induced from the grading on simple 3-dimensional Lie algebra slo(F") by Pauli
matrices and is compatible with the canonical Zs-grading. All non-zero homogeneous
components of L are one-dimensional. Also, any even homogeneous element 0 # a € L,
is a non-degenerate matrix and for any homogeneous elements a € Ly, b € Ly, their
Lie supercommutator is either zero or non-degenerate. In the second part of the paper
we investigate the graded codimension growth of L. We show that all computations
are much easier than in the non-graded case due to the remarkable properties of Pauli
grading.

Our main result is Theorem 1 below, stating that exp® (P(t)) = t>—1+ty/t2 — 1. Note
that Theorem 1 is true for ¢ = 2 although P(2) is not simple and exp®(P(2)) = 3+2/3
holds for both Pauli grading and the canonical Zs-grading (see [20]).

Theorem 1. Let L be a Lie superalgebra of the type P(t), t = 2%,q > 1, equipped with
G-grading given in Proposition 2. Then G-graded Pl-exponent of L exists and

exp®(L) =t> — 1 +t\/12 — 1.
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2. Pauli gradings

Let L be an algebra over a field F' and let G be a group. One says that L is G-graded
if L has a vector space decomposition

L=pL,

geG

such that LyLj C Lgy for all g,h € G. Subspaces Ly,g € G, are called homogeneous
components of L. Any element a € L, is called homogeneous of degree dega = g. The
subset

Supp L ={g € G|L, # 0}

is said to be the support of the grading. A subspace V C L is called homogeneous if

V=VvnL,

geG

Let A and B be two associative algebras and let G and H be two groups. Suppose
that A and B are endowed by G- and H-gradings, respectively,

A=A, B=E B

geG heH

Then one can introduce G x H-grading on the tensor product A ® B by setting
(A® B)gn = Ay @ By,.

An associative algebra R is said to be a superalgebra if R has some Zy-grading, that
is

R=R9 ¢ R®, RORO 4 pMWRM c RO RO RN 4 pRORO c M),

A special case of associative superalgebras which we will use later is the Zs-graded n x n
matrix algebra R = My, ;(F') with

e {(2 B e {(3 )= {(2 7))

where n = k+ 1, A,B,C,D are k x k,k x [, x k and | x | matrices, respectively.
In particular, when k = [ we have Zg-grading on Ms;(F) which will be used for the
definition of Lie superalgebra P(k).

Recall now that Zs-graded non-associative algebra L = L @ L) is called a Lie
superalgebra if it satisfies homogeneous relations
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ab + (=1)\lbg = 0, a(be) = (ab)c + (—1)1*lb(ac) = 0

for all a,b,c € L U LW where |z| = 0if 2 € L and |z| = 1 if z € LM, In
particular, any associative superalgebra R = R(® @ R(") with the new product called
supercommutator, defined for homogeneous elements as

[a,b] = ab — (=1)1*[1¥lpg

becomes a Lie superalgebra.
Let L(® & LM be a Lie superalgebra and let G be a group. Then a G-grading

L == @QEGLQ

is called compatible with Zj-grading of L if L, C LO) or L, C LM for all g € G.
For defining the Pauli grading on the associative matrix algebra Maq (F') we start with
g = 1. Consider 2 x 2 matrices

o S ) O [

Matrices (5) are closely related to Pauli matrices.

o { (Vo) b { (090 )

It is well-known that the linear span L =< 04, 0y,0, > is closed under Lie commutator
and L ~ su(2) as Lie algebra whereas the span < og,01,092,03 > as an associative
algebra is isomorphic to M3(F). Denote by G =< a >3 x < b >3 the product of two
cyclic groups of order 2 with generators a and b, respectively. Clearly, G is isomorphic
to Zo X Zso and the decomposition

R=M(F)=R.® Ry ® Ry ® Rap (6)
is a G-grading, where
Re =< 09>, Ry, =<01> Ry =<09 > Rgp =< 03 >.
We call the grading (6) on Ms(F) Pauli grading on My(F).
We generalize this construction to matrices of arbitrary size 29, ¢ > 2 in the following

way. Let R = R} ® --- ® R, where all Ry,..., R, are isomorphic to the 2 x 2 matrix
algebra Ms(F). Let also

GozGlx...qu,Gj:<aj >9 X <bj >22Z2@Z27j:1,...,q. (7)
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Then R has a basis consisting of elements
c=T1Q-- Qx4 (8)

where all z1,...,z, are of the type (5). Then in the Kronecker realization of tensor
product of matrices for transpose involution T we have
CT:($1®®1‘Q)T:IT®®$§
In particular, the element ¢ of the type (5) is symmetric if and only if the number of
matrices o3 among 1, ..., %, is even and ¢’ = —c if and only if the number of o3 is odd.
All Ry, ..., R, have Pauli grading as defined earlier and we can extend these gradings
to their tensor product R. Then we obtain Gp-grading on R

R= PR,

g€Go

where Ry =< 21 ® --- @ 24 > and all z1,..., 24 are of the type (5). Moreover, we have
deg(z1 ®@--- @ xy) =degxy ---degz, (9)
where

€, if T; = 0
a;, if z;=o01,
by, if x;=o09,
aibi, if Tr; = 03

and o0g, 01, 092,03 are defined in (5).
Combining all previous arguments we get the following.

Proposition 1. The following assertions hold:

1) Relations (5), (9), (10) define Go-grading on the matriz algebra R = M4 (F'), where
Gy is the elementary abelian 2-group defined in (7);

2) dim R, =1 for every g € Go;

3) R has a homogeneous in Go-grading basis consisting of products (8) and any basis
element is either symmetric or skew-symmetric under transpose involution;

4) Ewvery non-zero homogeneous element is invertible; and

5) Lie subalgebra slaa of traceless matrices is homogeneous in this grading. O

Applying Proposition 1, we construct a grading on some simple Lie superalgebras.
Recall that P(t) (in the notation [17]) is a Lie superalgebra L C M, (F') with
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wo-{(a s w-{(28)

where A, B and C are t x t matrices, trA = 0, BT = B,CT = —C and X — X7 is
the transpose involution on M;(F'). We equip L with an abelian grading in the following
way. Let

t:2q7 R:R1®...®Rq, Rlz"':Rq:MQ(F)
and let G be as in (7). We extend Gy to
G =< ag >3 xXGpy >~ (Zg)Zqul

and define G-grading on L compatible with canonical Zo-grading. If X, € R is homoge-

()

is homogeneous in L, degY = g for all X, € sloa(F) C R,

if X, issymmetric then Y = { (8 )gg ) } (12)

is homogeneous, degY = agg

if X, isskewthen Y = {(;g 8)} (13)

is homogeneous, degY = agg. The following proposition is an immediate consequence of

neous, deg X, = g € Go, then

Proposition 1 and multiplication rule of L.
Proposition 2. Let
Go =< a1 >2 X <by >3 X+ X <ag > x <bg >
and
G =< ag > xXGy
be elementary abelian 2-groups. Then (11), (12) and (13) define a G-grading on L =
P(2%) compatible with the canonical Zo-grading. All homogeneous components of L are

1-dimensional. If

g = aogo, h = aoho, go, ho € Go, 0# X, € Ly, Xp, € Ly,
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and both X4, X}, are either of the type (12) or of the type (13) then [X4, Xp] = 0. In all
other cases [ X4, X} is an invertible element of Moa(F). O

3. Graded PI-exponent

We recall some key notions from the theory of identities and their numerical invariants.
We refer the reader to [1,9,14] for details. Consider an absolutely free algebra F{X} with
a free generating set

X=UX9, | Xg| =00 forany ge€G.
geG

One can define a G-grading on F'{X} by setting deg; x = g, when z € X, and extend
this grading to the entire F/{X} in the natural way. A polynomial f(x1,...,z,) in ho-
mogeneous variables 1 € Xy,...,z, € X, is called a graded identity of a G-graded
algebra A if f(ai,...,a,) = 0 for any a1 € Ag,,...,a, € A, . The set Id%(A) of all
graded identities of A forms an ideal of F{X} which is stable under graded homomor-
phisms F{X} — F{X}.

First, let G be finite, G = {¢g1,...,gx} and

x=x,UJ.--UXq

Denote by P,,,. . n, the subspace of F{X} of multilinear polynomials of total degree
n =mny + -+ + n, in variables
xgl),... zll) e Xgl,...,:cgk),... z® e Xy,

»¥ng » Ny

Then the value

. Pnh“,’n‘
Cny,ny (A) = dim Pn1 N 9% N I;ZG(A)

is called a partial codimension of A while

= X (0 el (14)

ni+---+ng=n

is called a graded codimension of A. Recall that the support of the grading is the set
Supp A= {g € G|Ay # 0}.

Note that if Supp A # G, say, Supp A ={q1,...,94}, d < k, then the value

n P
d. MN1y..esNd 15
> <n1nd> P ny N1 (A) (19)

ni+-+ng=n

coincides with (14).
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Denote

Pm,---,nk(A) = (16)

.....

For finding a lower bound for PI-exponent we need the following observation.

Lemma 1. Let A be a G-graded algebra with the support SuppA ={g1,...,94} C G. Let
also dim Ay = 1 for any g € SuppA. Then

(1) if Py,,...ng(A) #0 then dim P,,, . ,,(A) =1,

(2) dim Py, . n,(A) =1 if and only if there exist u1 € Ag,,...,uq € Ay, and a mono-
mial m(ui,...,uq) =m # 0 on ui,...,uq such that every u; appears in m exactly
n; times, j =1,...,d.

Proof. First, let P,, . ,,(A) # 0. Then there exists a multilinear homogeneous polyno-
mial

f:f(mgl),... Pasy ...,xgd)7... x(d)) € P, ng

»Fng ' Fng
which is not an identity of A. That is, one can find u; € Ay, ...,uq € Ag, such that
flug,...,uq) #0. If
g= g(xgl), . .,ajglll), .. ,a:gd), . .,x%‘?) € Ppy,na \ 1d9(A)
then
glug, .Uy UGy ug) = A (U, UL, Uy Ug)

for some scalar A since dim Ay = 1 for g = g{"* --- g;*. Hence g — A\f = 0 is an identity
of A. This proves (1).
Now let dim P,,, . n,(A) =1, that is P,,, _ ,,(A) # 0. Then there exist

F=rEW 2O 2 Dy e p, L\ 1dO(A)

rng 0 rng

and u; € A ., uq € Ag, such that

g1 -

flur, ..o ug, .o g,y . ug) 0
———

ni nd

in A. Hence, at least one monomial of f has a non-zero value under evaluation ¢ :
F{X} — A, where

p@) =w;, 1<i<d, 1<j<n,.

This implies (2), and have we completed the proof. O
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Corollary 1.

n
=2 () o
where the sum in (17) is taken over all tuples (n1,...,nq) such that
P, ..., (A) #0. (18)
Moreover, for the inequality (18) it suffices to check the condition (2) of Lemma 1. 0O
Now we go back to the Lie superalgebra
L=LOgL® =P@t), t=29,

with the G-grading presented in Proposition 2. First, we give an upper bound for
exp®(L). Note that Stirling formula for factorials implies the inequalities

1
W‘b(n;nl""’nd)n < (m’ 7.1.’%) <n®(n;nyg,...,ng)" (19)
where
nyy_n Ng,_nd
o ; ) ) =\ " _ "
(mima, .. yma) = (1) ()
andn=mny+ -+ ng.
Denote
t(t+1 t(t—1
a = ( —2’— )’b: ( 2 )’C:t2—1,d:a—|—b—|—C:dimL.

The algebra L has a natural Z-grading
L=L_1®Lyd L

where

oo Pt she{ )

All remaining components Ly, k # 0, %1, are zero. Clearly, P, . ,,(L) # 0 only if
g+ +ng —Nag1 - — Nagp] <1 (20)

where {g1,...,94} C G is the support SuppL. It follows from Corollary 1 and (19) that
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1

— max{®(n;nq,...,nq)"} < S (L) < n® max{®(n;n1,...,nq)"} (21)
n

where the maximum is taken over all nq, ..., ng4 satisfying (20).
First, consider the case where the left side of (20) is equal to zero. Then we rewrite

q)(n;nla-",nd) :(D(xla"'vxd)
where 1 + -4+ x4=1, x1,...,24 > 0,
O(x1,...,xq) =7 -y (22)

and
L1+ + T = Tag1 + 0+ Tagbe
It is easy to see that the maximal value of the function (22) is achieved when
L1 =" ==Tay Lat+l = " = La+bs Lat+b+1 = **° = La+tb+te:
Denote = o1,y = Tatb, 2 = Tarbre- Then (22) does not exceed

D =D(x,y,z) = Wy Wy

and x,y, z satisfy the relations axz = by, ax + by + cz = 1. These relations imply

$-1 — Z(tz—l)z(l - 1)2)(1—(152—1)2) (2(82 — 1))“2‘1%
as a function of z. Then
g(z)=Ind ' =czlnz+ (1 —cz)In(1 — c2) — %(1 — ¢z)In(ct?).

Direct calculations show that ¢’(z) = 0 only if
z=z20= (2 —14+t/12 - 1)

and ¢”(z9) > 0. Hence, in 2y the function g(z) has a local minimum. Moreover,
g(z0) = —In(2 = 1+ t/12 — 1).

It follows that

< —14+t/12 -1

and
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PeG(L) <ni(2—1+t/2— 1) (23)

as follows from (21) in the case ny + -+ 4+ ng = nNgy1 + -+ + Nago.
Ifng+--+ng—ng41— -+ — Nagyp = —1 then

n < n+1
niy,...,Ng) ~ \n1+1,n9,...,ng

and

VeG(L) < (n+ )7 (12 — 1+ /82 — 1). (24)
Similarly, if ny +--- 4+ nq —ngy1 — -+ — Ng4p = 1 then

VeG(L) < (n— 17T (12 — 1+ t/22 — 1) (25)
since

<n .
Ny,...,Nd N1,y Natb—15Nat+b — L, Natbt1, - Nd

Inequalities (23), (24) and (25) give us the following.
Lemma 2.
exp®(L) <2 =1+t — 1.
Now we will get the same lower bound.
Lemma 3.
exp® (L) > 1> — 1+ t/12 — 1. (26)

Proof. Recall that L is Z-graded algebra, L = L_1 ® Lo ® L1, and ¢ = dim Ly, b =
dim £_1, ¢ = dim Ly. Consider a collection

X=Ax1,...,21,..., Zay.-., Ta}
———
b b
where x1, . .., z, are homogeneous in G-grading elements £; with pairwise distinct degree

in G-grading. Similarly, we take

Y:{yla'"7y17"'ayb7"'7yb}a
— —
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with homogeneous y1,...,ys € L_1, degay; are distinct. Renaming elements of XY we
write

X ={zW 2@}y =Myl

We remark that any z;,1 < i < a appears among (1), ..., 2(®®) exactly b times. Similarly,
any yj,1 < j <b, appears among y1), ..., y(® exactly a times. Consider supercommu-
tators

z1 = [aj(l),y(l)]’ e Zab = [l,(ab)7y(ab)}.

By Proposition 2 all z; are invertible in My, (F') matrices homogeneous in G-grading of L.
Also,

21, Zap € DO ~ sl (F).

Note that zy = £yx for any homogeneous z,y € L. It follows that for any i = 1,...,ab
there exists z, € L homogeneous in G-grading such that

(2], 2] = 2202 #0

where the product zz; is taken in the associative algebra Ma;(F'). Hence, the left-normed
Lie commutators

i ’ k1 k
Z](c):[zi7zi7"'7zi]:2Ziz’i7k:172""’
S———

k

are non-zero homogeneous elements of L(©).

As before, one can find homogeneous u1,...,uq € L® and linearly independent
homogeneous v1, . .., v, € L) such that
1 2 ab
Wg = [Z]E: )7u17zl(€ ),UQ,...7Z](€ );uab] 7é 0
and
!/ / /
Wh,s = [Why, WY, V1, .o, V1, W, V2, ooy V2, oo, W,y Uy - -, V] 7 0
——— —— ———
S S S
for some homogeneous wf, ..., w’, € L.
If w is a monomial on x1,...,Zq,Y1,---,Yp,V1,---,Uc in L then we will denote by

Deg,,,u, Deg, u, Deg,, u the total number of factors z;,y; and v; in u, respectively. Then

Deg, wis > kb forall i=1,...,aq,
Deg, wk,s > ka forall i=1,...,b,

Deg,, wg,s > s forall i=1,... c
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Total degrees Deg on {z,,ys, vy} are as follows:

Degz,(f) = 2k + 1, Degwy, = 2ab(k + 1), Degwy, s = 2ab(k + 1) + c(s + 1) = n.

Denote
n; = Deg, wi s, 1 =1,...,a,
Ng+i = Degyiwk,sa i=1,..., ba
Nat+b+i = Degyiwk,sv 1= 17 -G
If
my = =Ma = kb Mag1 = - = Mayy = KA, Magpr1 = - = Magbie = 6,
and

m=mi+ -+ Mgtptrc = 2abk + cs

then n — m = 2ab + ¢ and

n m
(o) (o oms) 2
NnNyy,...,Ng mi,...,Mq
1 m 1 ~ kb ka s,
Zﬁé(m;mh...,md) :w¢(E7E,E) .
Denote f = . Then
s s 1 1

m  2abk+cs % . tg(t;—l) 121 -1 +at2(t;—1) ‘

Note that if

2
f=——
Wiz —1
then
(2 -1
t2—1+6¥):t2—1+t\/t2—1
and

(b(if,’g,é) - (Dmaz = t2 —1 + it t2 -1
provided that

Z=(—1+tVt2-1)"" az = by, ax + dij +cz = 1.

147
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In particular, if
k
a=——=0
s

then

~ kb k
(I)( ) a7£)*>q)ma.r-
m m m

More precisely, for any € > 0 there exists real § such that the inequality

2

k
- | <§ 31
Iy L (31)

implies
@(m;ml,...,md)2t2—1—|—t\/tzj—a. (32)
Fix one pair (k, s) with the relation (31) and take
m = 2abk +cs, ny =m+2ab+c, n;

as in (27), (28), (29). Then we have for any r =1,2,...,

N1 1 1
> CI) 5 . ™m — q) . . rm
(7‘7747 . ,rnd> - (rﬁl)d (Tm’ rmai, ,T‘md> (’I’”ﬁl d (ma my, ,md)
1
> —— (P —14+tV/12—1—e)™
(rnq)

as follows from (30), (32).
Denote n, = rn;. For any given p > 0 we can choose n; large enough and suppose

that

rm ﬁ,«—(2ab+c)7’_1_2ab—|—c

— >1—p
Ny Ny n1

from which it follows that

| —

cgr >

S =1+ t/t2—1—e)' 7" (33)

r

3

Since 7,41 — N, = 2ab + ¢ = const and

n’' n
i / Z
ny,...,n, N, ..,Ng

n =n+1,n] >n1,...,n, > ng,

as soon as
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(33) implies the inequality

ea:pG(L) > 14+tV/2—1—e.
Recall that € > 0 is arbitrary, hence (26) follows and we are done. 0O

Proof of Theorem 1. The assertions of Theorem 1 now follow from Lemmas 2 and 3. O
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