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Abstraet. The concept of paraconvexity of a subset P C E of a normed space E was first introduced
by E. Michael. Roughly speaking, it consists of a controlled weakening of the convexity assumption
for P, where the control is guaranteed via some parameter o € [0, 1). In this paper, we consider
the case when P is a subset of some (n + 1)-dimensional Euclidean space E and P is the graph
of some continuous function f : V — R, where V C F is some convex n-dimensional subset of
E. Our key result is that paraconvexity of such a set P follows from the paraconvexity of sections
of P by two-dimensional planes, orthogonal to V. As an application, we prove a selection theorem
for graph-valued mappings whose values have Lipschitzian (with a fixed constant) or monotone
two-dimensional sections.
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1. Introduction

We shall denote by Fj the Euclidean k-dimensional space without any prescribed
coordinate system, whereas R® will denote the product space

;RxRx...xR

k copies

with the standard coordinate system. We shall denote by Conv(R™) the class of
all convex subsets of the space R™ and we shall fix some class F' of continuous
functions from K" to R with convex domains of definition, i.e.

FcC{f:R"— R|Dom(f) € Conv(R")} .

Let I'(F') be the class of graphs of all elements f € F: each element of I'(F) is
a subset of R**!. We shall denote by T'(F, E,) the following class of subsets
of the space E,1: subset P C E,; belongs to I'(F, E,, ;1) if and only if there
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exist f € F and an isometry T of the Euclidean space R**! onto the Euclidean
space E,11 such that P = T(T's), where I is the graph of the function f € F.
In other words, ['(F, E,,11) is the class of graphs of all continuous functions in
n variables. Note that I'(F) is a subset of I'(F, R**!) but I'(F) # I'(F,R**!)
since I'(F, R**!) consists of graphs of functions over all orthonormal coordinate
systems in the space R**1,

In this paper, we shall consider the multivalued maps (m-maps) whose values
are elements of the class ['(F, E,, ). More precisely, we are interested in finding
conditions for the class F' which guarantee the existence of singlevalued continuous
selections for such m-maps.

Recall that a singlevalued map ¢ : X — Y is said to be a selection of an
m-map G : X — Y if and only if g(z) € G(x), for every point x € X. An
m-map ¢ : X — Y between topological spaces X and Y is said to be lower
semicontinuous if and only if for every open subset V C Y/, the set ®~1(V) =
{ze X:®(z)NV # 0} isopenin X.

We shall use the following E. Michael’s selection theorem for nonconvex-valued
m-maps (see [1]):

THEOREM 1.1 (E. Michael). Let o € [0,1). Then every lower semicontinuous
m-map ® : X — B from any paracompact space X into any Banach space B
whose values are a-paraconvex subsets of B admits a singlevalued continuous
selection. o

Recall that a nonempty closed subset P C B of a Banach space B is said to be
a-paraconvex if for every open ball D with radius r and for every point g from the
closed convex hull conv(D N P) of the intersection D N P, the following inequality
holds:

dist(¢, P) < a-r.

For graphs of continuous functions, i.e. for elements of the class I'(F), we
need some special versions of the notion of paraconvexity. We define for k €
{1,2,...,n} the following subclasses F}, of the class F:

Fy = {f|alf € F,A C Dom(f),A € Conv(R"),dim A = k} .

In summary, the main point of this paper is that for paraconvexity of elements
of the class ['(F') it suffices to verify only the paraconvexity of elements of the
class I'(FY), i.e. it suffices to consider only the one-dimensional case.

We shall denote:

(a) by [z1,22,...,Zm] the closed convex hull conv{z,, 2, . . . , &m } Of the points
L1225+ s T
(b) by Rlzy,23,...,%n] the minimum of the radii of all closed balls which

contain all points 1, 2, ..., Zm; and



PARACONVEXITY OF GRAPHS 25

(¢) by c[z1,z2,...,2m] the center of the single closed ball with the radius
Rz, xy,...,Zm| which contains all points 1, z2, . .., Zm,.

DEFINITION 1.2. Let 0 < o < 1 and 0 < 3 < 1. The graph I'y of the element
f € Fy is said to be («, §)-paraconvex if for every k£ + 1 points 21,22, ..., Zgy1 €
Dom(f), there exists a point ¢ € Ty such that

”C[plvp2’~~ . ,Pk+1] - (IH <a- R[plvpflv' .. aplc-{-l]

and

lelpr,pay - -y Pk+1) — €'l € B+ Rlp1,p2,- -y Drt1]

where p; = (z;, f(z;)) € T, =1,2,...,k + 1, and ¢’ is the point of the inter-
section of the line orthogonal to Dom( f) and passing through the point ¢ and the
plane I[p1, pa, . .., prs1] = p1 + span{pz — p1, ..., prs1 — D1}

DEFINITION 1.3. Let 0 < a < 1. The graph I'y of the element f € Fy is
said to be («, +)-paraconvex if for every £ + 1 points z1, 7, .. . , Zx+1 € Dom(f),
there exists a point g € I' ¢ such that

{{C[pl,pz,m;mﬂ] -qfl<a- R{plvp%'-'apk-{-l}

and the points g and p are on the same side with respect to the plane I1{p|, pa, . . ., Pk+1),
where p is the point of the graph I'; which lies on the vertical line passing through

the point c[p1, p2, - .+, Pry1)-

Definitions 1 and 2 are, on the one hand, stronger than the original notion of para-
convexity: there are two inequalities or two conditions which make the controlled
failure of convexity. But on the other hand, these definitions are weaker restrictions
than the original notion of paraconvexity. First, we estimate the distance dist(q, I'y)
only for the center ¢ = ¢[p1,p2, ..., Pr+1) Of the simplex [p1,p2, ..., prs1]. Sec-
ond, and this is in fact, more essential, we consider the simplices [p1, P2, - - - , Prt1]
with a fixed dimension k& which equals the dimension of the domain of the defini-
tion of the function f € Fy.

THEOREM 1.4. Let F C {f : B* — R | Dom(f) € Conv(R")} and suppose that
forsome oy, By € (0,1), all elements from the class T'(Fy) are (ay, 81 )-paraconvex
subsets of the space R*V1. Then for every k € {1,2,...,n}, there exist oy, and By,
from [0, 1) such that all elements from the class T(F},) are (o, Bt )-paraconvex
subsets of the space R*H!,

THEOREM 1.5.Let F C {f : K* — R | Dom(f) € Conv(R")} and suppose that
for some oy € [0,1), all elements from the class T'(Fy) are (o, +)-paraconvex
subsets of the space K" Then for every k € {1,2,...,n}, there exists ay, € [0, 1)
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such that all elements from the class T'(Fy,) are (ay, +)-paraconvex subsets of the
space RMt1,

COROLLARY 1.6. Let F be as in Theorem 1.4 or in Theorem 1.5. Then there
exists 0 < a < 1 such that all closed elements of the class I'(F') are a-paraconvex
subsets of the space R*1,

COROLLARY 1.7. Let F be as in Theorem 1.4 or in Theorem 1.5 and let
®: X — B,y be alower semicontinuous map from a paracompact space
X to the Euclidean space | with closed values such that ®(z) € I'(F, E,11),
for all x € X. Then ® admits a singlevalued continuous selection.

COROLLARY 1.8. Ler Lip(C) = {f : R* — R | Dom(f) € Conv(R") and
if(z) = fy)| < Cllz — y|l for all z,y € Dom(f)} andlet®: X — E,y, bea
lower semicontinuous map from a paracompact space X to the Euclidean space
E,.+1 with closed values such that ®(z) € T'(Lip(C)) for all x € X. Then ®
admits a singlevalued continuous selection.

COROLLARY 1.9. Let Mon = {f : R* — R | Dom(f) € Conv(R") and
restriction f|; is a monotone function for every line 1} and let ® : X — E, 41 be
a lower semicontinuous map from a paracompact space X to the Euclidean space
E,.1 with closed values such that ®(z) € T'(Mon), for all z € X. Then ® admits
a singlevalued continuous selection.

2. Proof of the Theorem 1.4

We proceed by induction on k. The base of induction coincides with the condition
of the theorem. Suppose now that the theorem holds for 1 < m < k. We shall
verify the theorem for m = k.

We fix f € Fy, and points p = (z;, f(z;)) € Ty, i € {1,2,...,k + 1} and we
denote by A the simplex [py,. .., Pk+1]. We may assume that dim(A) = k since
in the opposite case it suffices to use the inductive hypothesis.

Case A. The center c(A) of the simplex A belongs to one of the boundary simplices
V of this simplex.

In this case ¢(A) = ¢(V), R(A) = R(V) and we may use the inductive hypoth-
esis to the restriction f on V.

Case B. The center c(A) of the simplex A is its interior point.

We choose ¢ > 0 such that a1 + ¢ < 1 and Bk—1 + ¢ < 1 and denote by d;
the distance between the center ¢(A) and the boundary simplex V; of the simplex
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Ayie{1,2,...,k+1}.
Case BA. There exists i such that d; < € - R(A).

We note that d; equals to the distance between the center ¢(A) and the center
¢(V;) of the boundary symplex V;. So one can put in this case oy = ap_; + € and
Bk = Br—1 + € and use the triangle inequality.

Case BB. Foralli =1,2,...,k + 1, the inequality d; > ¢ - R(A) holds.

First, we will prove that in this case there is an upper estimate that d; <
8(e) - R(A) for certain 6(e) < 1. Let S(R,¢) be the set of all (k + 1)-simplices
o contained in a fixed closed ball with radius R(A) = R, centered at the point
¢(A) = cand which contains the closed ball with radius - R, centered at the same
point c. It’s easy to check that in the Hausdorff metric, the set S(R, €) is compact
(see Blaschke’s Choice Theorem). For every V € S(R, ¢), we define the number
§(V) to be the product of the number 1/R and the distance between the point ¢
and the boundary of the simplex V. Then § : S(R,e) — [0,1) is a continuous
function on a compact set and therefore

8(e) =max{6(V) |V € S(R,e)} < 1.

Next, we consider forevery i € {1,2,...,k+1} therestriction g; = f|v, of the
function f onto the simplex V;. Then ¢; € Fj_; and by the inductive hypothesis,
we can find points ¢; € 'y, C I'y such that

1e(Vi) = gill < o1 - R(Vi) and [|e(V3) = gill < Be—1 - R(Vi)

where ¢; is the result of the vertical projection of the point g; onto the simplex V;
i€{1,2,...,k+ 1}. We remark that

lle(a) — gII?
=di +|e(Vi) = gil* < & + B2, (R*(A) - &B)
= (1= Bi_1) &} — Bi R¥(D) S R¥(A) - (1 - BF_)) - 8%(e) + BR_))
=RYA)-B}, 0<B,<1.

Now exactly two cases are possible.

Case BBA. There exists 1 # j such that the points ¢; and q; lie on different
sides of the plane I1[py, pa, . . . , pit1] = p1 +span{py — p1, ..., pry1 — p1}; or



28 DUSAN REPOVS AND PAVEL V. SEMENOV

c{a)

Fig. 1.

Case BBB. All points q; lie on the same side of this plane.

In the case BBA we can find, by the continuity of function f over the segment
g;, g7}, a point ¢ € (I'y N A) such that

lle(8) = gll < max{fle(A) — gill, lle(A) - gjlI} < R(A) - By .

Moreover, in this case the point ¢’ coincides with the point ¢ and hence the
distance [|c(D) — ¢'|| allows the same upper estimate.
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In the case BBB we define vectors v; = ¢(A) — ¢(V;) and w; = ¢; — ¢(V,);
i € {1,2,...,k + 1}. Let all points ¢; lie above the plane II[pi,ps,. .., Pe+1]-
From the obvious fact that ¢(A) € conv{c(Vy),...,¢c(Viky1)} we obtain that one
of the angles between vectors v; and w; is less than or equal to /2 and for such ¢
we have that

le(A) — gl < d2 + [|e(Vi) = qil|* < d2 + o, (R*(A) — d?)
=(1-0f_))-d? +od_ | RAA) < R¥(A)- (1 - ) - 8%(e) + of,)
=R*A)-A7; 0<Ap<1.

We have found the upper estimate for distance ||c(A) — ¢/|| in the part BB above.
In summary, we have the following:

Case A Case B
Case BA Case BB
Case BBA Case BBB
ap  Qg-p Qg tE By, Ay
By Br—1  Pr—1+e By, By

where By, = ((1—52_,)-6%(e)+87_)/? < 1,and max{ay_, +¢, Bpy +¢} < 1.
Ap=((1—ag_)) - 8e)+af_)'? <1,

Theorem 1.4 is thus proved. O

3. Proof of the Theorem 1.5

The idea of this proof is similar to the proof of the previous theorem. We shall
make only the following changes (we may assume that the point p lies above the
plane

p1,p2, - .-y Prs1] = II[A] = p1 + span{p2 — p1, ..., pr1 — pi}) :
Case BA. By the triangle inequality, we can find points ¢; € I'g,, where g; = f|v, €
F; such that

le(A) = gill < (og—y +€)-R(A); i€{1,2,....k+1}.

If one of the points g; lies above the plane IT[A] then we may set ay = a1 +< and
obtain the (ay, +)-paraconvexity of the graph I';. Otherwise we conclude, by the
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definition of (a;_,, +)-paraconvexity of the graphs I';_; that the points p; € I';
belonging to the vertical lines passing through the points ¢(V;) are below the plane
II[A]. So by the continuity of the function f we can find a point ¢F € [c(A), c(V;)]
such that ¢;° € I' . Moreover, we have the following estimate:

lle(A) = gl < Mle(A) —c(Vi)ll S e~ R(A) < (on—1 +¢€) - R(A) .

Case BBA. There exists an integer ¢ € {1,2,...,k + 1} such that the point g; lies
below the plane II[A] and by an argument similar to the argument in the above
paragraph, there exists a point ¢} € [¢(A), ¢(V;)] such that ¢f € T'y. Therefore,

e(A) = gfll < lle(A) = o(Va)ll < 8(c) - R(A)) .

Case BBB. If all points g; lie above the plane II[A] the proof coincides with the
analogous proof of Theorem 1.4. If all points ¢; lie below the plane II[A] then the
proof coincides with the proof of the case BBA above.

Case A CaseB
Case BA Case BB
Case BBA Case BBB

ar  Qg—]  Qg-ytE é(e) Ay

where Ay, = (1 —a?_;) - 8(e) + a}_)"/? < 1 and oy + ¢ < 1. Theorem 1.5
is thus also proved. a

4. Proofs of Corollaries

Proof of Corollary 1.6. By the definition, it is clear that
FCcRURBU...UF,.

Let ay, o, . . ., &, be the constants of paraconvexity of the elements of the classes
Fy, P, ..., F, respectively (see Theorem 1.4). Let o = max{ai, az,...,an} <
1. We fix a function f € F and let z be an arbitrary point from the convex
hull conv(D N T's) of the intersection of some open ball D with radius r and
the graph I'y of the function f. By Carathéodory’s theorem we can find points
Y1, Y2, -+ s Ynt2 € D NIy such that

zZ € Conv{ylvyZa R ,yTH-Z} :

The key ingredient in the sequel of the proof is the following result from [3],
reformulated in accordance with our notations above:
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THEOREM 4.1. Let f : R* — R be a continuous function with a convex domain
and let y1,y2,.. . Yny2 € Ly and 2 € [y1,92,...,Yny2] be arbitrary points.
Then there exist points p1,p, . .. ,Pnt1 € Iy such that z € [p1,pa,. .., pny1] and
the simplex [p1,p2,...,Pnt1] can be moved into one of the faces of the simplex

Y1, 92, s Yntal- o
So, if p1,p2,. .., Pn+1 are the points provided by Theorem 4.1, then

R= R[pl’pZ) v 7p'n+1] < R[ylayZa R yn+2] <r.
By Theorem 1.4, we can find a point ¢ € I'; such that

lelpisp2, - pngi] =gl SaR < a7,

If llclpr,p2, .-, pny1] = 2] <e-Rthenllg — 2| < (a+¢) - R< (a+¢)-r.
If for the center ¢ = ¢[p1,p2, . .., Pnt1] Of the simplex [p1, 2, ..., Pnt1] We have
that |lc— z|| > - R then by convexity of the simplex [p|, p2, . . ., Pn+1] We can find
a point p; such that the triangle Aczp; has an obtuse angle at the vertex z. Hence

lz=pil® < le=pil> ~ le = 2IP < R* = 2R* < (1 - &%) - 7.

Therefore the distance between the point z and the graph I's is less than or equal
to the product 7 - max{a + ¢, (1 — €2)1/2}. So we can define £ > 0 as a root of the
equation

(a+z)?=1-2a?

and hence the graph I'y of the function f € F'is an agp-paraconvex subset of the
Euclidean space R"1!, where g = a+cand o = max{aj,ay,...,0n} < 1;here
a1,0,. .., 0, are the constants of paraconvexity of the elements of the classes
Fi, F,. .., Fhy1, respectively (see Theorem 1.4). Corollary 1.6 is thus proved. O

Proof of Corollary 1.7. This corollary is a direct consequence of Corollary 1.6
and E. Michael’s theorem on selections of paraconvex-valued maps mentioned
above. 0

Proof of Corollary 1.8. 1t is easy to check that the graph I'; of an arbitrary
function f(z) with a convex, closed domain of definition such that f € Lip(C),
is an (e, By )-paraconvex subset of the Euclidean plane, where oy = sin{arc tg C)
and 8, = o?. Consequently, Corollaries 1.6 and 1.7 yield a proof of Corollary 1.8. O

Proof of Corollary 1.9. We remark thatif f : R — R is a monotone continuous
function with a convex domain of definition then f is a Lipschitz map, with the
Lipschitz constant 1, in some other coordinate system. To see this it suffices to
rotate the standard coordinate system by an angle of 7 /4 or —n /4. Then we can
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use the previous corollary. 0O

PROBLEM 4.2. Do these results hold for graphs of continuous maps from R”
to K™ if m > 1?
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