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1 Introduction

Let Q € RY be a bounded domain with a C%-boundary 9<2. In this paper we study
the following parametric Robin problem

—diva(Vu(2)) + E@Nu@)IPu) = A f(z, u(2) + gz, u(2)) in 2,

u )
+ B(2)|ulP~“u =00n 92, u > 0.
ong

(P.)

In this problem, a : R¥ — RY is a continuous, strictly monotone (hence also
maximal monotone) map which satisfies certain other regularity and growth conditions
listed in hypotheses H (a) below. These conditions are not restrictive and incorporate in
our framework many differential operators of interest. We point out that the differential
operator u — div a(Vu) is not homogeneous and this is a source of difficulties in the
analysis of problem (P, ). The potential function is & € L°°(R2), & > 0. In the reaction
(the right hand side of the equation), A > 0 is a parameter and f(z, x), g(z, x) are
Carathéodory functions (that is, for all x € R, z — f(z, x), g(z, x) are measurable,
while for a.a. z € Q, x — f(z, x), g(z, x) are continuous). We assume that f(z, -)
is (p — 1)-superlinear near 0% partially in z € Q. So, near zero we have a partially
concave nonlinearity and this complicates the geometry of the problem near the origin.
Near +o0, for a.a. z € €2, f(z,-) is strictly (p — 1)-sublinear, while for a.a. z € €,
g(z, -) exhibits almost critical growth, a fact that further complicates the geometry of
the problem, since the embedding of W7 () into LP" () is not compact (recall that
p* denotes the critical Sobolev exponent corresponding to 1 < p < +00, defined by

N if p<N,

pr={n—p
400 if p> N.

0
In the boundary condition, 3 "

denotes the conormal derivative corresponding to
Ng

the map a(-) and defined by extension on WLP(Q) of the map
C'(Q) 3 u — (@(Vu), n)gn,

with n(-) being the outward unit normal on d€2. The boundary coefficient is 8 €
C%(3) with o € (0,1) and B > 0. When B = 0, we recover the usual Neumann
problem.

We study the nonexistence, existence and multiplicity of positive solutions as the
parameter A > 0 varies. Our main result is a “bifurcation-type” theorem, which pro-
duces a critical parameter A* > 0 such that

e forall & € (0, 1*), problem (P;) has at least two positive smooth solutions;
e forall L = A*, problem (P;) has at least one positive solution;
e forall & > A*, problem (P,) has no positive solutions.
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1776 N. S. Papageorgiou et al.

Moreover, we show that we can have positive solutions u; € C 1(Q) such that
lupllcrgy — 0 asr — 0.

Our approach uses critical point theory combined with suitable truncation and
comparison techniques to exploit the particular geometry of the problem.

The study of problems in which in the reaction we have competition phenomena
between nonlinearities of different nature (‘“concave—convex” problems), was initiated
by the seminal paper of Ambrosetti et al. [2] for semilinear equations driven by the
Dirichlet Laplacian. Their work was extended to equations driven by the Dirichlet
p-Laplacian by Garcia-Azorero et al. [5S] and Guo-Zhang [9]. In the aforementioned
works, the reaction has the following special form

x4 b x™1 forallx > Owithl < g < p <r < p*.

More general reactions were assumed by de Figueiredo et al. [4], Gasifiski and Papa-
georgiou [7], Hu and Papageorgiou [10], and Papageorgiou and Vetro [26] (Dirichlet
problems). For nonlinear Neumann and Robin problems we mention related works of
Molica Bisci and Réddulescu [13,14], Molica Bisci and Repovs [15,16], Papageorgiou
and Rédulescu [20,23], and Papageorgiou et al. [25].

2 Mathematical Background—Hypotheses

Let X be a Banach space. By X* we denote the topological dual of X and by (-, -)
we denote the duality brackets for the pair (X*, X). Given ¢ € C!(X,R), we say
that ¢ satisfies the “Cerami condition” (the “C-condition” for short), if the following
property holds:

“Every sequence {u,},en € X such that {¢(u,)},en € R is bounded and (1 +
llunllx)@' (uy) — 0in X* as n — 400, admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢ and it leads to a deforma-
tion theorem from which one can derive the minimax theory of the critical values of
@. One of the main results in this theory is the so-called “Mountain Pass Theorem”
which we recall below.

Theorem 1 If X is a Banach space, ¢ € C'(X, R) satisfies the C-condition, ug, uy €
X, llur —uollx > p, max{e(uo), p(u1)} < inf{pu) : lu —uollx = p} = myp, and
¢ = infyer maxo<,; <1 @(y (1)) withI' = {y € C([0, 1], X) : y(0) = uo, y (1) = u1},
then ¢ > m, and c is a critical value of ¢ (that is, there exists u € X such that
@' () =0, pu) = c > mp).

Consider a function & € C1(0, 00), 9 () > 0 for all # > 0, which satisfies

3 ()t
D (1)

0<¢C< <coand 1?7V < 9(@) <t 4P forallr >0, (1)

with0 < cj,cpand 1 <7 < p < 400.
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Then the hypotheses on the map y — a(y) involved in the differential operator of
problem (P,) are the following:
H(a):a(y) = ao(]y|)y forall y € RY with ag(t) > 0 forall 7 > 0, and

(i) ap € CH0, 00), t — ag()r is strictly increasing on (0, +00), ag(t)t — 07 as

()t
t - 0t and lim (1)
t—0t ao(t)

’

2y

(ii) there exists c3 > 0 such that [Va(y)| < ¢3 forall y € RN \ {0};

(i) (Va(y)E, &gy > |('y|')

(iv) if 60@) = fé ao(s)sds for all > 0, then there exists g € (1, p) such that

|€|? forall y € RV \ {0}, £ € RY;

lim sup <cy withey >0,

t—0t

pGo(t) —ap)t> >0 foralls > 0.

Remark 1 Conditions H (a) (i), (ii), (iii) are dictated by the nonlinear regularity the-
ory of Lieberman [12] (p. 320) and the nonlinear maximum principle of Pucci and
Serrin [27] (pp. 111, 120). These conditions were first used by Papageorgiou and
Rédulescu [21,22]. Condition H (a) (iv) serves the needs of our problem, but it is
mild and it is satisfied in all cases of interest (see the examples below).

These conditions imply that ¢t — Go(t) fot ao(s)sds is strictly convex and
strictly mAcreasmg We set G(y) G0(|y|) for all y € RY. We have that G(-) is
convex, G(0) = 0, and

VG0) =0, VG(y) = Go('y')ﬂ =ap(lyl)y = a(y) forally e RV \ {0}.

So, G (+) is the primitive of the map a(-) and on account of the convexity of G (+) and
since G(0) = 0, we have

G(y) < (a(y), y)gn forall y e RV, )

The next lemma summarizes the main properties of the map a(-) and is a straightfor-
ward consequence of (1) and hypotheses H (a) (i), (ii), (iii).

Lemma 1 If hypotheses H(a) (i), (ii), (iii) hold, then

(a) y — a(y) is strictly monotone and continuous (thus also maximal monotone);
®) la()] < ea(y|*= L+ |y|P~ Y forall y € RN and some ¢4 > 0; and

C
© (@O, gy = = IyI" forall y € RN,

This lemma and (2) lead to the following growth estimates for the primitive G ().
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1778 N. S. Papageorgiou et al.

Corollary 1 If hypotheses H(a) (i), (ii), (iii) hold, then [yl? < 6()}) <

c1
p(p—1)
cs(|y|T + |y|P) for all y € RN and some c5 > 0.

Example 1 The following maps satisfy hypotheses H (a) (for details see Papageorgiou
and Radulescu [22]):

(@) a(y) =|y|?"2y, 1 < p < 4oc. This map corresponds to the p-Laplace differen-
tial operator defined by A ,u = div (|Vu|P~2Vu) for allu € WP(Q).

(b) a(y) = |y|P2y+ulyl9=?y,1 < g < p < +00, u > 0. This map corresponds to
the (p, g)-Laplacian defined by A ,u + Aju forall u € W1P(Q). Such operators
arise in problems of mathematical physics (see Cherfils and Il'yasov [3]).

-2

© aly) =010+ |y|2)pTy, 1 < p < 4o00. This map corresponds to thezgeneralized

p-mean curvature differential operator defined by div ((1 + |Vu |2) b= Vu) for all
ue whr(Q).

d) a(y) = |y|P™%y |:1 + 1 < p < 4o00. This map corresponds to the

)
L4 [yl? [

following pertubation of the p-Laplacian A ,u + di VulP 2V e
olowin crtubation o € p-Laplacian v —_— or a S
&P prap ot 1+ [Vul? !

whr(Q).
Let A: WhP(Q) — WIP(Q)* be defined by
(A(u), h) =/(a(Vu),Vh)RNdz forallu, h € WhP(Q). (3)
Q

Using Lemma 1, we obtain the following result concerning the map A(:) (see
Gasiniski and Papageorgiou [8], Problem 2.192, p. 279).

Proposition 1 If hypotheses H (a) (i), (ii), (iii) hold, then the map A : WhP(Q) —
WP (Q)* defined by (3) is bounded (that is, it maps bounded sets to bounded sets),
continuous, monotone (hence also maximal monotone), and of type (S)+ (that is,

if u, 2 uin W”’(Q) and lim sup,,_, , oo (A(up), up —u) < 0, then up, — u in
whr(Q)).
The following spaces will play a central role in the study of problem (P, ): the

Sobolev space W -7 (2), the Banach space C'!(£2) and the “boundary” Lebesgue space
LP(3Q). By || - || we denote the norm of the Sobolev space W7 (Q) defined by

1
luell = [l + [V 5]"? forall u € W ().

The Banach space Ci(ﬁ) is ordered with order (positive) cone Cy = {u € C1(Q) :
u(z) > 0 for all z € 2}. This cone has a nonempty interior given by

Dy ={ueCq:uz)>0foralzeQ}.
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Also, we will consider another open cone in C! (5), namely the cone

int C; = {u €Ct :u(z) >0forall z € Q, 8n‘d§2r‘1u-1(0) O}.

On 02 we consider the (N — 1)-dimensional surface (Hausdorff) measure o (-).
Using this measure, we can define in the usual way the boundary Lebesgue spaces
L1(0R2),1 < g < +o0. There exists a unique continuous linear map yy : wlr(Q) —
L?(02), known as the “trace map”, such that y(u) = “}afz forall u € WhP(Q) N

C (). So, the trace map extends the notion of boundary values to all Sobolev functions.
N -1

The trace map yp(-) is compact into L9(d€2) for all ¢ € [1, (N—)p> if p <N

and into LY(02) forall 1 < g < 400 if N < p. Also, we have

1
imyy = WP/ Pa9) ( + —= 1) ker yo = W(}’p(Q)-

In the sequel, for notational economy, we drop the use of the map y(-). All restrictions
of Sobolev functions on 92 are understood in the sense of traces.

We introduce the following hypotheses on the potential £(-) and the boundary
coefficient B(-):

H(): € € L®(Q),&(z) > 0fora.a. z € Q.
H(B): B e CP"(3) for some n € (0, 1), B(z) > 0 forall z € I2.
Hy: € £0o0r B #0.

Remark 2 1f 8 = 0, then we have the usual Neumann problem.
The next two lemmas can be found in Papageorgiou et al. [24].

Lemma 2 If§ IS LOO(S/Z\), /E\(z) > 0 foraa. z € L, E % 0, then there exists cg > 0
such that |Vullh, + [ & (@) |ulPdz = cellull? for allu € WP (Q).

Lemma 3 If,B € LOO(GQ) ﬂ(z) > 0fora.a.z € 0, ,3 = 0, then there exists ¢7 > 0
such that ||Vu||p + fm ﬂ(z)|u|1’do > cq7llul|? forallu € WhHP(Q).

Now consider a Carathéodory function fy : 2 x R — R which satisfies
| fo(z, x)| < aop(z) (1 + |x|’*1> fora.a. z € Qandall x € R,

with ap € L®(Q), 1 < r < p*. We set Fy(z,x) = f(;c fo(z, s)ds and consider the
C!-functional 0o : wblP(Q) — R defined by

o (u) =f 6(Vu)dz+l/ B()|ulPdo —f Fo(z, u)dz forallu e WhP ().
Q P Jaq Q

The next result is an outgrowth of the nonlinear regularity theory and can be found
in Papageorgiou and Radulescu [21].
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1780 N. S. Papageorgiou et al.

Proposition 2 If hypotheses H(a), H(B) hold and ug € WHP () is a local C'(Q)-
minimizer of ¢o(-), that is, there exists p1 > 0 such that ¢o(ug) < @o(uo + h) for
all h € CHQ), ||h||cl(§) < p1, then ug € cle(Q) for some a € (0, 1) and it
is also a local WP (Q)-minimizer of o(-), that is, there exists p» > 0 such that
@o(uo) < @oluo + h) for all h € WhP(Q), ||h]l < pa.

This result is a powerful tool in the study of elliptic problems, when it is combined
with the following strong comparison principle due to Papageorgiou et al. [24].

Proposition 3 If hypotheses H (a) hold, &€ € L®(Q), €(z) > 0 for a.a. z € ,
hi, hy € L®(RQ) such that0 < cg < hy(z) —h1(2) fora.a. z € Q, u,v e C'(Q)\ {0}
satisfy u < v and

—diva(Vu(2)) + E@u@)|”2u@z) = hi(z) foraa. z € L,
—diva(Vu(z)) + E@)v@)|P"2v(z) = ha(z) fora.a. z € 9,

thenv —u € int Cy..

Next, let us fix some basic notation which we will use in the sequel. So, for x € R,
we set x* = max{=x, 0}. Then for u € W7 (Q), we define u™(-) = u(-)* and we
know that

uFewhP(Q), u=ut—u", ul=ut+u".

Ifk : @ xR — Ris ameasurable function (for example, a Carathéodory function),
then we set Ny(u)(-) = k(-,u(-)) for all u € WHP(Q) (the Nemytskii operator
corresponding to k(-, -)). Also, by | - |y we denote the Lebesgue measure on RY.
Givenu,v € WhP (2) with u < v, we can define the order interval [u, v] by setting

[, v] ={y € WhP(Q) : u(z) < y(z) < v(z) fora.a. z € Q.

By intei g lu, v], we denote the interior in CHQ) of [u,v] N CH(Q). Also, if
u e Whr(Q), then

1) = {y e WhP(Q) 1 u(z) < y(z) fora.a. z € SZ}

If X is a Banach space and ¢ € C'(X, R), then by K, we denote the critical set of
@, thatis, K, = {u € X : ¢'(u) = 0}.

Finally, we introduce the hypotheses on the two competing functions in the reaction
of problem (P,).
H(f): f: Q2 xR — R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Qand

(i) for every p > 0, there exists a, € L°°(2) such that f(z,x) < a,(z) for a.a.
ze€Qandall0 <x < p;
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(i) f(z,x) > ny > 0foraa. z € Q,allx > s > 0,and lim f @ x) =0
xX— 400 x[’_l

uniformly for a.a. 7 € Q; _
(iii) there exist A < €2 open and & € (0, 1] such that &/ € 2 and coxd™1 < f(z,x)
foraa.ze U, all0 < x < §y withcg > 0,and g € (1, p) asin H(a) (iv).

Remark 3 Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis, we may assume without any loss of generality, that
f(z,x) =0foraa.z € Qandall x < 0. Hypothesis H(f) (ii) implies that for a.a.,
7 € Q, f(z,-) is strictly (p — 1)-sublinear near +oco. Hypothesis H (f) (iii) implies
that there is a partially concave nonlinearity near zero.

H(g): g : 2xR — Ry =[0, +00) is a Carathéodory function such that g(z,0) =0
for a.a. z € Q and

(i) for every p > 0, there exists a, € L°°(2) such that g(z, x) < a,(z) for a.a.
zeQandall0 < x < p;

@ tim £ _oand tim £9 4 oo uniformly for aa. z € 9
x—>—4o00 xP*—1 x—>+4o00 xP—1

(iii) Tim g (i’j) — 0 uniformly for a.a. 7 € .
x—0T X

Remark 4 Again, we may assume that g(z,x) = 0 fora.a. z € Q and all x < 0.
Hypothesis H(g) (ii) implies that for a.a. z € 2, g(z, ) is (p — 1)-superlinear and
has almost critical growth. Hypothesis H(g) (iii) says that for a.a., z € 2, g(z,-) is
(p — 1)-sublinear near zero, in contrast to f(z, -) which exhibits a partially concave
nonlinearity.

Usually, superlinear problems are treated using the so-called Ambrosetti-Rabinowitz
condition (see, for example, Motreanu et al. [17], p. 341). This condition, although
useful in checking the compactness condition for the energy (Euler) functional of
the problem, is rather restrictive. For this reason we employ a weaker condition (see
hypothesis Ho (7) below), which incorporates in our framework also superlinear terms
which have “slower” growth near 400 and fail to satisfy the Ambrosetti—-Rabinowitz
condition.

We introduce F(z, x) = [o f(z,)dsand G(z, x) = [; g(z, s)ds.Forevery A > 0
we define

ez, x) =[Af(z,x)+ gz, x)]x — p[AF(z, x) + G(z,x)].

ﬁo: for all A in a bounded set B C (0, +00), we have:

(i) there exists np € L' () such that e, (z, x) < e;.(z, v) + np(z) fora.a. z € Q and
all0 <x <wv, A € B;
(ii) for every p > 0, we can find Ef > O such that fora.a. z € Qand all > € B,

X = Af(z,x) + gz x) +Exr!
is nondecreasing on [0, p].
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1782 N. S. Papageorgiou et al.

Remark 5 Hypothesis Ho (i) replaces the Ambrosetti-Rabinowitz condition. It is a
slight generalization of a condition used by Li and Yang [11] (see also Mugnai and
Papageorgiou [18]). Hypothesis Ho (i7) is satisfied, if, for example, for a.a. z € 2, the
functions f(z, -), g(z, -) are differentiable and for every p > 0, there exists 5 EB = 0
such that

[Afi(z, x) +g;(z,x)]x2 > —§f|x|p foraa. ze€ Qandall0 <x < p,A € B.

Examplg\ 2 The following pair of functions f(z, x), g(z, x) satisfies hypotheses H ( f),
H(g), Hy above:

f@x) =a@x"" 4+ cpox"”
with@ € L®(Q), Nint L® W)y withid € Q open, U € Q,c19 > 0,7 < p, and
g(z. ) = p@x" " n(l +x)

with u € L®°(Q), u(z) > y > 0 fora.a. z € Q. The function g(z, -) does not satisfy
the Ambrosetti-Rabinowitz condition.

In what follows, for the sake of simplicity, the collection of all hypotheses on the
data of (P;L),Nnamely the hypotheses H (a), H (&), H(B), Hy, H(f), H(g), Hy will be
denoted by H.

3 Bifurcation-Type Theorem

We introduce the following two sets:

L ={A > 0: problem (P;) admits a positive solution},
S(X) = set of positive solutions of (Py) (A > 0).

Proposition 4 If hypotheses H hold, then S(A) € Dy forall » > 0.

Proof Of course, the result is trivially true if S(A) = @.
So, suppose that S(A) # @ and let u € S(1). Then

—diva(Vu(z)) + E@Qu)P™' = A f(z,u(z)) + g(z, u(z)) fora.a. z € Q,

Y B = 0o0ndQ,
ang

“)

(see Papageorgiou and Radulescu [19]).

From (4) and Proposition 7 of Papageorgiou and Radulescu [21], we have u €
L ().

Apply the regularity theory of Lieberman [12] (p. 320), to obtain

ueC(Q) forsomey € (0, 1).
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Let p = |lull o1 @) B ={\}and let/f;‘\f > 0 be as postulated by hypothesis ﬁo(ii).
We have
—diva(Vu(z)) + [£(z) +’$\f]u(z)‘”_1 >0 foraa.z e,
= diva(Vu() < [€llso +Efu@)P™" foraa.z e Q.

Using the nonlinear maximum principle of Pucci and Serrin [27] (Theorem 5.4.1,
p. 111), we have

u(z) >0 forall z € Q2.

Finally, invoking the Boundary Point Lemma of Pucci and Serrin [27] (Theorem
5.5.1, p. 120), we conclude that u € D..
Therefore for every A > 0, S(A) € D,. O

Next, we show the nonemptiness of L.
Proposition 5 If hypotheses H hold, then L # 0.

Proof Let n > 0 and consider the following auxiliary Robin problem

—diva(Vu(z)) + £(@)|u)|?2u(z) = nin Q,

ou + B(2)|ulP">u =0 on IK2. )

ong

We introduce the operator V : whr(Q) — WhP(Q)* defined by
(V(u), h)y = (A(u), h) -I-/ E(Z)|u|p_2uh dz
Q
+/ B(2)|ulP2uhdo forallu,h € W'P(Q),
a0

which is continuous, monotone (see Proposition 1), hence also maximal monotone.
Also, we have

c

(V(u), h) > 11||Vu||ﬁ+/ S(z)lulpdz—i-/ B(2)|u|’do  (see Lemma 1)
Q a0

> c11]|u||? for some c¢11 > 0 (see Lemmas 2 and 3),

= V(.) is coercive.

A maximal monotone coercive operator is surjective (see Gasinski and Papageor-
giou [6], Corollary 3.2.31, p. 319). So, we can find u € whr(Q),u # 0 such that

V) =n
= (AGD). h) + / &()lulP~uh dz + / B@)alP2uh do = 1 f hdz
Q 02 Q
forallh e WhP(Q). (6)
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1784 N. S. Papageorgiou et al.

In (6) we choose h = —u~ € WP (Q). Then using Lemma 1, we obtain

‘1 7P T Y4 Z=\P
—Vu |+ [ §@)@ ) dz+ B(z)(m™)"do <0,
p—1 Q FYe

= c2]lul|? <0 forsome cjp > 0 (see Lemmas 2 and 3)

= u>0,u#0.

From (6) we obtain

—diva(Vii(2) + E(Qu(z)P~ ' =nforaa.z € Q,

3
Y BE =0 o0n o0
ong

(see Papageorgiou and Radulescu [19]).

As before (see the proof of Proposition 4), using the nonlinear regularity theory,
we infer that u € C4 \ {0}.

In fact, we have

diva(Vu(z)) < || ||0<>ﬁ(z)”_1 for a.a. z € Q (see hypothesis H(§))
= u € D4 (see Pucci and Serrin [27], pp. 111, 120).

Since V (-) is strictly monotone (see hypothesis Hy), the solution u € C4 \ {0} is
unique. Using Proposition 7 of Papageorgiou and Radulescu [21], we have

1
l#lloo < c13n?-T for some cy3 > 0. 7)

Hypotheses H (g) imply that given ¢ > 0, we can find cj4 = c14(g) > 0 such that

1

g(z,x) < exP~1 4 c14xp** fora.a.z € Qandall x > 0. ()

Combining (7) and (8) we have

-l

¢z, 1(2)) < ()P + cpai(x)” "' < ecizn + cracizn 1.

Since p < p*, choosing n € (0, 1) and & > 0 small, we can have
— n
g(z,u(2)) < 2 foraa. z € Q. 9)

Notice that 0 < f(z,u(z)) < cis for a.a. z € Q and some c15 > 0 (see hypothesis
H(f) (i)). So, choosing A > 0 small we can have that

A2, TQR) < g foraa. z € Q. (10)
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It follows from (9) and (10) that
—diva(Vi(2)+£(@u()? " = n > Af(z, 4(2)+g(z, u(z)) foraa.ze Q. (11)

We introduce the following truncation of the reaction in problem (P;)

k(2. 1) — Af(z, xT) + gz, x™) ifx <u(z), (12)
K Mz, u(2) + g(z, u(2)) ifu(z) < x.

This is a Carathéodory function. We set K (z, x) = f(f k; (z, s)ds and consider the
C'-functional v : W17 () — R defined by

~ 1 1
m<u>=/ G<w>dz+—/ s(z>|u|f’dz+—f ﬂ(z)lulpda—/ Ko (z, 1) dz
Q pPJQ P Jaq Q

forallu € WhP(Q).

We have

m(u)zl[ a ||W||£+/s(z)|u|sz+f ﬂ(z)lul”da}—f Ko(z, 1) dz
plLp—1 Q P19, Q

Cl
> 75||u||p —c1¢ for some cis5, c16 > 0 (see Lemmas 2 and 3),

= ,.(+) is coercive.

Also, by the Sobolev embedding theorem and the compactness of the trace map, we
see that v, (+) is sequentially weakly lower semicontinuous. So, by the Weierstrass—
Tonelli theorem, we can find u € WP (Q) such that

V() = inf (Y (u) : u € WHP(Q)). (13)

Let V C Q be open with Cl—boundary suchthat/ CV CV CQ.If§ > 0, we
define

Vs ={z€V:d(z V) <6}
We can always choose § > 0 small such that
UCV\ Vs (14)
We consider a function 7 € C! (2) such that

0<h(z)<lforallzeS and ﬁ’f =1,ﬁ) —0. (15)

V\ Vs Q\vV
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Hypothesis H(a) (iv) implies that we can find c;7 > ¢, and § € (0, §p) (see
hypothesis H (f) (iii)) such that

G(y) <ciplyl? forall [y <.
Since u € Dy, we can find 7 € (0, 1) small such that
the (0,7 and 0<th(z) <8 forallzeV. (16)

We have

~ ~ ~ p ~
Y (1h) = / Gavinde+ / E(R? dz
Vs P Ja
+ . B(2)h? do —/ K;.(z, th) dz (see (15))
P Jao Q

~ tP ~
< tqcn/ |Vh|4dz + —/ £(z)h? dz
Vs P Ja

tP ~ Aegt? -~
+5 | Borrde - 22 f hidz
P JoQ q u

(see (14), (16) and hypothesis H (f) (iii))

~ A ~
_ |:cl7/ |Vh|qc1z—ﬂ/ hqdz]
Vs q u

tP -~ ~
+ — |:/ £(2)h? dz —l—/ B(2)h? do} .
p Q 9Q

We see that if we choose § > 0 small (so that |Vs|y is small) and ¢ € (0, 1) small,
too, since g < p, we will have

Ya(th) <0
= Ya() <0=1,(0) (see(13))
= uy #0.
From (13) we have
V3 () =0,

= (A(u), h) + / E(2)|u P ushdz
Q

+ / B(@) P 2ushdo = / ks (z, u;)hdz
0Q Q

forallh e WhP(Q). (17)
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In (17) we choose i = —u; € W!7(Q). Then

c

1 — _ _

IV Il +f £(2)(u; )l dz +/ B(z)(u; )P do =0
p—1 Q Blo)
= C18||M;||P < 0 forsome cig > 0 (see Lemmas 2 and 3)

= u; >0, u; #0.

Also, if in (17) we choose h = (uy, — )T € WHP (), then
(A(uy), (u;, — )ty + /Q E@ul ™ (), —mtdz + /m B@ul ™ w; —m)*tdo

- fQ b @) + 8 D — ) dz

<7 /Q (up —mw)*dz (see (11))

= (A@), (w), — ") + /Q E@uP ) —w)Tdz + /a Qﬂ(z)ﬁ”‘l(w —u)*do
= (A) — A@), w, — 1)) + /Q £ —a Yy — Dt dz

+f B! =P, —w)tdo <0

= u;)z u (see Lemmas 2, 3).

So, we have proved that
u) €[0,ul, up, #0. (18)

On account of (12) and (18), Eq. (17) becomes

(A@), ) +/ S(Z)“f_lhdz—i-/ ,B(Z)uf_lhdo
2 aQ

:/[Af(z,uk)+g(z,ux)]hdz forallh € WhP(Q),
Q

= u); € S(A) € D4+ (see Proposition 4) and so A € L # @.

O

In the next proposition, we prove a structural property of £, namely we show that
L is an interval.

Proposition 6 If hypotheses H hold, . € L and 0 < p < A, then p € L.

Proof Since A € L, there is u; € S() € D4 (see Proposition 4). We consider the
following truncation of the reaction in problem (P,)

wf(z x*) + gz, x™) ifx < u,(2),

k/t(z» x) = .
wf(z,up(z)) + gz up(z))  ifup(z) <x.

19)
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This is a Carathéodory function. We set K, (z, x) = f(f k,(z, s)ds and consider
the C!-functional @, : W7 (Q) — R defined by

- ~ 1 1
o () =/ G(VM)dZ+—/ S(Z)Iulpdz+—/ ﬂ(z)lulpda—/ Ky (z,u)dz
Q pPJa P Jag Q
forallu e WhP(Q).
As before we have that

®,.(+) is coercive (see (19)),

@,.(+) is sequentially weakly lower semicontinuous.
So, we can find u,, € WP () such that
Pu(uy) = inf(@, ) : u € WHP(Q)). (20)

Reasoning as in the proof of Proposition 5, using the cut-off function T, we show
that

au(uu) <0= @(0)

= u, #0.
From (20) we have
@, (uy) =0
= (A(uy), h)
+/ s(z)|uu|P*2uMhdz+/ B(@)uyu|P2u,h do =/ ky(z, uy)hdz
Q a2 Q
forallh € WhP(Q). (21)

In (21) we first choose h = —u, € WP (€) and infer that
uy, >0, u, #0.

Next, in (21) we choose h = (u,, — uy)t e WhP (). We have
(Aup), (uy —up) ™) + fQ E@ul uy —up)tdz
+/ B@ul (u, — up)t do
Q2

- /Q [ o) + gz un)](uy — ) dz - (see (19))
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< / [Af(z, u5) + g(z, up)](uy — u;) " dz (since A > p)
Q
= (A(uy), (uy —u)t) + fQ E@ul  uy —up)t dz

+ / B@ul ™y —uz)* do
9
(since uy € S(1))
= Uy ZUp.

So, we have proved that

uy €[0,uy], uy #0
= uy, € S(u) € Dy (see (19), (21) and Proposition 4),

= pnecl.
]

This proposition shows that £ is an interval. An interesting byproduct of the above
proof is the following corollary.

Corollary 2 If hypotheses H hold, A € L, u; € S(A) < Dy and 0 < u < A, then
n € L and we can find u,, € S(u) € D4 such that uy, —u, € C4 \ {0}.

We can improve the conclusion of this corollary.

Proposition 7 If hypotheses H hold, ) € L, uy, € S(A) € Dy and0 < p < A, then
w € L and we can find u,, € S(u) € Dy such that u; —u,, € int C4.

Proof From Corollary 2, we already know that 4 € £ and we can find u,, € S(n) <
D such that
uy —uy, € Cp\ {0} (22)

Let p = |luplloo» B = [, A] and let E}? > 0 as postulated by hypothesis ﬁo (ii).
We have
— diva(Vu, (2) + [E() + EPTu, ()P
= wf (@ up (@) + 8@ up (@) + EPup ()"
< uf (2w () + (2, .(2) + ELus ()P ™" (see (22) and hypothesis Ho (i)

= Af (2 un(2) + 8(z, u3.(2)) + EPus ()P !
+ [ — Al f(z,up(z)) fora.a.ze Q. (23)

Recall that u; € D,. Therefore s = mingu; > 0. Then using hypothesis
H(f) (iii), we have

f(z up(2) > ns, >0 foraa.z e Q. (24)
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Using (24) in (23) and recalling that u < X, we obtain

— diva(Vu,(2) + [E@) + £ Tuy ()P
<A@ @) + 8@ (@) + EFun @ + [ — A,
< —diva(Vu, (2)) + [£(z) +§f]uk(2)p71 fora.a.z € Q,

= up—uy €int 6+ (see Proposition 3).

We set A* = sup L.
Proposition 8 If hypotheses H hold, then \* < +oc.

Proof Let i > ||&]lco (see hypothesis H(£)). We claim that we can find 2 > 0 such
that
/):f(z, x)+g(z,x) > puxP~! foraa.z e andall x > 0. (25)

To this end, notice that for any A > 0 on account of hypothesis H (f) (iii), we have

Af(z,x) > ,uxp_l foraa.zel, all0 < x 53\5 8o (recallg < p and §p < 1).

Also, hypothesis H(g) (ii) implies that we can find M > 0 such that 0
g(z,x) > puxP~! foraa.z € Qandall x > M. 27
According to hypothesis H(f) (ii), we have
Af(z,x) > Az foraa. z e Qandall x > 3. (28)
Choose A > 0 such that
hng = uM (29)

Then from (26), (27), (28), (29) and since f, g > 0, we conclude that (25) is true.

Now let A > A and assume that A € £. Then we can find u) € S(A) € Dy. We set
mj = mingzu; > 0. For§ > 0 let mi =my + 5. Weset p = |luy|lco, B = {1} and
consider ?f > 0 as postulated by hypothesis Ho (ii). We have

— diva(Vm}) + [£(z) + EF10md)P !
= [£@) +EL1m)HP™!
<[6@ +E8ImL ™" + x(8) with x(8) — 0 as§ — 0F
<[u+E8m! ™+ 4 (®)  (recall that 1 > [|§]s0)
<f(omy) + g@m) +EPmI ™ 4+ x(8) (see (25))
= Af@@om) + gz my) +E8mL ™ + [ = A f (zom) + x5
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< Af@omy) +g(zm) +E8mY ™ + [ — A, + x(6)
(see hypothesis H(f) (ii) and recall that A < A). (30)

Since x(§) — 07 as § — 0T, for § > 0 small we have
x(8) < [A— Alnm, (recall that A < A). (31)
Using (31) in (30), we see that for § > 0 small, we have

— diva(Vm) + [£(2) + &1 m3)P ™!
< Af (2 un(2) + gz, ur(2) + ELu ()P

(see hypothesis ﬁo (ii) and recall that m); = minu;,)
u

= —diva(Vu,(z)) + [E(2) +/E\f]u;\(z)p_l foraa.zel

= u); — m‘i € int 6+(U) for § > 0 small (see Proposition 3).

This contradicts the fact that m; = ming u,. It follows that A ¢ L and so we
conclude that A* < A < +o00. O

Proposition 9 If hypotheses H hold and 0 < A < A*, then problem (Py) has at least
two positive solutions ug, u € Dy, ug # 1.

Proof LetO < A] < A < Ay < A™. WeknowthatA|, A € L. According to Proposition
7, we can find u;, € S(A2) € Dy and uy, € S(A1) € D4 such that

Uy, — Uy, € intC.
We consider the following truncation of the reaction in problem (P;)

R Mz up, (2) + gz, ux, (2)) it x < uy,(2),
Sz, x) = JAf(z, %) + g(z, x) ifu; (z) < x <uy,(2), (32)
Mz, un, (2) + g(z, ury (2))  ifuy,(2) < x.

This is a Carathéodory function. We set ﬁ(z, Xx) = f(f ﬁ(z, s) ds and consider the
C!-functional 75, : W'7(Q) — R defined by

'ﬁ(u):/ 5(Vu)dz+lf E(z)|u|”dz+l/ ,B(Z)Iul”do—/ fx(z,u)dz
Q P Jo P Jaa Q
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forallu € WhP(Q). Evidently, 7, (-) is coercive (see (32) and Lemmata 2 and 3) and
sequentially weakly lower semicontinuous. So, we can find ug € W' (Q) such that

T (uo) = inf(To(u) : u € WHP(Q)}
= T(up) =0

S (Auo). h) + / £(2) ol P uoh dz + / B()luol?2uoh do
Q 0

=/ Jn(z ug)hdz forallh € WhP(Q). (33)
Q

Choosing h = (uy, — up)™ € WHP(Q) and h = (up — uz,)™ € WHP(Q) and
reasoning as before, we obtain that

ug € Uy, u,l
= up € S(A) € Dy (see (32)).

In fact, using Proposition 3 (the strong comparison principle) as in the proof of Propo-
sition 7, we obtain
up € intcl(ﬁ)[ukl,ukz]. (34)

Consider the following Carathéodory function

Az, un (@) + 8z, uy, (2)) ifx < uy,(2),

. 35)
Az, x) + g(z,x) if uy, (z) < x.

Iz, x) = {

We set J,(z,x) = f(f j»(z, s)ds and consider the C!-functional 7, : WHP(Q) — R
defined by

rk(u)zf 5(Vu)dz+lf E(z)|u|pdz+l/ ﬁ(z)lulpda—/ Jo(z,u)dz
Q P Ja P Jaq Q

forallu € Whr(Q).
From (32) and (35) it is clear that

[15.) 51351

[,y s uns 1 '
From (33) and (34) we infer that

ug is a local C ! (©2)-minimizer of

= ugis alocal wlp (£2)-minimizer of 7, (see Proposition 2). (36)
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Using (35), we can easily check that
Ky, C[uy,) N Dy (37)

So, we may assume that K, is finite (otherwise we already have an infinity of positive
solutions in D, see (35)). Then this property of K, and (36) imply that we can find
p € (0, 1) small such that

(o) < inf{za() : u—uoll = p} = m, (38)
(see Aizicovici et al. [1], proof of Proposition 29).
Given u € D4, on account of hypothesis H(g) (ii), we have
T, (ftu) > —00 as t — +oo. 39
Claim: T, satisfies the C-condition.
Let {u,}nen C Wl‘P(Q) be a sequence such that
|ty (uy)| < Mp forsome My > 0Oandalln € N, (40)
(14 [lun DT, (uy) — 0in WHP(Q)* asn — +o0. (41)
From (41) we have
/ En”h” 1]7 . +
(t) (un), h)| < ————— forallh € WP (Q), withe, — 07,
L+ [lunll
= [ b+ [ et ush s
Q
+/ B(@)|un|Puph do — / Jo(z, un)h dz
Ele} Q
enllhl .
<———, forallh e W"#(Q2),n € N. 42)
L+ [lunll
In (42) we choose h = —u,, € whr(Q). Using Lemma 1, we have

c

1 _ _ _ _
IVu, 115 +/ E(z)(u, )P dz +/ B(2)(u, )’do < crollu, ||
p—1 Q a0
for some cj9 > Oand alln € N (see (35))
= lu, ||P*1 < ¢po for some 9 > O and all n € N (see Lemmas 2 and 3),

= {u, Jnen € W' (Q) is bounded. (43)
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Using (43) in (40), we obtain

/ pG (Vi) dz + / () ()P dz + / B )P do
Q Q o

—f pIAF(z,ul) + G(z,ul)]dz < M3, (44)
Q

for some M3 > 0 and all n € N (see (35)).
On the other hand, if in (42) we choose h = u,} € W1-P(Q), then

—f(a(Vu,T),VM,T)RN dz—/ E@) )P dz—/ B(2) ;)P do
Q Q Q2

+ / A f(zou)) + gz, uDH)uyt dz < ean,
Q

for some ¢y; > Oand all n € N (see (35)). 45)

We add (44) and (45) and using hypothesis H (a) (iv), we obtain

/ e (z,u)dz < My for some My > 0 and all n € N. (46)
Q

We will show that {u:{}neN c wlr(Q) is bounded. Arguing by contradiction,

suppose that ||u,} || — +00 asn — +o0.

We set y, = | " n € N.Then ||y,|| =1, y, > 0 forall n € N. We may assume

lust |

that
Vn & yin W'P(Q) and y, — yin L?(S), and in L”(9S2), y > 0. 47

First, assume that y = 0 and let Q4 = {z € Q : y(z) > 0}. We have |Q4|y > 0
(recall that y > 0, see (47)). Then

uj{(z) — 400 forallz € Q. (48)
Hypotheses H(f) (ii) and H(g) (ii) imply that

F(z, G(z,
fim &Y _0and — fim 2& Y
xX——+00 xP x——+00 xP

= 400 uniformly for a.a. z € Q.

(49)
Then (48), (49) imply that

F(z,u) (2)
llus |17
G(z,u} (2))
st 117

— 0 foraa.z e Qy4,

— 400 foraa.z e Q4.
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Using Fatou’s lemma, we have

AF(z,ul) + Gz, ut
/ (z,u,) + G u”)dz—>+oo asn — 400
Q4

sy 117
/ AF (z,uf) + Gz, u)
Q llusf 117

dz > 400 asn — 400 (recall F, G > 0).

(50)
Recall that from (40) and (43), we have
V pG(Vul)dz + / E() )P dz + / B(2)(u)? do
Q Q Q

—/ PILF (z, u,“,L) + G(z, ujl')]dz < M5, forsome Ms > Qandalln € N
Q

i/ PIMF (2, u)) + Gz, uy )]dz</ pG(Vu+)dz+/ £(2) ()P dz

+/ B()(u;)?P do + My foralln € N
a0

:>/ pIAF(z, u+)+G(z,u,T)]
Q st |17 T s 1?

/p@(Vuj)dz—k/ £(2)yl dz
Q

M
—i—[ B(2)yn ™ T| foralln € N. (51)
a0

Corollary 1 and hypothesis H (a) (iv) imply that
a(y) < ¢ (|y]? + |y|P) for some ¢ > 0 and all y € RV,

Therefore we have

=~ P 2
/ pG(Vu; ) dz < ———||Vyull§ + penlVyally < Ms (52)
Q

st 1P Nz 117=4

for some Mg > 0, all n € N (recall p > ¢). Returning to (51) and using (52), we
obtain

AF(z,ul) + G(z, uf
/ PIAF G uy) + G uy )]dz < M; forsome M7 > 0andalln € N. (53)
Q

st 1P

Comparing (50) and (53), we have a contradiction.
Next, we assume that y = 0. We introduce the C!-functional T whr(Q) - R
defined by

Ty (u) =

cl » 1 1
—||W||p+—f s<z)|u|f’dz+—f ﬁ(z)lul”da—/ Iz w)dz
p(p—1) pJa P Jaq Q
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forallu € Whr ().
Let k > 0 and define

vn = (kp)'/Py, € W'P(Q) foralln e N.
We have

vy — 0in WHP(Q) and v, — 0in L?(Q) and in L? (9Q),
(see (47) and recall that y = 0). 54)

Hypotheses H (f) (i), (ii) imply that

0<F(z,x) <cp(l +xp*1) fora.a.z € 2, all x > 0, and some cp3 > 0,

= / F(z,v,)dz — 0 (see (54)).
Q

Let co4 = sup,en ||vn||£: (see (54)). Hypotheses H (g) (i), (ii) imply that given
& > 0, we can find ¢o5 = ¢25(¢) > 0 such that

0<G(zx) < zixf’* t s foraa ze Qandallx > 0. (55)
C24

e
Let E C Q be a measurable set with |E|y < Yo Then we have
€25

/ Gz, v)dz < ——|lualls + c25|Qly <& foralln € N (see (55)).
E 2c24 P

Also, from (53) we see that
{NG (vn)}nen € L'(Q) is bounded.
It follows that
{NG () }nen C L! (£2) is uniformly integrable (56)

(see Gasinski and Papageorgiou [8], Problem 1.6, p. 36).
From (54) and by passing to a subsequence if necessary, we can say that

vy(z) > 0 fora.a.z €
= G(z,v,(zr)) > 0 foraa.z e €,

= /G(z,vn)dz—>0 asn — +00,
Q
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using Vitali’s Theorem (see Gasinski-Papageorgiou [8], p. 5), we have
/ [AF(x,vp) + G(z,v,)]dz — 0 asn — +o0.
Q

Recall that [|u,} || = +00. So, we can find ng € N such that

(kp)'/P
<
st I

<1 foralln > ng. 67

Lett, € [0, 1] be such that
T (tgun) = max{z; (tuy) : 0 <t < 1}. (58)
It follows from (57) and (58) that

T;(tnun) = T)T(Un)

k
o IIVyn||$+k[/ E(Z)Iynlpdz+/ ﬁ(Z)Iynlde}
p—1 Q 90

—/ J.(z, vp) dz
Q

> kcpg — co7 for some ¢, cp7 > 0 and all n > ngy (see Lemmas 2 and 3).

Since k > 0 is arbitrary, we infer that
7, (thty) — +00 asn — +o00. (59)
From the definition of 7, (-) and Corollary 1, we have
() < v (u) forallu e WhP(Q).
Therefore from (40) we have
7 (uy) < My foralln € N. (60)

Also, notice that
7;(0) = 0. (61)

Then (59), (60), (61) imply that we can find n; € N such that
t, € (0,1) foralln > nj. (62)
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It follows from (58) and (62) that

=0,

1=ty

= ((t]) (tatty), tnun) = 0 (by the Chain rule),

&)
S VG + / E(2) it Pz + / B ltaitn]?do
p—1 Q a0

d *
5 )\(tun)

= /ij(z, tattn) (thtty) dz

<+ / (A f (2, tatt))) + (2, tau ) (tauy}) dz
Q

for some cp3 > O and alln > ny (recall f, g O (—o0.0] =0). (63)
X(—0oQ0,

By hypothesis ﬁo (i) and (62), we have for B = {A}

/ex(z,tnuf{)dszex(z,u,f)dz+||n3||1
Q Q

< My + |Ingll foralln > n; (see (46))

= / 0 f o tatd) + 8zttt (bt )d2
Q

< Mg+ / PIMF(z, tau)}) + G(z, tyu,))]dz  for some Mg > 0 and all n > nj.
Q

(64)
Returning to (63) and using (64), we have
c1
—— IV taun) |l + / E(@)|tyun|Pdz + / B(@)|tyun|’do
p—1 Q aQ
—/ Ji(z, tau;)dz < My for some Mg > 0, alln > ny (see (35))
Q
= pry(tauy) < My foralln > ny. (65)
Comparing (59) and (65) we get a contradiction.
This proves that {u:[}neN c WLP(Q) is bounded, therefore
{uptnen C Wl’p(Q) is bounded (see (43)).
We may assume that
Uy — win WHP(Q) and u, — u in LP(R) and in LP (0S). (66)
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Recall that

0< f(z,x) <cogll + |x|P7'] foraa. zeQ, allx € R, and some cog > 0

= [z, up)(uy, —u)dz — 0 (see (66)). 67)

{un=u5,)

As before, let cp9 = sup, o llunllpx < +00 (see (66)). Hypotheses H(g) (i), (ii)
imply that given ¢ > 0, we can find c3p > O such that

g(z,x) < %xp*_l + oy foraa ze Qandallx >0, (68)
3c29

Suppose that E C 2 is measurable. We have

V gz, u)(uy —u)dz
E

= / lg(z, u:)”un —uldz

/ WH? "y — uldz + c30 / iy —uldz (sce (68)).  (69)
Cz9

1 1 .
Notice that (i1;)?" 1 e LY (Q) (recall —+— oy =Dandu, —u e L (Q).

Using Holder’s inequality, we have

+p -1 _ 2¢
sl 15 N — ullpe < 3 forall n € N.

/(u+)p Yuy —uldz <
3

Cz9 Cz9
(70)
Assume that
"
|E|lny < [ i| .
6c30C29
Then we have
C30/ luy — uldz < g forall n € N. 1)
Q

Returning to (69) and using (70), (71), we obtain

<¢ foralln e N

' / 8z 1) (un — u)dz
E
= {g( ut () (up — u) (- )}neN L' () is uniformly integrable

= {X{u”zu,\]}(')g(', M;f(-))(un — u)(-)}nEN C L (2) is uniformly integrable.
(72)
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From (66) and by passing to a subsequence if necessary, we can have
Xiun=u,}(2)8 (2, ur (@)W, —u)(z) — 0 foraa.zeQ, asn — +oo. (73)

Then (72), (73) and Vitali’s theorem, imply that
f g(z, u;:')(un —u)dz - 0
{unZu/\] }
= / @ w) (uy —u)dz — 0 (see (35), (43), (67)). (74)
Q

Therefore if in (42) we choose i = u, —u € WhHP (), passtothelimitasn — +o00
and use (43), (66) and (74), we obtain

lim (A(up), up —u) =0
n—400
= u, — uin WHP(Q) (see Proposition 1)

= T, satisfies the C-condition.

This proves the claim.
Then (38), (39) and the claim permit the use of Theorem 1 (the mountain pass
theorem). So, we can find @ € W7 (Q) such that

e Ky Clu)N Dy (see (37)), (75)
m, =<

T,.() (see (38)). (76)

IS
A
P

From (35), (38), (75), (76) we conclude that % is the second positive smooth solution
of (P;) (0 < A < A*) distinct from uy. O

Next, we show that the critical parameter value A* > 0 is admissible. In what
follows, @;, : wblP(Q) — Risthe energy (Euler) functional for problem (P, ) defined
by

~ 1
¢m0=fGNm&+—/S@WW&
Q P JQ
1
+—/ B(@)|ul? do —/[)»F(z,M)JrG(z,u)]dz
P Jo Q

for all u € W7 (). Evidently ¢;, € CL(W'P(Q), R) for all » > 0.
Proposition 10 If hypotheses H hold, then \* € L and so £ = (0, \*].
Proof Let {A,;}nen € (0, A*) such that A, — (A*)” as n — +oo. We can find

un € S(Ay) € D4 foralln € N. In fact, from Corollary 2 and the proof of Proposition
6, we see that can have {u,},cn increasing and

o, (up) <0 forallm e N.
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Therefore we have

/ Pa(Vun)dZ+/ E()uy dz+/ B@uy, dU—P/ [AF(z, un)+G(z, up)ldz <0
Q Q a0 Q

77
for all n € N. Also we have

(Aun), h) +/ E(Z)uf,’*lhdz—i-/ Bul "hdo
Q2 IQ

= f [Anf(z,uy) + g(z,up)lhdz forallh € WlP(Q),n e N. (78)
Q
Choosing h = u, € WLP(Q) in (78), we obtain

- [ @), Ve dz - [ e@ubaz— [ peud o
Q Q QR
+ / [An f(z,un) + g(z,up)]u,dz =0 foralln € N. (79)
Q
Adding (77), (79) and using hypothesis H (a) (iv), we have
/ e,(z,up)dz <0 foralln e N. (80)
Q

From (80) and reasoning as in the proof of Proposition 9 (see the part of the proof
after (46)), we obtain that

{tn}nen € WP (Q)  is bounded.
So, we may assume that
up = u*in WhP(Q) and u, — u* in LP(Q), and LP (). (81)
In (78) we choose h = u,, — u* € WP () and pass to the limit as n — 4o00. Then

lim (A(uy), u, — u™) = 0 (see the part of the proof of Proposition 6 after (66))

n——+00

=u, — u*in Wl’p(Q) (see Proposition 1). (82)
In (78) we pass to the limit as n — 400 and use (82). Then
(A(™), h) +/ E@ WP hdz +/ B(2) )P hdo
Q 9

= / A f(z,u®) + gz, u®)]hdz forallh € WP ()
Q

= u*eSO* CD,.
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We conclude that A* € £ and so £ = (0, A*]. O

Proposition 11 If hypotheses H hold and ). — 0%, then we canfindu;, € S(A) € D4
such that ||luy || 1, — 0as A — 0.

Proof From the proof of Proposition 5, we know that for A > 0 small we can find
u) € S(A) € D such that

u, <u (see(18),(5)).

If  — 0T (see (5)), then @ = u(n) — 0in C'() and so u), — 0in C'(Q). i

Summarizing, we can state the following theorem describing the dependence of the
set of positive solutions on the parameter A > 0.

Theorem 2 If hypotheses H hold, then there exists A* > 0 such that

(a) if 0 < A < A*, then problem (Py) has at least two positive solutions uy, @ € Dy,
uy # u;

(b) if A = A*, then problem (P;) has at least one positive solution u* € D ;

(¢) if A > \¥, then problem (P,) has no positive solutions;

(d) if A — 0T, then we can find positive solutions uy € D such that ||u;, ler@ — 0
ash — 0%
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