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Generalized manifolds have had an important role in modern gcometric topology
ever since they were introduced in the I‘Hl} s. In recent vears thev were instrumental
in the work by M. G. Brin, J. L. Bryant, J. W. Cannon, R. D. Edwards, R. C. Lacher.
D. R. McMillan, Jr, F. S. Quinn, T. L. ilncks!un. and others -—on the recognition
problem for topological manifolds [%. In this paper we prove that generalized
3-manifolds which possess a certain amount of general position cannot have isolated
singularities. As an application we give a gcometric criterion for the Freudenthal com-
pactification of an open 3-manifold to be nonsingular.

Preliminaries. We shall work in the category of locallv compact Hausdorff spaces
and continuous mappings. We shall use (co)-homologies with Z coefficients throughoul
the paper. A general reference for 3-manifolds is [3].

A space X is a generalized n-manifold with boundary (n¢N if: (i) X is an eucli-
dean neighbourhood retract (ENR), i.e. for some integer m, X embedes in R™ as a
retract of an open subset of R™: (ii) .Y is a homology n- -manifold with boundary. i. e.
for every x¢.X either A*(X, X—{x})=F"-"({x}) or H*(X, X —{x})=0. The subset
X = {x€X|HXX, X—{x})=0} of X is called the boundary of X and X=X -X s
the interior of X. If X=@ we call X simply a homology n-manifold (resp. generalized
n-manifold, if it is also an ENR). The set S(.X)--{x¢€.Y|x has no neighbourhood in X
homeomorphic to an open subset of B") is called the singular set of Xand its com-
plement M( \’)~X——S(/\’) is the manifold set of X. A singularity p¢ S(.X) of A is said
to be isolated if there is a nelghbourhnod U=X of p such that (U—{p} 11 S(.\)=0Q2.

A space X is LC" if it is k—LC for all k2¢{0, | .n}, i e if for every x¢ X
and every ncighbourhood U=X of x there is a nclghbnurhood VU of x such that

My(V)— I'],‘(U) is trivial. A space X is LC= (-—locailv contractible) if for every x¢.X'-
and every neighbourhood U= X of x there is a neighbourhvod VU of x such that
V is null-homotopic in U.

Let X be a o-compact space and represent it as X = = K, of compact sub-

sets Ky =int K, X. An end of X is a scquence e-—={U;} of the complements U;= X

— K. The Freudenthal compactification X" of A" is XU {e} with {U;} as the basis of
topology at the end e ['].

A mapping of a disk f:8?— Xinto a space .Y is called a Dehn disk if S;10B%=
where S;={x¢B?|f~1f(x)Fx} is the singular set of f. Finally, a fake cube is a com-

pact contractible 3-manifold with boundary not homcomorphic to B3 The classical
Poincar¢ conjecture asserts that therc are no fake cubes.

Theorem. Suppose that X is a generalized 3-manifold with the following two pro-
pcrtleq
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(A) No compact subset of .Y contains infinitely many pairwise disjoint fake cubes;
and

(B) for every pair f,, fa:B?-~X of Dehn disks such that fi(B,) N foy(BM=f, (int
BN f, (int B?), and ior every neighbourhood UcX of f,(8%) U f«(B?), there
is a pair of mappings f|, f,: B'—U such that f(B*) U y(By)=Q and f;|0B°
=f,19B? for both i's.

Then X has no isolated singularities.

“Remark. Both conditions (A) and (B) are necessary, as the examples in [* 3 7] show.

Proof. Let p¢.X and let Uc X be an open neighbourhood of p such that U1 S(.\)
<{p}. By [’} (Lemma 1) there is a compact orientable connected generalized 3-manifold
NZU with boundary a—casipact—orientable—eonneeted—ueneralized—4-mantotd—-=t/
with—bawndary a compact orientable 2-manifold such that peint V. Since X is an
ENR it is locally contractible so we may assume that V is null-homotopic in U. Let
¢:=E° (n+1)2g(n) where g(n) is the number of components of V with genus rn. Choo-
sC N so that ¢ is minimal. We shall show that ¢ =(0. So suppose that ¢>0. Then
there is a boundary component C:=N with posilive genus; C is a 2-sphere with &0
handles since NV is orientable. Llet /.:dB,— C be an essential simplc closed curve. By
our choice of .V the inclusion-induced homomorphism T1,(:\) — I1,(U) s trivial hence
there is an extension f: 32— {/ of /. over B2 Using methods similar to those employe:l
in [*] (pp. 167-168) we can assume that / is locally PL near C and that it is in a ge-
neral position with respect to C, because C= M(X). Thus we mayv as:ume [~'(C) is 2
finite coilection of pairwise disjoint PL simple closed curves in B2 one of them heing
dBY Let Joint B* be an iunermost such curve and let t Ecf(B?) be the (singular)
subdisk bounded by f(J/). There are three possibilities.

Case 1. f(J) is inessential on C. Then f(J) bounds a (singular) disk £'=C. Exchang-
ing [ with £ we can go to the next innermost curve.

Case 2. f(J/) is essential on C and EcU-int V. Since (-int V.- M(.X) we can use
Dehn'’s lemma to attach a 2-handle to .V after we have made £ locaily PL by ['].
This reduces ¢ wiich, in its turn, contradicts the mummality of c. FHence this case
cannot occur,

Case 3. /(J) is essential on C and E-=V. By [¥] (p. 168), f(/) can he replaced by
a simple closed curve J':=C such that /' is wontrivial on C but bounds a Dehn disk
in N Let R=C be a regular necighbourhood of /' in € and let J, and Jy be two
~ simple closed umec: boundary components of R. Then J; hounds a Dehn disk 0 in
N for each i =1, 2. Using (B). we can yget D, and D, disjoint in .V - denole them by
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D; and D;, respectively. Thus one of them will miss p, say p¢D;. By ['] we can make

D; locally PL. — dcnote it by D;*. Then by cutting N along D" we reduce the comple-
xity ¢ which, in turn, again contradicts its minimality. Hence this case cannot occur
either. (See the Figure).

We conclude that indeed c=0 hence g(V. p)=0. Since V satisfies f(i\) and since
Sff\")f'(:\{}p} it follows from [*] (Theorem 7.5%) that N is a 3-manifold tjln particular,
o€ M)

_ Corollary. Suppose that M is an open 3-manifold with finitely many cnds and let
M be ils Freudenthal compactification. Then M is a 3-manifold iff M is an LC? homo-
logv 3-manifold and it also satisfies the conditions (A) and (I3) above. '

{I‘.r]ooi. (=) It follows from [?] (Thearcin 2.3) and from Kneser's Finiteness theo-
rem [3].

(=): M is clearly [finite-dimensional hence it is an ENR as soon as it is [LC»
at the points p,...., p, of compactifictions (assume that M has ( cnds). Since for
each i, M is alwavs O-LCat p, and since M deiorms onto a Freudenthal compactifi-
cation of a locally finite 2-dimensional polyhedron with £ ends. it suffices to show
that M is LC? at each p,. The asscrtion now follows from our Theorem above.
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> ERRATUM

In the D. Repovs® article ‘Isolated singularities in generalized 3-manifolds’, published In *Comptes

rendus de 1"Académie bulgare des Sciences' Vol. 39, 1986, No. 10, pp. 13-15, a whole line 15 missly,
Namcly, In‘page 14 alter line 6 from above It has to be added the sentence concludin
of the Theorem: Then X has no. polaied singularities.
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