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SHRINKING 1-DEMENSIONAL CELL-LIKE DECOMPOSITIONS
OF 3-MANIFOLDS
UDC 515.162

R. DZH. DAVERMAN [ROBERT J. DAVERMAN] AND D. REPOVSH [DUSAN REPOVS]

We introduce a new shrinking criterion called the resolution disjoint disks property
and develop a new version of the disjoint disks property for generalized 3-manifolds,
called the light map separation property. We apply these properties to the study of
cell-like upper semicontinuous decompositions of 3-manifolds.

We shall be working in the category of locally compact Hausdorff spaces and con-
tinuous maps throughout this paper. Manifolds will be assumed to have no boundary
unless otherwise specified. A space X is cell-like if there exist an n-manifold N and
an embedding f: X — N such that f(X) is cellular in N, ie., f(X) = N2, B?.
where {B};>; is a properly nested decreasing sequence of n-cells in N. A map
defined on an ANR X is cell-like if its point-inverses are cell-like sets. A closed map
1s proper if its point-inverses are compact.

Let G be a decomposition of a space X into compact and connected subsets
and let n: X — X/G be the corresponding quotient map, H; the collection of all
nondegenerate (i.e., # point) elements of G, and Ng their union. A decomposition
(7 is upper semicontinuous if the quotient map n: X — X/G is closed. A decom-
position G of a separable metrizable space X is 0-dimensional if dimn(Ng) < 0.
A compactum K C R™ has embedding dimension < n, demK < n, if for every
closed subpolyhedron L ¢ R™ with dimL < m — n — 1, there exists an arbitrarily
small ambient isotopy of R™ , with support arbitrarily close to K N L, which moves
L off K (see [5] and [15]).

A space X is a generalized n-manifold (n € N) if:

(i) X is a Euclidean neighborhood retract (ENR), i.e., for some integer m, X
embeds in R™ as a retract of an open subset of R™ ; and

(i) X is a homology n-manifold, i.e., for every x € X, H (X, X - {x};Z) =
H.(R"; R" - {0}, 2Z).

In dimensions > 3 X may fail to be locally Euclidean at some (or perhaps all)
points. We call such exceptions singularities of X, and they form the singular set
of X, S(X) = {x € X|x does not have a neighborhood in X homeomorphic to
an open subset of R"}. Note that S(X) is always closed, and if S(X) # X then
M(X)= X - 8(X) is an open n-manifold.

A resolution of an n-dimensional ANR X isa pair (M, f) consisting of a topolog-
ical n-manifold M and a proper, cell-like map f: M — X . Consequently, if X has
a resolution then X is a generalized n-manifold [9]. A resolution (M, f) of X is
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called conservative if f is one-to-one over M(X), i.e., the restriction f|f~1(M(X)):
S Y M(X)) - M(X) is one-to-one. The nondegeneracy setof amap f: X - Y is
the set Ny = N(f) = {x € X|f~1(f(x)) # x}.

One of the central problems of modern geometric topology of 3-manifolds is how
to detect topological manifolds among more general topological spaces [1], {3], [12].
Usually, the space X we are dealing with is already known to have the following
properties:

(a) X is a 3-dimensional separable metrizable space;

(b) X is an ENR, so it locally satisfies the same homotopy properties as R*;

(c) X is a Z-homology 3-manifold, so it locally satisfies the same homology prop-
erties as R?; and

(d) X is known to be a 3-manifold over some open subset U C X .

Let Z=X-U. If dimZ < 0 then (modulo the Poincaré conjecture) we can
decide whether or not X is a singular space by the following test, due to R. C. Lacher
and D. Repovs {13]: first, blow up X to get a conservative (i.e., one-to-one over U)
cell-like resolution f: M — X with M a topological 3-manifold [16], and then verify
if the associated cell-like, closed 0-dimensional, upper semicontinuous decomposition
G(f) = {f"'(x)|x € X} of M is shrinkable by checking whether or not the quotient
space M/G = X satisfies the following simple general position property possessed
by every topological 3-manifold, called the map separation property (MSP) [10}: for
every finite collection of maps f;, ..., fn: B® = X such that for every i, f; isan
embedding on a neighborhood of 8B, and for every i # j, fi(B}) N f;(0B*) =@,
and for every open set ¥ C X such that U?:n fi(B?) c V, there exist mappings
Fy,..., F,: BE - V with the following properties:

(i) for every i, F;|0B? = f;|0B?;

(ii) if i # j then F{(B*)nF;(B*)=o.

In this paper we study another general position property of topological 3-manifolds,
called the light map separation property (LMSP): A metric space (X, p) is said to
have the light map separation property if for every ¢ > 0 and everymap f: B— X
of a finite collection of disks B = [[}_, B? into X such that: )

(i) NycintB, where Ny = {y € Bl /= (f(»)) # 7} ,

(ii)) dimN; <0, and

(iii) dimZ; < 0, where Z; = {x € X|x € f(B})n f(B}) for some i # j},
there exists a map F: B — X such that

(1) p(F, f)<e;

(2) F|0B = f|6B; and

(3) forevery i #j, F(B,?)nF(B}) =2.

Proposition. Every topological 3-manifold has the light map separation property.
We prove the following recognition theorem for topological 3-manifolds:

Recognition Theorem. 4 space X is a topological 3-manifold if and only if X has
the following properties:

(i) X has the light map separation property;

(i) X admits a 0-dimensional resolution n: M — X (so, in particular, X is a
generalized 3-manifold).

The key result we need in the proof of the recognition theorem is the following
shrinking criterion:

A cell-like resolution n: M — X of a generalized 3-manifold X is said to have
the resolution disjoint disks property (RDDP) if for every positive integer k, every
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collection of pairwise disjoint tame embeddings f;: B2 - M, 1 <i <k, and every
e > 0, there exist maps g;: B2 — X satisfying

(i) p(gi, nfi)<e,and

(ii) for every i # j, g(B*)ngj(B?) =@.
Shrinking Criterion. Let G be a cell-like upper semicontinuous decomposition of a
topological 3-manifold M, such that dem N < 1. Then G is shrinkable if and only
if the quotient map n: M — M/G has the resolution disjoint disks property.

Corollary. Let X be a generalized 3-manifold with a resolution n: M — X such that
dem N, < 1. Then X is a topological 3-manifold if and only if n has the resolution
disjoint disks property.

ACKNOWLEDGEMENTS

The authors would like to acknowledge comments from W. T. Eaton and M. Star-
bird. The second author would like to thank the U. S. National Academy of Sciences
for its support during the summers of 1985 and 1986 while this research was done
in Knoxville and at Berkeley.

BIBLIOGRAPHY

1. R. H. Bing, Decompositions of E3, Topology of 3-Manifolds and Related Topics, Prentice Hall,
Englewood Cliffs, NJ, 1962, pp. 5-21.

2. K. Borsuk, Theory of retracts, Monografie Mat., Tom 44, PWN, Warsaw, 1967.

3. J. W. Cannon, The recognition problem: What is a topological manifold? Bull. Amer. Math. Soc.
84 (1978), 832-866.

4. R. J. Daverman, Decompositions of manifolds, Academic Press, New York, 1986.

5. R. D. Edwards, Demension theory, Geometric Topology (Proc. Conf., Park City, UT, 1974), Lecture
Notes in Math., vol. 438, Springer-Verlag, Berlin, 1975, pp. 195-211.

6. —, Approximating certain cell-like maps by homeomorphisms, manuscript, UCLA, Los Angeles,
CA, 1977.

7. W. Hurewicz and H. Wallman, Dimension theory, Princeton Univ. Press, Princeton, NJ, 1941.
8. G. Kozlowski and J. J. Walsh, Cell-like mappings on 3-manifolds, Topology 22 (1983), 147-151.

9. R. C. Lacher, Cell-like mappings and their generalizations, Bull. Amer. Math. Soc. 83 (1977), 495-
552.

10. H. W. Lambert and R. B. Sher, Pointlike O-dimensional decompositions of S3 , Pacific J. Math. 24
(1968), 511-518.

11. D. R. McMillan, Jr., 4 criterion for cellularity in a manifold, Ann. of Math. (2) 79 (1964), 327-337.

12. D. Repovs, The recognition problem for topological manifolds, Geometric and Algebraic Topology,
Banach Centre Publ., vol. 18, PWN, Warsaw, 1986, pp. 79-110.

13. D. Repovs and R. C. Lacher, A4 disjoint disks property for 3-manifolds, Topology Appl. 16 (1983),
161-170.

14. M. Starbird, Cell-like O-dimensional decompositions of E3 , Trans. Amer. Math. Soc. 249 (1979),
203-215.

15. M. A. Shan’ko, The embedding of compacta in Euclidean space, Mat. Sb. 83 (125) (1970), 234-255;
English transl. in Math. USSR Sb. 12 (1970).

16. T. L. Thickstun, An extension of the loop theorem and the resolution of generalized 3-manifolds
with 0-dimensional singular sets, Invent. Math. 78 (1984), 161-222,

KNoOXxvVILLE, TENNESSEE, USA

LJUBLJANA, SLOVENIA

English original provided by the authors




[ A A

Volume 193 Issue3of 4 1993

Topology and
Its Applications

A Translation of

TPYIBI
MATEMATUYECKOI'O UHCTUTYTA
nmenu B. A. CTEKJIOBA

TOM 193 1992

AR

American Mathematical Society

Providence, Rhode Island USA
ISSN 0081-5438




CONTENTS

D. P. ADNADZHEVICH [ADNADJEVIC], The F-ind dimension of GF-
SPACES & . o ittt
D. V. ANOSOYV, Flowsonsurfaces ................c.oiiuiiieiinnnn...
S. KH. ARANSON, Topology of vector fields, foliations with singularities,
and homeomorphisms with invariant foliations on closed surfaces .
V. I. ARNAUTOV and A. V. MIKHALEY, Questions on the possibility
of extending the topologies of a ring and of a semigroup to their
SEMIGTOUP TINE . . oottt ettt et ettt eeee e e e iiaaaeeaanennnn
A. V. ARKHANGEL'SKIl and KHAMDI [HAMDI] M. M. GENEDI,
Properties of placement type: relative strong pseudocompactness . .
A. A. BABAEV, On the question of equality of morphisms in closed cate-

A. I. BARVINOK, A. M. VERSHIK, and N. E. MNEV, The topology of
configuration spaces, convex polytopes, and representations of lat-
L8 (oL PPt
YU. G. BORISOVICH, Topological characteristics of infinite-dimensional
mappings and the solvability of nonlinear boundary value problems
A. N. VARCHENKO, Combinatorics of a partial fraction decomposition
N. V. VELICHKO, On the theory of spaces of continuous functions .. ..
A. P. VESELOV, The dynamics of mappings of toric manifolds connected
with Lie algebras .. ... ... ... . . i
CARLO GAL'YARDI {GAGLIARDI], The regular genus of an n-dimen-
sional PL. manifold: results and problems .......................
V. M. GOL'DSHTEIN, V. I. KUZ'MINOV, and I. A. SHVEDOV, On a
problemof Dodziuk ....... ... . ... . e
MAREK GOLOSINSKII [GOLASINSKI], Rational homotopy type of
nilpotent and complete Spaces . ...ttt it
S. P. GUL'’KO, On uniform homeomorphisms of spaces of continuous
fUNCIONS ... .. i
G. SH. GUSEINOV, On the spectral asymptotics of the Laplacian on a
fundamental domain in three-dimensional hyperbolic space .......
R. DZH. DAVERMAN [ROBERT J. DAVERMAN] and D. REPOVSH
[DUSAN REPOVS], Shrinking 1-demensional cell-like decomposi-
tions of 3-manifolds ............ ... ... ...
D. S. DEMARIYA [D. C. DEMARIA] and M. BURTSIO {M. BURZIO},
Some combinatorial applications of homotopy theory to tournaments

13

19

25

29

37

43

51

57

65

71

77

81

87

95

101




vi CONTENTS

DOICHIN DOICHINOYV, Completeness and completing of quasiuniform
spaces..... e e e e e e e e

N. P. DOLBILIN, M. A. SHTAN'KO, and M. 1. SHTOGRIN, Quadrillages
and parametrizations of latticecycles ......... ... ... ... ... ...

A. N. DRANISHNIKOYV, On the cohomological dimension of compacta

L. G. ZAMBAKHIDZE, On the realizability of dimension-like functions
in special subclasses of the class of Tychonoff spaces .............

A. V. IVANOYV, Mixers, functors, and soft mappings ..................

V. S. MAKAROYV, On the fundamental polyhedron of a discrete group of
motions of Lobachevsky space, its combinatorics and deformation.

V. 1. MALYKHIN, SN under the negationof CH ....................

A. S. MISHCHENKO and V. YA. PIDSTRIGACH, The cohomological
trace of differential operators with parameters ............ R

B. A. PASYNKOY, On openly generated spaces .......................

A. 1. PLUZHNIKOYV, Topological aspects of the problem of minimizing
the Dirichlet functional ........................... e

E. G. PYTKEEYV, On a property of Fréchet-Urysohn spaces of continuous
FUNCHIONS . ...ttt et e e et et

E. G. SKLYARENKO, Homology and cohomology. Limit passages .....

E. E. SKURIKHIN, Sheaf cohomology of presheaves of sets and some of
1S APPlICAUIONS . ..ottt e e

B. YU. STERNIN and V. E. SHATALOYV, On an integral transform of
complex-analytic functions . .................. ... ... ... ...

E. V. TROITSKII, An exact formula for the index of an equivariant C*-
ellIpliC OPeTatOr . .. o

A. A. TUZHILIN, On the index of minimal surfaces ..................
A. V. TYRIN, On the Dirichlet problem for harmonic maps............

V. V. USPENSKI, Retracts of topological groups, and Dugundji
(0703 451 o Lot 7 W P

V. V. FEDORCHUK, On infinite iterations of metrizable functors......
A. L. FEL'SHTYN, Zeta-functions of Reidemeister and Nielsen ........

R. L. FRUM-KETKOV, On closed mappings of infinite-dimensional
LY o U 30 U AP P

A. CH. CHIGOGIDZE, The n-shape functor on the category of compacta
E. V. SHCHEPIN, Covering homotopies and analytic mappings........

111

117
125

131
139

143
149

155
161

167

173
179

187

193

197
203
209

213
219
225

231
239
245




