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Abstract: We study the behavior of solutions for the parametric equation
—ASu(z) = AP u(z) = Au@)1*uz) + f(z,uz)) inQ, 1> 0,

under Dirichlet condition, where Q C R is a bounded domain with a Cz—boundary Q, a,a, €
L>(Q) with a;(z),ax(z) > 0 for a.a. z € Q, p,q € (1,0) and A}', A7 are weighted versions of p-
Laplacian and g-Laplacian. We prove existence and nonexistence of nontrivial solutions, when f(z, x)
asymptotically as x — +oco can be resonant. In the studied cases, we adopt a variational approach and
use truncation and comparison techniques. When A is large, we establish the existence of at least three
nontrivial smooth solutions with sign information and ordered. Moreover, the critical parameter value
is determined in terms of the spectrum of one of the differential operators.
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1. Introduction

Our goal here is to investigate the existence and nonexistence of nontrivial smooth solutions for the
following parametric Dirichlet problem
{—AZ‘ u(z) = AP u(z) = Qu@)**u(z) + f(z,u(z)) inQ,

(Po)
u‘ag—0,1<q<p,/1>0,
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where Q C R" is a bounded domain with a C?-boundary Q. Given r € (1,00) and a € L*(Q) with
a(z) > 0 for a.a. z € Q, by A* we mean the weighted r-Laplacian of the form A% = div (a(z)|Vu|">Vu)
for all u € W&”(Q). Thus, (P,) is driven by the operator —A}' — A?, whose weights a;,a, are
Lipschitz continuous, positive and bounded away from zero. These conditions imply that the integrand
corresponding to this differential operator, exhibits balanced growth. However, the fact that the two
weights are different, does not allow the use of the nonlinear strong maximum principle (see Pucci and
Serrin [25], pp. 111, 120). Instead we use a recent result of Papageorgiou et al. [20], together with
an additional comparison argument, which allows us to conclude that the constant sign solutions of
the problem satisfy the nonlinear Hopf’s lemma. The right-side of (P,) is the sum of the power term
A|x|9~2x and of the Carathéodory function f(z, x). The A-parametric term is (p— 1)-sublinear (recall that
q < p), and f(z, x) is (p — 1)-linear as x — +oo and can be resonant with respect to the first eigenvalue
of (A}, W(;’p (€2)). We mention that the power of the parametric term (namely ¢) is the same with
the exponent of the second differential operator —Ay’. This distinguishes (P,) from problems with
concave terms, where the power of the parametric term is strictly less than the exponents of all the
differential operators in the left-side. Such concave problems, were studied recently by Gasinski and
Papageorgiou [5], Gasinski et al. [6] (p-equations), Marano et al. [12], Papageorgiou and Scapellato
[19], Papageorgiou and Zhang [22] ((p, 2)-equations), Papageorgiou et al. [17] (anisotropic equations),
Papageorgiou and Winkert [21], Papageorgiou and Zhang [23, 24] ((p, g)-equations) and Papageorgiou
et al. [18] (nonhomogeneous Robin problems).

Let ;1\1 (g, a) > 0 be the principal eigenvalue of (—A.?, WS"’(Q)). Using variational tools from the
critical point theory, truncation and comparison methods, then (P,) (for all 1 > //l\l (g, a;)) admits at
least three nontrivial smooth solutions (positive, negative, nodal). Moreover, under an additional mild
regularity for f(z, -), we get that (P,) (for all 1 < ’/il (¢, a2)) has no nontrivial solutions.

2. Preliminaries

A crucial point is to establish the appropriate spaces, where carrying out the study. Here, (P;) is
analyzed in Wé’p () (namely, Sobolev space) and in Cé(Q) ={ueCl(Q): u| s = 0} (classical Banach
space). Additionally, || - || means the norm of Wé’p () with

llul| = [|Vull, forallu e W(;’p (Q2) (by Poincaré inequality).
Cé(ﬁ) is ordered, with positive (order) cone C, = {u € C(l)(ﬁ) :u(z) > 0forall z € ﬁ} Now, C, has

the nonempty interior

P
intC+:{u€C+:u(z)>0f0rallz€Q, —”' <0},
onloa

with n(-) being lhe outward unit normal on €. Let re(l,o0)anda e C 0’1(5) (that is, a(-) 1s Lipschitz
continuous on Q) with a(z) >¢cy > 0 for all z € Q.
By A% : W,"(Q) » W(Q) = W,"(Q)* (1 + L = 1), we denote the operator
(Al(u), h) = fa(z)qulr‘z(Vu, Vh)gvdz forall u,h € Wé’”(Q).
Q

We recall some features of A¢(-) as follows:
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e AY(-) is bounded and continuous;
e AY(-) s strictly monotone, and hence maximal monotone;

o AY(-) 1s of type (S).. It means that, if u, % uin W&’r(Q) and lim sup(A¢(u,), u, — uy < 0, then

U, — uin W, (Q).

Given the eigenvalue problem
~Au() = Al @) in Q, uf_ =0,

we say that 1 € Ris an eigenvalue of (—AY, Wé’r(Q)), if the above problem admits a nontrivial solution
U e Wé’r(Q) (namely, eigenfunction of 1). There is a smallest eigenvalue A;(r, a) > 0. Indeed, consider

I a(z)quI’dz
[uell7

= inf [f a(2)|Vul'dz : u € Wé’r(Q), lu|l, = 1] . 2.1)
Q

0 <A,(r,a) = inf [ e W) (Q), u#0

We claim that the infimum in (2.1) is attained. To see this consider a sequence {u,},en C Wé’r(Q)
satisfying ||u,||, = 1 for all n € N, and fga(z)qunlrdz 1 ’/l\l(r, a). From the boundedness of {u,},ar C
W&’r(Q), it is possible to suppose

U, = in Wy (Q), u, — & in L'(Q). 2.2)

On account of our hypothesis on the weight a(-), on L'(Q,RY) y — [ fg a(z)lyl’dz]l/r is an equivalent
norm. From (2.2), since the norm (in Banach space) is weakly lower semicontinuous, also using the
Lagrange multiplier rule (Papageorgiou and Kyritsi-Yiallourou [14], p. 76) and the nonlinear regularity
theory, after standard calculations we getu; € Cé(ﬁ) \ {0}. Additionally, it is clear from (2.1) that we
may assume that u; € C, \ {0} (just replace u; by [u;]). Then the nonlinear Hopf’s lemma (Pucci and
Semn [25], pp. 111, 120), glves us u; = uy(r,a) € intC,. From Jaros [9 Theorem 3.3], we know
that /l] (r,a)is sunple i.e., if uy, v, are eigenfunctions corresponding to /l] , then u; = 9V, for certain
9 € R\ {0}. Also /ll(r, a) > 0 is isolated in the spectrum o (r, a) of (—A{, Wé "(Q2)). For this purpose, let
us consider eigenvalues {’/l\n}neN C o(r, a) satisfying Z(r, a) < ’/l\,, for all n € N, and ’/l\n l ’/l\l(r, a). So,
we can find u, € W&’r(Q), u, # 0 such that

~A, = A, ", in Q, W, o =0 mEN.
Q

By homogeneity we can always assume that |[i,,||, = 1 for all n € N. The nonlinear regularity theory
(see Lieberman [11]), implies that there exist @ € (0, 1) and ¢y > 0 such that

0, € Cy*(Q), yllcray < o foralln e N. (2.3)
The compact embedding C(l)’“(ﬁ) — Cé(ﬁ) and (2.3), ensure one can suppose
w, — win Cy(Q), [[all, = 1,
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= - A= Lo 2 Tin Q, aLQ =0,
= u=9Yu €intC, forsome ?J > 0,

and hence u, € intC, for all n > ny, which leads to contradiction with Jaros [9, Corollary 3.2]. This
proves that //l\l(r, a) > 0 is isolated. The Ljusternik-Schnirelmann minimax scheme (see, for example,
Gasinski and Papageorgiou [3]), ensures a whole strictly increasing sequence of distinct eigenvalues
{’/fn},,eN such that ’/fn — +oo. If r = 2, then these eigenvalues exhaust the spectrum. If r # 2, then
it is not known if the LS-eigenvalues fully describe o(r,a). Moreover, every Ae o(r,a) \ {’/l\l(r, a)}
has eigenfunctions which are nodal functions (that is, sign-changing functions), see again Jaros [9,
Corollary 3.2]. We can easily check that o(r,a) C [//il (r,a), +00) is closed. So, we can define the
second eigenvalue of (—AY, Wé”(Q)) by

(r,a) = inf[A € o(r,a) : A,(r,a) < A].
Reasoning as in Cuesta et al. [1], one can show that//fz(r, a) corresponds to the second LS-eigenvalue

and

’/fz(r, a) = inf 1¥1ax1 f a(2)|Vy(0)|'dz, 2.4)
<t< Q

yel —1sI=

where T = y e C(-1,11,M) : y(-1) = =uy(r,a), y(1) = ui(r,a)} with M = Wé”(Q) N (9B]Lr (6Bfr =
{u € L'(Q) : |lull, = 1}) and u;(r, a) is the positive, L"-normalized eigenfunction (i.e., |[u;(r, a)||, = 1)
corresponding to A,(r,a) > 0. Recall that @, = %;(r,a) € int C,.

The above features lead to the following proposition.
Proposition 2.1. Let n € L*(Q), n(z) < A(r,a) for a.a. z € Q and the inequality be strict on a
set of positive Lebesgue measure. Then, fg a(2)|VulPdz — fQ n(@ulPdz > | |VullP for somec > 0, all
u e W, (€.

If u: Q — R is measurable, let u*(z) = max{+u(z),0} for all z € Q. If u € Wé’p(Q), then
u*t e WS”’(Q) andu=u"—u",|ul =u" +u". Also, if u,v : Q — R are measurable with u(z) < v(z) for
a.a. z € Q, then we set:

[u,v] = {h € W, (Q) : u(z) < h(z) < v(z) for a.a. z € Q}.

Now, intcé@[u, v] means the interior in C(l)(ﬁ) of [u,v] N C(l)(ﬁ). For a Banach space X and ¢ €
C'(X), let K, ={u e X : ¢ (u) = 0} (namely, critical set of ). For c € R, let ¢° = {u € X : ¢(u) < c},
K, ={u€ K, : pu) = c}h.

For a measurable function g : Q — R, then 0 < g if and only if for every K C Q compact, one has
0 < ckx < g(z)fora.a. z€ K. When g € C(Q2) and g(z) > 0 for all z € Q, clearly 0 < g.

In the study of (P,), we use the assumption Hj stated as follows:

Ho: aj,a, € C*(Q) and 0 < ¢; < a;(2), ax(z) for all 7 € Q.

Remark 2.1. If a(z,y) = a1 QP 2y +ax(2)|y|97%y for all (z,y) € QXRY, tﬁen we see that div a(z, Vu) =
Aj'u+ Agu for all u € Wé’p(Q). The primitive of ‘a(z,y) is the function G(z,y) = ”‘sz)lylp + azT(Z)lqufor

all (z,y) € Qx RN, On account of Hy, we see that 5(-, -) exhibits balanced growth, namely

ﬂlylp < E(Z, y) < o[l +[yP]  for some ¢y > 0 and all (z,y) € Q x RV,
p
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We also consider the following set of assumptions on the data:
H;: f: QxR — Ris Carathéodory with f(z,0) = 0 for a.a. z € Q, and

(i) for every p > 0, there exists a, € L¥(€) with | f(z, x)| < a,(z) for a.a. z € Q, all |x] < p;

f(z, %)

|xlP~2x

(i) lim sup < ’/1\1 (p,a;) uniformly for a.a. z € Q;

X—x00

f(z, x)x — pF(z, x)
|x|7

(iii) I F(z,x) = [ f(z, 5)ds, there is T € (g, p) with lim,.c

a.a.ze€ Q;

(iv) lim 2&

x—0 |x|q—2x

= +oo uniformly for

= 0 uniformly for a.a. z € Q;

(v) for every s > 0, there exists my; > 0 with m; < f(z, x)x for a.a. z € Q, all |x] > s.

Remark 2.2. According to H,(ii), we can have resonance of (P,) with respect to ’/fl (p,ay) > 0. By the
proof of Proposition 3.1, we will see that this phenomenon originates from the left of A (p,ay) in the
sense that

XEIPM[Z (p,a)|x|’ = pF(z,x)] = +o0  uniformly for a.a. z € Q.

We stress that this ensures the coercivity of the corresponding energy functional. Therefore, we can
use classical tools of the calculus of variations. Assumption H,(iv) does not permit the presence of a
concave term and this changes the geometry of our problem compared to those of the “concave” works
mentioned in the Introduction. Finally we mention that assumptions H, imply that

|f(z, )| < a()[1 + [xP~1] fora.a. z€Q, allx eR, ae L*(Q),. (2.5)

When ¢ = 2, we improve our conclusion about the nodal solution, provided we add a perturbed
monotonicity assumption for f(z,-), as follows

H}: H, hold (with ¢ = 2) and

(vi) for every p > 0, there exists’.f\p > 0 such that for a.a. z € Q, the function x — f(z, x) +golx|’"2x is
nondecreasing on [—p, p].

Finally, we can have a nonexistence result for (P,) provided we add a growth restriction for f(z,-),
as follows

H{: H, hold and

i) f(z, x)x < 4 (p,a)|x? fora.a. z € Q, all x € R.
3. Positive and negative solutions

The existence of positive and negative solutions for (P,) is established in the case 4 > //i] (q,ay).
We obtain smallest positive and biggest negative solutions. These solutions of (P,) (namely, extremal

constant sign solutions) play a crucial role in Section 4 to generate a nodal solution.
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Proposition 3.1. Let Hy, H, be satisfied, and 1 > //1\1 (q,a3). Then (P,) admits solutions u, € intC,,
V) € —int C+.

Proof. Let ¢} : WS”’ () — R be a C'-functional given as
. 1 1 A, . N
) = — | ai@IVulPdz+ - | ax(@)|Vul'ldz — —Ilu"ll] - [ F(z,u")dz
P Ja q Jao q Q

for all u € Wé’p (€2). We discuss the properties of ¢} (-) to obtain a positive solution of (P,). As already
mentioned the coercivity of functionals is a crucial key to apply the direct methods of calculus of
variations.

Claim: ¢7(-) is coercive.

Arguing by contradiction, suppose that there is {u,},en C Wé”’ (Q) satisfying

¢ (uy) <c3 forsomecs; >0,allneN, (3.1)

||et,]]| = 00 as n — oo, 3.2)

If {0 } e C W 7(Q) is bounded, then from (3.1) we deduce the boundedness of {u}},ax C W1 P(Q).
Consequently, we get the boundedness of {u,},en C Wé 7(Q), which contradicts (3.2). Therefore, one
can suppose

ll) || = 00 asn — oo. (3.3)
+
We sety, = ” +” ,n € N. Then ||y,|| = 1, y, = 0 for all n € N. So, we suppose
Yo = yin W, (Q) and y, — yin LP(Q), y > 0. (3.4)
From (3.1) we have
1 1 A, . N
— | ai@Vu,l’dz+ = | ax@IVu,l'dz < c3+ =llu, |l + | F(z,u,)dz, (3.5)
P Ja q Jao q Q
1 1
> — f a\@IVy,lPdz + ——— f ax(2)|Vy,|'dz
P Jo qllu; 1P~
< + [y,llZ +f dz for all n € N. (3.6)
P gl g T ;n

Assumption H,(ii) leads to

FCuf() w 1
A, Ty
lleg;r 117 p

with 7 € L*(Q) satisfying n(z) < 4,(p, a;) for a.a. z € Q. (3.8)

in L'(Q), (3.7)

Letting n — oo in (3.6), by (3.3), (3.4), (3.7) and the fact that ¢ < p, we deduce that
f a1(2)IVylPdz < f n(z)y’dz. (3.9)
Q Q
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Itn £ ;1\1 (p,ay) (see (3.8)), then from (3.9) one has ¢|[y||” < 0 (see Proposition 2.1), and hence
y = 0. From (3.4) and (3.6), we see that |[Vy,||, — 0, which leads to contradiction with [|y,|| = 1 for all
n e N.

If n(z) = A(p, @) for a.a. z € Q, again from (3.9) one has [ a1(2)|Vyl’dz = A1(p, ap)lyll}, and hence
y = 3 ui(p,a;) for some 3 > 0.

If % = 0, then y = 0 which leads to contradiction with ||y,|| = 1 for all n € N.

If ¥ > 0, then y € int C, and so we have u;(z) — +oo for a.a. z € Q. By H,(iii) given £ > 0, there is
M = M(¢) > 0 satisfying

f(z,x)x — pF(z,x) > x| fora.a. ze Q,all x| > M. (3.10)

Additionally

d [Fzx)| _ flz, 0l = pllPxF(z, x)
dx| P | x>

0Ox— pFzx) (> =t ifx>M
_ f@x)x-pFG ) v TR (see (3.10)),
x|Px < — ifx<-M

[x]P~7x

Fzy) Fex) ¢ [ 1 1 ]

[ylP X7~ p—7 P X

for a.a. z € Q, for all |y| > |x| > M. Letting |y| — oo, by H,(ii) we deduce that

Apa) Fex & 1

p Xl ~ p—1 |xfp
(p, P~ pF(z,
= (P, a)l” = pF(z, x) > &p fora.a. z € Q, all |x| > M,
|x[* p—T
//i ) P F D .
= lim 10 al)lﬁl | PF@Y) _ +o0o uniformly for a.a. z € Q. (3.11)
xX—+00 x|7

Now, (3.5) gives us

1 (—
; f R, )Y = pF(z, ut)ldz < o5 + Al |1,
Q
1 A(p, Y — pF(z, u* A
N _f 1(17 al)(un) p (z Mn) ;d < C3 + Cq ’ (3.12)
7 Jo Wy e T

for some ¢4 > 0, for all n € N. For n — oo in (3.12) combining (3.3), (3.11), Fatou’s lemma
and recalling that 7 > ¢, we leads to contradiction. The boundedness of {u},en C WS”’ (Q) is so
established. This implies the boundedness of {u,},cny C Wé’p () (see (3.1)), which contradicts (3.2).
This argument establishes the coercivity of ¢7(-), as stated in the Claim. Next, we observe that ¢7(-) is
sequentially weakly lower semicontinuous (by Sobolev embedding theorem). This fact, the Claim and
the Weierstrass-Tonelli theorem, lead to the existence of a u, € Wé”’ (Q) satisfying

@} (1) = inf[g} (u) : u € Wy (Q)]. (3.13)
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So, H,(iv) for fixed € > 0, gives us ¢ = d(g) > 0 with

IF(z.x)| < Z1x" foraa. zeQ,all |x < 6. (3.14)
q

Butu(q, ay) € int C, (Section 2) ensures there exists ¢ € (0, 1) small enough to get

0 < fy(q,a,)(z) <6 forallz e Q. (3.15)
Therefore,
_— P 14—
¢ (fui(q, az)) < > f a1(2)|Vu,(q, a)lPdz + ;[/11((1, @) +&— 1]
Q

(see (3.14), (3.15), recall |[u; (g, a»)ll, = 1). If we choose € € (0, —//il(q, ay)), then
@ (fu1(q, az)) < cst” — cet?  for some cs, cg > 0. (3.16)

As p > g, we choose ¢ € (0, 1) appropriately (i.e., even smaller if necessary), then from (3.16) we
get

()D;(ﬁzl (q’ a2)) < Oa
= @) <0=¢7(0) (recall (3.13)),

and so u; # 0. Again (3.13) leads to (¢})’(u,) = 0, which implies
(A5 (wa), hy + (A (ua), h) = fg[/l(uj)q_1 + f(z,uy)lhdz forallh e Wé"”(Q). (3.17)

Equation (3.17) for the test function & = —u; € Wé’p (Q), leads to the inequality Cl||VM}||p < 0 (see
Hy), and hence u, > 0, u, # 0. Thus u, is a positive solution of (P,) (see (3.17)). Ladyzhenskaya
and Ural’tseva [10, Theorem 7.1] ensures that u, € L*(Q). Consequently, the regularity theory of
Lieberman [11] implies u, € C, \ {0}. Now, Papageorgiou et al. [20, Proposition 2.2] gives us

0<uy(z) forallze Q. (3.18)

We can continue the proof of [20, Proposition 2.2], since now we have more regularity (namely
now u,; € C, \ {0}). So, let z; € 9Q and set z, = z; — 2pn with p € (0, 1) small and n = n(z;) is the
outward unit normal at z;. As in [20], we consider the annulus D = {z € Q : p < |z — 23] < 2p} and
let m = min{u(z) : z € 0B,(z2) > 0} (see (3.18)). From the proof in [20], for ¢ € (0, m) small, there is

— 0
y € CY(D) n C*(D) satistying the inequality —A%'y — A7y < 0 in D with y(z;) = 0, a—y(zl) < 0. We
n
know that —A%'uy — AZu, > 0 in Q. So, from the weak comparison principle (Pucci and Serrin [25],
0 0
p. 61), one has y(z) < u(z) for all z € D. Tt follows that %(zl) < a—y(zl) <0, and s0 1, € intC,.
n n

Similarly working with ¢ : Wé’p (Q) — R of the form
_ 1 1 A, _ _
e () == | ai@IVulPdz+ = | ax@IVulldz — ="l - | F(z,—u")dz
P Ja q Ja q Q
forall u € Wé’p (Q), we get a negative solution v, € —int C, for problem (P,) (4 > //fl (g, a2)). O
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Remark 3.1. An alternative way to show that u, € int C,, is the following one. Let d(z) = d(z,0Q) for
allz € Q. By Gilbarg and Trudinger [7, Lemma 14.16], we can find 6 > 0 such that de C%(Qy), where
Qo =1{z€eQ: d(z) < 0o}. It follows that d € int C.. From Rademacher’s theorem (see Gasiriski and
Papageorgiou [3], p. 56), we know that a,,a, are both differentiable a.e. in Q. So, by taking 6y > 0

0 0
A 0 < 0. On account of (3.18), we can find t € (0, 1)

even smaller if necessary we can have — 3 =,
n 0

Q' On
small such that w = td < u, on 0€. Additionally, [7, Lemma 14.17] leads to

—ANw = APw <0 < =AStuy — APuy  in Qg (see Hi(v)), w<uy ondy.

Then the weak comparzson principle (see Pucci and Serrin [25], p. 61), gives us w < uy in €.
Hence for a certain’t € (0, 1) small satisfying 7d < uy in Q, we get u, € intC,.

We now establish the existence of smallest positive and biggest negative solutions. From H,(iv) and
(2.5), fixed € > 0, there exists a constant ¢; = ¢7(g) > 0 satisfying

f(z,x)x > —g|x|? — c7|x|? fora.a.z e Q,all x e R,
= A7+ f(z,x)x = [A1 —&]lx|? — c7]x|" fora.a. z € Q, all x € R. (3.19)

Observe that (3.19) leads to the following auxiliary Dirichlet problem

{;‘AZ‘ u(z) — Agu(z) = [A — ellu@)*u(z) — crlu@)IPu(z) in Q, (3.20)

=0,1>0.
Q

Proposition 3.2. Let Hy be satisfied, 1 > A,(q,as) and & € (0,4 — A1(¢, a2)). Then (3.20) admits a
unique positive solution u, € intC,. Additionally, as (3.20) is odd, then it admits a unique negative
solution v, = —u, € —int C,.

Proof. We start discussing the existence of a positive solution for problem (3.20). To this end let
Yl Wé”’ (Q) — R defined by

1 1 A—¢ c
Vi) =~ f a1 @VulPds + - f ax@Vultdz — = E e + e
P Jo qJo q P

forall u € W(;’p (). Since g < p, we see that 7 (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. By using the similar arguments to the ones in the proof of Proposition 3.1, one can
findu, € Wé’p (Q) positive solution to (3.20) (i.e., u, > 0, u, # 0) and also u, € int C,. To establish the
uniqueness of 1, we need the functional j : L'(Q) — R = R U {+0} of the form

1 1/ 1 1/ : 1/ L.p
i = {p Jpar@IVutlapdz + 1 [ ar(2)IVu'lajdz it u> 0, u'lt € WyP(Q), G2l
+ 00

otherwise.

The convexity of (3.21) follows from Diaz and Sa4d [2, Lemma 1]. We introduce dom j = {u € L'(Q) :
Jj(u) < +oo} and argue by contradiction. Suppose that w, is another positive solution of (3.20). Of

course, w, € intC, and Papageorgiou et al. [16, Proposition 4.1.22] give us 2 € L>(Q) and vg €
W) U,
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L*(Q). Hence if h = u’ — W, a sufficiently small || < 1 leads to u? + th € dom j, W’ + th € dom j.
Since (3.21) is convex, we have that it is also Gateaux differentiable (in the direction ) at u’ and at w’.
Using chain rule together with nonlinear Green’s identity ([16], p. 35), one has

1 (=AY, - APu
J @) = p f P24 hdz = f ([ - €] = c7ul yhdz,
Q Q

—A 2
J @) =~ f p A0 P gz = f (1A= &] - i) Yhdz.
q Ja wi Q

Since (3.21) is convex, then j'(-) is monotone, and so
0< f [0 — G — )z < 0,
Q
which implies that u, = w,. We conclude that (3.20) admits a unique positive solution %, € intC,. By
oddness of (3.20), we deduce that it admits a unique negative solution v, = —u, € —intC,. O
In the sequel, we will work with:

S = {set of positive solutions to (P,)},

S = {set of negative solutions to (P,)}.

Observe (by Proposition 3.1) that if A > A (g,a>),then® # S} CintC, and @ # S; € —intC,.. We
also mention that the unique constant sign solutions of (3.20) provide bounds for the elements of these
two solution sets.

Proposition 3.3. Let Hy, H, be satisfied, and A > ’/Tl (q,a2). Thenuy < u for allu € S and v < v, for
allve S;.

Proof. Foru € 8T C intC, and ¢ € (0,4 —’/fl(q, a,)), we introduce a Carathéodory function k) :
Q xR — R defined by

[A=el(x)7 = cr(x)Pif x < u),

] (3.22)
[A—elu@)?™! — cou()P' ifu(z) < x.

ki(z,x) = {
Let Kj(z,x) = fOx ki(z,s)ds and 5} : Wé’p (Q) — R be the C'-functional

Bi(u) = lfal(z)IVul”dH1faz(z)IVulqdz—fKI(Z,M)dZ
P Ja q Jo

Q

for all u € Wé’p (). Now (3.22) ensures the coercivity of §;(-); additionally, 87(-) is sequentially
weakly lower semicontinuous. By using the similar arguments to the ones in the proof of Proposition
3.1, one can deduce that there exists u, € W(;’p () with

(AS (), hY + (AL (), ) = f k;(z, w)hdz  for all h € Wy"(Q). (3.23)

Q
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In (3.23) first we use h = —u; € Wé”’(Q) leading to u; > 0, u; # 0. Next taking h = (uy —u)* €
Wé’p (©), we have
(A (uz), (g — u)') + (A (uz), (uq — u)*)
= f ([/l —elui™! - c7u”_1) (uy —u)*dz (see (3.22))
Q

< f (™" + fzw) @y —wy'dz (see (3.19))
= JZI ), (g — w)"y +(AF ), @y —w)*)  (sinceu € Sy),
which implies u#; < u. Summarizing
uy €[0,ul, wuy+0. (3.24)

Using (3.22), (3.24), (3.23), then u, is positive solution of (3.20). So, on account of Proposition
3.2, we have u; = u,. Therefore u, < u for all u € S (see (3.24)). Clearly, on the similar lines, one

can establish that v <v, forall v € §. O

The extremal constant sign solutions to (P,) (4 > //1\1 (g, ay)) are obtained as follows.

Proposition 3.4. Let Hy, H, be satisfied, and A > //f] (q,a2). Then there exist u; € S} and vy € S;
where uy < uforallu € Sy, v <V, forallveS;.

Proof. We mention that Papageorgiou et al. [15, Proposition 7] ensures that S} is downward directed
(i.e., if u;,u, € S7, then there exists u € S} with u < u;, u < u,). Moreover, Hu and Papageorgiou [8,
Lemma 3.10] help us to find {u,},cn € S} C int C, decreasing and satisfying

in£ u, =infSy, uy; <u, <u; forallneN (see Proposition 3.3). (3.25)
ne.

Starting from
(AL (un), hy + CAZ (), by = f[/luZ‘l + f(z,u,)]hdz forall h e WS”’(Q), (3.26)
Q

and taking h = u,, € Wé’p(Q), then (3.25) and H, give us ¢1||Vu,l|l, < cg for some cg > 0, foralln € N,
and hence {u,},an C Wé’p (Q) is bounded. Therefore, it is possible to suppose

U, = 10y in WoP(Q), u, — i in LP(Q). (3.27)
Before taking n — oo in (3.26), we use h = u, — u; € Wé’p(Q), and by (3.27) we get
i [CAY ), = u3) + (AG ), — )] = 0,
= limsup[{A}' (u,), u, — uy) + (A (), u, —u))] <0 (since AZ () is monotone),

n—oo

= limsup(A} (u,), u, —uy) <0 (see (3.27)),

n—oo

= u, — i} in WiP(Q) (A% is of type (S),). (3.28)
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Returning to Eq (3.26) and letting again n — oo, (3.28) and (3.25) lead to

(AD ), by + (A2 (), by = f AT + f(z,u)hdz  forall h e WP (Q),
Q

ﬁ,{ < l/tj.

We arrive to the conclusion that u; € S} and «’; = inf S}. Similarly, we produce v} € §7, v}
sup S}, where S} is upward directed (i.e., if vi,v, € S, then there exists v € §; with v; < v
vy < V).

-

O

4. Nodal solutions

We implement a simple idea: we will use truncations to work over the order interval [v},u}].
Any nontrivial solution (£ u}, v}) of (P,) there, will be nodal. The key ingredient is the minimax
characterization of ’/l\z(q, a;) (see (2.4)). From Section 3 we have u); € intC, and v} € —int C, solving
P (4> //il (¢, a2)). Then we introduce

AV @I2vi@) + f(z, Vi) if x < vi(2),
wa(z, x) = L AUxT2x + f(z, x) if vi(2) < x < ui(2), 4.1)
/lufl(z)q‘l + f(z, u)(2)) if u'(z) < x.

Evidently p,(-, -) is of Carathéodory. Additionally, we need

13 (2, X) = pa(z, £x7). (4.2)

Putting M ,(z, x) = fox Ha(z, )ds, My(z,x) = fox Wi (z, s)ds, one can define the C'-functionals /zp\ﬁ,://\j :
Wé’p (©Q) - Ras

%(u): lfal(z)IVbtl"’dz+1faz(z)qul"a’z—fM)(z,u)a’z,
P Ja qJa

Q

— 1 1
lﬁ(u)=—fal(Z)IVulpdz+—faz(z)qulqdz—fo(z,u)dz
P Jao q Jo Q

for all u € Wé’p (). From (4.1), (4.2), the nonlinear regularity theory and the extremality of «’ and v,
we infer easily the following result.

Proposition 4.1. Let Hy, H, be satisfied, and A > ;l\l (g, az). Then, K@ C v, uyl ﬁCé(ﬁ), KAY ={0,u3},
K5 ={0,v}). /

We establish the following auxiliary proposition.

Proposition 4.2. Let Hy, H, be satisfied, and 1 > ’L(q, ay). Then, uy € intC, and v, € —intC, are
local minimizers of Y ().

Proof. Definitions (4.1) and (4.2) give us the coercivity of ://\j(-), which are sequentially weakly lower
semicontinuous too. Similarly to the proofs of previous propositions but involving ¢ (-) this time,
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there exists a certain u} € Wé’p (Q) with u, # 0. Asuj € K@ \ {0}, from Proposition 4.1, we get

uy = u; € intC,. Observe %‘C = {ﬁ\j c (see (4.1), (4.2)), and hence we have

uy is a local C}(Q)-minimizer of Ua(),
= u,isalocal Wé’p (©)-minimizer of fzp\,l(-) (refer to [4]).
Involving in a similar way g/l/\;(-), we complete the proof for v} € —int C,. O
Using the method outlined in the beginning of this section, we establish the following.

Proposition 4.3. Let Ho, H, be satisfied, and 1 > //fz(q, ay). Then, (P,) admits a nodal solution
ya € Vi, ui] N Co(Q).

Proof. To develop the reasoning here, we start from the inequality
YV < ), 4.3)

but of course we could assume equivalently g’b\,l(vj) > @(uj). On account of Proposition 4.1 and without
any restriction, let K be finite (otherwise we already have an infinity of nodal smooth solutions).
Proposition 4.2, (4.3) and Papageorgiou et al. [16, Theorem 5.7.6], ensure us that there is p € (0, 1)
small with

() <Yy < infly,u) : llu—will=pl =m,  p<IVy—ujll (see (4.3)). (4.4)

Again definition (4.1) gives us the coercivity of ¥,(-), which hence satisfies the Palais-Smale
condition ([16], p. 369). This fact and (4.4) lead to a mountain pass geometry, which ensures the
existence of y; € Wé’p (Q) with

1€ Kz, € v, 1N Cy(Q) (see Proposition 4.1), 7y < Ya(ya)- (4.5)

From (4.5) and (4.1) it follows that y, € C(l)(ﬁ) solves (P,) and it is distinct from u?}, v};. To conclude,
it remains to prove that y, # 0. Mountain pass theorem ensures that

Ya(y,) = inf max ¥,(y(1),
yel —1<t<1

with ' = {y € C([—l,l],Wé’p(Q)) s y(=1) = v}, (1) = uj}. We consider the following Banach
manifolds M = Wol’p(Q) NOBY, M, = M n CL(Q), where 9B = {u € LYUQ) : |lull, = 1} and we
introduce the sets of paths:

T ={yeC(-1,11,M) : %(-1) = <uii(q. a2), Y1) = Ui (q, @)},

[.={y e C([-1,1], M) : ¥(=1) = u1(q, a2), (1) = Ui (g, a2)}-

Claim: fc is dense in T.
Giveny € T and ¢ € (0, 1), we introduce K, : [-1, 1] — 26© of the form

1O - (1 = .
K.(f) = {{uf C'(Q) : lu -l < &} %f l<t<l1,
{xu1(q, ay)} ift = +1.
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This multifunction has nonempty and convex values. Additionally, for r € (-1,1) K, +(?) 1s open,
while the sets 8(1) Kg( 1) are singletons. Now, Hu and Papageorgiou [8, Proposition 2.6], implies
that f(;(-) is Isc, and hence Michael [13, Theorem 3.1”’] ensures the existence of a continuous map
Ve i [-1,1] — Cé(ﬁ) with y,.(¢) € Eg(t) forallr € [-1,1].

Pute =n"!',neNandlety, = ’77% be the continuous selection of the multifunction K ,1,1(-) produced

above. The inequality
- 1
. (t) =y(@®)|| < — forallte[-1,1], (4.6)
n

holds and since y € T, we see that V(|| = m > 0 for all € [—1, 1]. Hence (4.6) leads us to suppose

— Yalt
IV.(OIl # 0 forall £ € [-1,1], all n € N. We set y,(¢) = ”Ay((t))” for all t € [-1, 1], all n € N. Then we
yn q

havey, € C([-1, 1], M,), y,(x1) = £u;(q, a,). Moreover,

[7a(®) = YOIl < 1a(0) = YOIl + [[ya(t) = YO

< |1_Wﬂm(nn v forallre (11 alln € N (see (46).  (4.7)
a(@®llg n

Note that
max |1 = [F,0ll] = max IFOl, - 1F.0l,|  (since¥ € T)
< max [Y(0) = 7.0l
< ¢ max Iy(t) —y,(2)l| for some ¢y > 0 (WS"’(Q) — L1(Q))
—1<t<

<2 (see (4.6)).
n

We use this estimate in (4.7), together with (4.6) and the fact that Wé’p () — Li(Q). We obtain

1
1+ -
n

1
+ — forsomecjy>0,alln €N,
n

70 - 7)) < —=
ncip —

which implies that ﬁ. is dense in T. Using this and (2.4), one can find%y € /l:c satisfying
—~ 1 —
faz(z)IW(t)lqdz < A)(q,ay)+¢ forallre[-1,1], with0 < & < 5(/1 - (g, a2)).
Q
Next, H,(iv) ensures the existence of 6 > 0 satisfying

)

F(z,x) > ——|x|? fora.a.ze Q, all|x] <é. 4.8)
q

We have the compactness of ¥([-1, 1]) € M., and we know that «’, € intC,, and v}, € —int C,.. Now,
by Papageorgiou et al. [16, Proposition 4.1.24], we can find € € (0, 1) small with

EY(n) e v, w1 NCLQ) forallte[-1,1],

— — 4.9
Ey(t)(z)| <6 forallte[-1,1],allz € Q.
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Consider u € £([—1, 1]). Therefore u = £u withu € ([—1, 1]). We have

B < £ [ aemara £ [ [ iz - - ﬁ)]
P Ja q |Ja
(see (4.8), (4.9) and recall |[y(1)ll, = 1)
< ‘% f 4DVl dz - % |- (a(q.a2) + 20| (see again (4.8), (4.9))
Q
< cnéf —cpé?  for some ¢y, cjp > 0 (recall the choice of ).

Then choosing ¢ € (0, 1) (smaller enough), one has

7

, <0 wherey,=¢&y. (4.10)
0

Leta = ’J;(uj) = ’;E/l(uj) and b =0 = ’1//\;(0) = ’1174(0). From the proof of Proposition 4.2, we know
that a < b = 0. Moreover on account of Proposition 4.1 and since u, is the global minimizer of ’1/7},
one can conclude that K% = {u}}, E;(K@) N (a,0) = 0.

Therefore we can appiy the second deformation theorem in Papageorgiou et al. [16] (p. 386) and
produce Ay : [0, 1] x ()0 \ K%) — ()" such that

A

ho(0,u) = u forall u € ()° \ {0}) (note Kg = {0}), (4.11)
ho(t,u) = uw, forall u € ((4)°\ {O}), all 7 € [0, 1] (note K2, = (u3), (4.12)
W (ho(t, w) < Wi(ho(s,u)) forall0<s<rt<1,allue (@) \{O). (4.13)

These properties of the deformation Ay imply that K% is a strong deformation retract of (’w\;)o \
A

{0} and the deformation is I/?j—decreasing. We set y.(t) = ho(t,Eui(g, ay))* for all ¢t € [0,1], ie., a
continuous path in Wé’p (Q) and its trace is in the positive cone of Wé’p (Q). Note £ui(g,ar) € (wj)o

(see (4.10)) and (€7 (q, a2)) = Ya(ETi(g, @2)). So, we have
v+(0) = Eui(g,ax)  (see (4.11)),
yo(1) = u (see (4.12)),
W (y.(0) < Yh(y.(0)) forall 7 € [0, 1] (see (4.13)),
= Yy, (D) < Ya€Ui(g,a2)) <0 forall 7 € [0, 1] (see (4.2), (4.10)),

= ¥ <0, (4.14)
Y+

with y, being a continuous path in Wé’p (Q), linking &u;(g, a) to u’. For /w\;, we can produce in a
similar way a continuous path y_ in Wé’p (€2), connecting —£u(g, a;) and v*. and such that

@‘ <0. (4.15)

Y-

Merging y_, vo, v+, we get . € I satisfying

’1/74‘ <0 (see (4.10), (4.14), (4.15)),
¥s
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= Yalva) <0 = P,(0),

which implies y; # 0, and so y, € [V}, u}] N C(l)(ﬁ) is nodal solution to (P,).
O

So, we have the following multiplicity result of (P,). We emphasize that in this theorem, one has
sign information for all the solutions and the solutions are ordered.

Theorem 4.1. Let Hy, H, be satisfied. Thus:

(a) if 4> /ll(q, ay), then (P,) admits at least two constant sign solutions u, € intC,, v, € —intC,;
D) if 1> /lz(q, a,), then there is also a nodal solution of (P,), namely y, € [v,,u,] N C} (Q)

If g = 2 (weighted (p, 2)-equation), then we can improve a little Theorem 4.1(b).

Theorem 4.2. Let Hy, H| (with q = 2) be satisfied, and A > ’/1\2(2, a,). Then, (P,) (with g = 2) admits
at least three nontrivial smooth solutions with sign information and ordered u, € intC,, v, € —intC,,
ya€ int C(l)(ﬁ)[v/l’ u/l]-

Proof. We start from the solutions provided by Theorem 4.1, namely u, € intC,, v, € —intC, and
ya € [va,ua]l N C(Q) nodal.

Let a(z,y) = a1(@ylP~* + ax(z)y for all z € Q, all y € RY. Thus diva(z, Vu) = A}'u + A%u for all
uce Wé’p (). Observe a(z, ) € C'(RY,RN) (recall that 2 < p here) and

V,a(z,y) = ai(2)lyl”?

= (Vaz, )& € > ciléff forall y, & € RV,

id+(p— 2) WE ]+a2(z)id

Also, if p = max{||v,|e, llt£2]]c0 } and%; > 0 is taken from H{(vi), then
f(z,x)— f(z,u) > —/f;lx —u| forall x,u € [—p,p].
The tangency principle (Pucci and Serrin [25, Theorem 2.5.2]) leads to
Va(z) < yu(2) <up(z) forall z e Q. (4.16)
Then we have

—A%y) = A%y, + Elal’ 2y = A+ F(zy) + Elval’ v
< Auy + f(z,uy) + fp u’™' (see (4.16) and H{(vi))
= —A%uy — A%uy + Eutl (4.17)
On account of (4.16) we have 0 < A[u, — y,]. Returning to (4.17), we obtain u, — y, € intC, (by

Gasinski et al. [6, Proposition 3.2]). On the other side, one can establish that y, — v, € intC,. We
deduce that y, € int C(.)@[vl, u,]. O

Finally under assumption H;" we can have a nonexistence result.
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Theorem 4.3. Let H, H{ be satisfied, and A < //fl (g, az). Then, (P,) does not admit nontrivial solution.

Proof. At the beginning we postulate the existence of u € St C int C, so that

(AG (), hy + (AZ (u), h) = f[/llulq_2u + f(z,u)lhdz forall h € WS”’(Q).

Q

For it = u € W,"(Q), by H (vi) we deduce that

f a1 )VulPdz = 1y (p, an)llull? + f a>(2)IVultdz - Aull? <0,
Q Q

which implies [//il (q,a>) — Allull? < 0, a contradiction since A < ’/1\1 (¢, a»). Therefore ST = 0 for all
A < A1(q, a). o

Remark 4.1. For (p, g)-equations with no weights but with variable exponents we refer to the survey
paper of Rdadulescu [26].
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