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We outline the geometric approach to the Hilbert-Smith Conjecture which asserts
that amang locally compact groups only Lie groups can act effectively on manifolds.
In particular, we discuss recent results of J. Malesi¢, E. V. Stepin and the authors.

1. Introduction

The classical Hilbert 5" problem — to show that every locally Euclidean
group is a Lie group [18] — was solved in 1952 independently by Gleason [15]
and Montgomery and Zippin [26]. A generalized Hilbert’s 5*" problem, called
the Hilbert-Smith Conjecture, asserts that among locally compact groups only
Lie groups can act effectively on manifolds. It is known to be equivalent to a
special case when the acting group G is the group of p-adic integers [6,27,34,36). .
In 1946 Bochner and Montgomery proved this conjecture for groups G acting
on a manifold M by diffeomorphisms [5]. The general case was attacked by
methods of cohomological dimension theory, by constructions of wild Cantor
sets in R” with strong homogeneity properties and by investigating actions
of p-adic integers on arbitrary compacta. If the group A, acts effectively
on an n-manifold M, then dimz, M/A, = n + 1, dimg M/A, = n + 2 and
dimp M/A, = nif F is a field and char F' # p [6,36] (for further discussion see
(9]). Antoine’s necklace [3] is an ambiently homogeneous (wild) Cantor set in
R3. (For further examples in this direction see [7,32,33,35]). However, these
examples cannot be extended to effective actions of A? on R*. Drani3nikov
constructed a free action of A, on the universal Menger compactum u"® {10].
See also [1,4,11].
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2. Smooth Ambient Homogeneity

* A simpler geometrical proof of the Hilbert-Smith conjecture for actions
by diffeomorphisms was obtained in 1991 by E. V. Sgepin and the authors.
Let us sketch the idea of this proof. Suppose that a locally compact group
G acts effectively on an n-dimensional manifold M. Every orbit K of this
actiorr is smoothly ambiently homogeneous, i.e. for each z, y € K there exists
a diffeomorphism h : (M, K, z) — (M, K,y). Let us prove that it follows from
this property that K is a submanifold of M (then G = K is a Lie group).
It suffices to consider the case M = R". If dim K = n, the proof is obvious,
so suppose that dim K < n. Then by local compactness, some point of K
is pinched by a round ball from the complement of K. By smooth ambient
homogeneity, every point of K is pinched by a round cone from the complement
of K. Using the Baire Category theorem, we conclude that the points from
some open subset U of K are pinched by parallel isometric cones. Moreover,
we may assume that diam U is less than the height of these cones, so every
point of U is pinched by two cones, symmetric respective to this point.

If dim K = n—1, then one can show that there is a Lipschitz chart R*~! —
U N K. This chart has a point of differentiability [13]. By ambient smooth
homogeneity, K is thus a smooth (n — 1)-submanifold of R". Since the angle
of the cone is arbitrarily close to w, we can avoid use of [13] by applying the
Baire category theorem once again to get a differentiable chart R*~! - UNK
at once [29]. If however, dim K < n — I, we can pinch some point of U N K by
a round n-ball, not containing either of two cones, already pinching this point.
Then we apply the induction (see [31]) to finish off the argument.

Our proof reveals a close relationship between the concept of homogeneity
and the idea of taming subsets of manifolds, pinched by tangent balls. The
latter problem was extensively investigated in the past, by various authors
8,14,16], [20]-[24].

3. Lipschitz Ambiently Homogeneous Fractals

The first idea to attack the Hilbert-Smith Conjecture for actions by Lips-
chitz homeomorphisms was to prove that a locally compact, Lipschitz ambient
homogeneous subset K of R* must be a submanifold of R". Note that this is
not true for arbitrary homeomorphisms by Antoine’s example. In the Lipschitz
case we can still pinch some point of K by a round n-ball from R"\K. But
then from Lipschitz ambient homogeneity it follows only that each point of K
is pinched by a Lipschitz n-ball from R"\ K. This Lipschitz n-ball contains no
round cones, pinching K from R"\K. Using this geometric idea, Malesié [25]
proved that the standard Cantor set in R? is Lipschitz ambient homogeneous.
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Thus the above conjecture on locally compact, Lipschitz ambient homogeneous
subsets of R" is false.

Let us sketch his argument. Take a round disk Ay, containing the standard
Cantor set in R%. Take also round disks Ao and A,, containing two ‘halves’
C.N Ap and C N A; of C, so that the pairs (4g,C N A4,;) and (A;,CN A,;) are
isometric and both similar to (44, C). Then there is an autodiffeomorphism
hg of, the plane, which is the identity outside int Ay and which exchanges
(Ao,CN Ap) and (A;,CN A,;) isometrically. The derivative of hg is continuous
and therefore bounded, hence hy is Lipschitz. Similarly one can construct a
Lipschitz homeomorphism hg (resp. h;), which is the identity outside Ag (resp.
A,;) and which changes two quarters of C, lying in C N Ag (resp. CN A4;) and
so on. One can verify that compositions of the homeomorphisms (even infinite
ones) are Lipschitz. Therefore, C is Lipschitz ambiently homogeneous.

Malesi¢ also constructed Antoine’s necklace, which is Lipschitz ambiently
homogeneous in R® [25]. For this purpose, all inscribed tori should be similar
to the ambient one.

4. Actions by Lipschitz Homeomorphisms

Malesi¢ [25) even constructed an action of the Cantor set C = A; on R?
whose restriction to C C R® is just a multiplication. But this action is identical
outside some ball. Is it possible to construct an effective action of C on R3?
An intersection of self-similar objects like in Malesié’s construction is called a
fractal. This led Repovs and Séepin [30] to apply the Hausdorff dimension to
prove the Lipschitz case of the Hilbert-Smith conjecture.

We present an outline of their proof: Suppose that the group G = A, acts
effectively on an n-manifold M and that p is a Riemann metric on M. Suppose
also, that for every autohomeomorphism g € G of M, there exists {, > 1 such
that

1 _ plg(z), 9(y))
lgs p(z,y) Sl

Then one can show that there is L > 1 such that I, < L, for each g € G. Using
any probabilistic measure on G [17], define an equivariant metric pg on M by

pclz, y) = /p(y(z),g(y)) dg.

G
Let p: M = M/G be the projection. Define a metric on M/G by

pc(p(z),p(y)) = min{ pc(z,9(y)) }.
9€G
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We get an obvious contradiction:
n =dimM =dim, M = dim,g M >
m @ U=

> dim,g(M/G) > dim(M/G) > dimz(M/G) =n + 2.
(3) (4) ()

Here (1) follows by [12] and [28]. Since the action is Lipschitz, the metrics p
and g are equivalent, so (2) follows. Since p: M — M /G does not increase
the distance between points, (3) follows. (4) follows by [19, Theorem 7.3], (5)
is a classical result {2], and for (6) see [6,36).
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