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1  INTRODUCTION

Let Q C RY be a bounded domain with a C?-boundary 9. In this paper, we study the following parametric nonlinear Robin
problem:

—A,u(z) = Ag(z,u(z)) + f(z,u(z)) in €2,

ou + B(2)|u|’~>u = 0 on 0L,

anp

(P)

where A is a positive parameter.
In this problem, A, denotes the p-Laplace differential operator defined by

Au=div(|Dul’>Du) forall ue€ W' (Q), 1<p< co.

In the reaction (the right-hand side) of problem (P,), g(z, x) and f(z, x) are Carathéodory functions (that is, for all x € R, the
mappings z — g(z,x) and z — f(z, x) are measurable, while for almost all z € Q, the mappings x — g(z,x) and x — f(z, x)
are continuous functions). These two nonlinearities exhibit different growth near +o00 and 0. More precisely, for almost all z € Q,

2456 | © 2019 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.org Mathematische Nachrichten. 2019;292:2456-2480.


https://orcid.org/0000-0003-4615-5537
https://orcid.org/0000-0002-6643-1271

PAPAGEORGIOU ET AL. MATHEMATISCHE 2457

g(z,-) is (p — 1)-sublinear both near 0 and near +oo0, while f(z, -) is (p — 1)-linear near 0 and +co. In fact, we permit resonance
at +oo with respect to any nonprincipal variational eigenvalue of —A , with Robin boundary condition.

The coefficient f(-) that appears in the boundary condition is strictly positive. This is needed in order to be able to use strong
comparison techniques, which in the case of the p-Laplace differential operator are difficult to apply.

We denote by ;7“ the conormal derivative of u, which is defined by extension of the map
P

= ou — 2 0u
C'(Q) 3 ur — =|Dul”*(Du,n)gy = |Dul’>=,
(@) “ o | Dul”™(Du, mgn = | Du|”™"—

with n(-) being the outward unit normal on 9€2.

Using variational tools from the critical point theory, together with suitable truncation and strong comparison techniques
and Morse theory (critical groups), we show that for big values of the positive parameter A, problem (P,) admits at least five
nontrivial smooth solutions.

Multiplicity results proving three solutions theorems for nonresonant Dirichlet p-Laplacian equations were established by
Gasinski & Papageorgiou [9], Guo & Liu [13], and Jiu & Su [15], Liu [18]. Resonant p-Laplacian equations were investigated
by Gasinski & Papageorgiou [7,8], Mugnai & Papageorgiou [20], Papageorgiou & Riadulescu [22] (Neumann problems), and
Papageorgiou & Radulescu [21] (Robin problems). In all the above works, the resonance was with respect to the principal
eigenvalue. Resonance with respect to higher variational eigenvalues was allowed in the recent works of Papageorgiou, Rid-
ulescu & Repovs [25,26], which dealt with nonparametric equations. None of the aforementioned works produces more than
three solutions. Abstract methods closely related with the content of this paper have been developed in the recent monograph of
Papageorgiou, Ridulescu & Repovs [27].

2 | MATHEMATICAL BACKGROUND AND HYPOTHESES

Let X be a Banach space and let X* be its topological dual. We denote by (-, -) the duality brackets for the pair (X*, X). Given
@ € C'(X,R), we say that ¢(-) satisfies the “Cerami condition” (the “C-condition” for short), if the following property holds:

“Every sequence {u,},>; € X such that
{o(,)},., CRisbounded and (1 + [|u,||x)¢’(u,) - 0in X* as n — oo,
admits a strongly convergent subsequence”.

This compactness-type condition on the functional ¢(-) leads to a deformation theorem, which is the main analytical tool in
deriving the minimax theory of the critical values of @. One of the main results in that theory is the so-called “mountain pass
theorem”, which we recall here.

Theorem 2.1. If ¢ € C'(X,R) satisfies the PS-condition, ug, uy € X, |lu; —ugl| > p >0,
max{@(uy), p(up) } < inf{@@) : [lu—ugll = p} =m,
and

¢ =inf max @(y(1) with T'={y € C(0,1],X) : y(0) =uy,y(1) = uy },

yel' 0<t<1

then ¢ > m, and c is a critical value of ¢ (that is, we can find it € X such that @' (@) = 0 and p(@) = c).

The following spaces will play a central role in the analysis of problem (P,):
wr(Q), C'(Q) and LP(9Q).

We denote by || - || the norm of the Sobolev space W !(Q). We know that

L
lall = (Il +11Dul1?)” forall ue W@
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The space C!(Q) is an ordered Banach space with positive (order) cone
C, = {u € Cl(ﬁ) cu(z) >0 forall z 65}
This cone has a nonempty interior which is given by
D,={ueC, :u(z)>0 forall zeQ}.

In fact, D, is the interior of C when the latter is furnished with the weaker C (Q)-norm topology.

On 0Q we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using this measure on d€2, we can define in
the usual way the boundary Lebesgue spaces L9(0Q2), 1 < g < co. We know that there exists a unique continuous linear map
70 - Wr(Q) — LP(0Q), known as the “trace map”, such that

Yo) = ulyq forall ue W'P(Q)nC(Q).
The trace map defines boundary values for all Sobolev functions. We know that y,(-) is a compact map into L7(0€Q) for all
= [1, %) when p < N, and into L(0Q) for all 1 < g < oo when N < p. We have
1
imyy=W7"(0Q) and kery, =W, (.

Recall that p” denotes the conjugate exponent of p (that is, i + ﬁ = 1). In what follows, for the sake of notational simplicity,
we drop the use of trace map y. All restrictions of Sobolev functions on d€2 are understood in the sense of traces.
Our hypotheses on the boundary coefficient f(-) are the following:

H(): p € CO™0Q) with 0 < a < 1 and f(z) > 0 for all z € 9Q.

In the sequel, we denote by 7 : W !?(Q) — R the C!-functional defined by

ww=lull+ | palupds.
0Q
1
By Proposition 2.4 of Gasinski & Papageorgiou [11], we know that z(-)7 is an equivalent norm on W ?(Q). So, there exist
¢y, ¢y > 0 such that
llull? < tw) < cllul|? forall ue WP (Q). 2.1
Let £ : & X R — R be a Carathéodory function such that

| fo(z. )] < ag(z)(1 + |x|"™") for almost all z € Q and all x € R,

with gy € L®(Q),1 < r < p*, where p* is the Sobolev critical exponent corresponding to p, hence

Np
+o0 if N <p.

if p<N,

We set Fy(z,x) = /Qx fo(z, 5)ds and consider the C !_functional @ - Wr(Q) - R defined by
@o(u) = lr(u) - / Fy(z,u)dz forall ue W'P(Q).
p Q

The next proposition is a special case of a more general result of Papageorgiou & Radulescu [23]. The proposition is essentially
an outgrowth of the nonlinear regularity theory of Lieberman [17].

Proposition 2.2. Assume that uy € WLP(Q) is a local C! (Q)-minimizer of @y, that is, there exists py > 0 such that

Polug) < @olug +h) forall he CH(Q)with [|hl]_, (8) <%0
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Then uy € cle (Q) for some a € (0,1) and uy is also a local W LP(Q)-minimizer of @y, that is, there exists p; > 0 such that
Po(ug) < @oug + k) forall h e W"P(Q)with ||h]| < p;.

It is well-known that in the nonlinear case (p # 2), it is difficult to produce strong comparison results and more restrictive
conditions are needed on the data of the problem. The next proposition is a special case of a more general result of Gasinski &
Papageorgiou [11, Proposition 3.4].

Proposition 2.3. I[f h;,h, € L®(Q), h,(z) < h,(z) for almost all z € Q, h, # h, and uy,u, € C' (Q) satisfy uy < u, and

0
—Apul(z) = h(z) for almost all z € Q, dud <0,
on |oq
auz
—Apuz(z) = h,(z) for almost all z € Q, S o <0,
thenu, —u; € intC, = {u € Cl(ﬁ) : uiQ > 0, 3—: ) < O}.
u

Let A : WP(Q) - WP(Q)* be the nonlinear map defined by
(Au), h) = / | Du|P~%(Du, Dh)gndz forall u,h € W'P(Q).
Q

The next proposition is a special case of Problem 2.192 of Gasinski & Papageorgiou [10, p. 279].

Proposition 2.4. The map A(-) is bounded (that is, it maps bounded sets to bounded sets), continuous, monotone (thus, maximal
monotone, too) and of type (S),, that is,

ifun—w> win WP(Q) and limsup (Au,),u, —uy <0, thenu, — uin WP Q).
n—00
We will need some basic facts about the spectrum of the negative p-Laplacian with Robin boundary condition. So, we consider
the following nonlinear eigenvalue problem:

—A,u(z) = Alu(z)["?u(z) inQ,
(2.2)

O B@DuPu=0  ondQ.

0np

We say that 4 € R is an “eigenvalue” of (2.2), if the problem admits a nontrivial solution & € W -/(Q), known as an eigen-
function corresponding to A. The nonlinear regularity theory of Lieberman [17, Theorem 2], implies that & € C'! (Q) There is
a smallest eigenvalue A 1 Which has the following properties:

° 21 is isolated (that is, we can find € > 0 such that the open interval (21, il + e) contains no eigenvalues);
° ;11 is simple (that is, if &, @i are eigenfunctions corresponding to il , then & = &ii for some & € R\{0});

e we have

p
lull?

A = inf{ W e W) u 0}>0 (see (2.1)). (2.3)

The infimum in (2.3) is realized on the corresponding one-dimensional eigenspace. From the above properties it follows
that the elements of this eigenspace do not change sign and they, of course, belong in C! (ﬁ) Let &, denote the positive,
LP-normalized (that is, |[@;]|, = 1) eigenfunction corresponding to 4;. We have 4; € C,\{0} and in fact, by the nonlinear
Hopf’s boundary point theorem (see Gasinski & Papageorgiou [6, p. 738]), we have &, € D,.

Let 6(p) denote the set of eigenvalues of (2.2). It is easy to check that the set 6(p) C (0, +o0) is closed. So, the second

eigenvalue of (2.2) is well-defined by

Jy=min{A€6(p): A # A }.
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The Ljusternik—Schnirelmann minimax scheme gives us in addition to 2] and ;12, a whole strictly increasing sequence
{ﬁk} ren Of distinct eigenvalues of (2.2) such that ﬁk — +o0. These are known as “variational eigenvalues”. Depending on
the index used in the Ljusternik—Schnirelmann minimax scheme, we produce a corresponding sequence of variational eigenval-

ues. We know that these sequences coincide in the first two elements. However, we do not know if the variational eigenvalues
are independent of the index used or they exhaust 6(p). This is the case if p = 2 (linear eigenvalues problem). Here we consider
the sequence of variational eigenvalues generated by the Fadell-Rabinowitz cohomological index (see [5]). In this way we can
use the results of Cingolani & Degiovanni [4] (see also Papageorgiou, Ridulescu & Repovs [25, Proposition 12]). Note that if
A # A, then the eigenfunctions are sign-changing.

The following lemma is a simple consequence of the above properties of 4, > 0 (see Papageorgiou, Ridulescu & Repovs [25,
Lemma 14)).

Lemma 2.5. If9 € L®(Q),3(z) < 21 for almost all z € Q,9 # 21, then there exists c3 > 0 such that
csllul|P < T(u)—/&(z)|u|”dz forall ue WP (Q).
Q

Next, we recall some basic definitions and facts from the theory of critical groups. So, let X be a Banach space and let
@ E C! (X, R), ¢c € R. We introduce the following sets:

K(p:{uGX:(p/(u):O}, K;}:{uGK(p:(p(u):c}, o°={ue X :pu)<Lc}

Given a topological pair (Y7, Y,) such that ¥, C Y; C X, we denote by H,; (Y}, Y;) (k € N the kth relative singular homology
group with integer coefficients. Recall that H; (Y], Y,) = 0 for all kK € —N. Suppose thatu € K(; is isolated. The critical groups
of @ at u are defined by

Cilp,u) = Hk((pc NnU, 9N U\{u}) forall k&N,

with U a neighborhood of u such that K, n ¢ N U = {u}. The excision property of singular homology implies that this defini-
tion is independent of the choice of the isolating neighborhood U'.
Suppose that ¢ satisfies the C-condition and inf go(Kq,) > —o0. Then the critical groups of @ at infinity are defined by

Ci(p,0) = Hi (X, %) forall ke N,

with ¢ <inf ¢(K,,). This definition is independent of the choice of the level ¢ < inf (K, ). Indeed, suppose that
¢’ <c<inf (p(K(p). Then the second deformation theorem (see, for example, Gasinski & Papageorgiou [6, p. 628]) implies
that (pC' is a strong deformation retract of ¢°. Therefore

H (X, 9% = H(X,9¢) forall keN,
(see Motreanu, Motreanu & Papageorgiou [19, Corollary 6.15, p. 145]).

Assume that ¢ € C'(X,R) satisfies the C-condition and that K, is finite. We introduce the following items:

M(t,u) = Z rank C (@, u)t* forall t€R, ueK,,
k>0

P(t,00) = Z rank C; (¢, o)tk forall reR.
k>0

Then the Morse relation says that there exists Q(f) = Y. k>0 /?ktk a formal series in # € R with nonnegative integer coefficients
B such that

Y M(tu)=Pt.u)+(1+00@) forall teR. (2.4)

uek,,

Now let us fix some basic notation which we will use throughout this work. So, for x € R, we set x* = max{+x,0}. Then
for u € WP(Q) we define
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We know that
wwew(Q), u=ut—-u, |ul=u"+u".
If u,v € WP(Q) and v < u, then by [v, u] we denote the ordered interval in W LP(Q) defined by
[v,ul = {y € W"(Q) : v(2) < ¥(z) < u(z) for almost all z € Q}.

By intcl (5) [v, u], we denote the interior in the C! (Q)-norm topology of [v,u]l N C ! (Q) We also define

[u) = {y e WHP(Q) : u(z) < y(z) for almost all z € Q}

For u, v € W1P(Q) with v(z) # 0 for almost all z € Q, we define

uP

R(u, 0)(2) = | Du(2)|” — | DU(Z)|p_2< Du(z). D( e >(z)>RN, zeQ.

From the nonlinear Picone’s identity of Allegretto & Huang [2], we have the following property.

Proposition 2.6. Ifu,v : Q — R are differentiable functions with u(z) > 0 and v(z) > 0 for all z € Q, then R(u, v)(z) > 0 for
almost all z € Q and equality holds if and only if u = Ev with & > 0.

Finally, if k, m € N, then by 6, ,, we denote the Kronecker symbol, that is,

P 1 if k=m,
km =0 if k #m.
Next, we introduce our hypotheses on the two nonlinearities in the reaction of (P;).
H(g) : g : QxR — Ris a Carathéodory function such that g(z,0) = O for almost all z € Q and
(i) forevery p > 0, there exists a, € L*(€2) such that
lg(z, x)| < a,(z) for almost all z € Q and all |x| < p,
0 < g(z, x)x for almost all z € Q and all x € R\{0};

8(z.x)
X—+00 |x|f_2x

8(z,x)

(i) lim,_, N

= 0 and there exists 1 < 7 < p such that lim

= 0 uniformly for almost all z € Q.
H(f) : f : QxR — Ris a Carathéodory function such that f(z,0) = O for almost all z € Q and
(i) forevery p > 0, there exists d, € L*(€2) such that

| f(z,x)| < a,(z) for almost all z € Q and all |x| < p;

(i) lim,_, Ij; l(f_;l = A, uniformly for almost all z € Q for some m € N,m>2 and if F(z,x)= /0" f(z,s)ds then
liminf_ , W > 0 uniformly for almost all z € €;

(iii) there exists 9 € L*(€2) such that
9(z) < A, foralmostall z € Q,9 £ 4,,

f(z x) < 9(z) uniformly for almost all z € Q.
[x|P—2x

lim sup
x—0

H,, : For almost all z € Q and every A > 0, the mapping x — Ag(z, x) + f(z, x) is strictly increasing.

Remark 2.7. Hypothesis H (g)(ii) implies that g(z, -) is strictly sublinear near +co0 and 0. On the other hand, hypothesis H (f)(ii)
implies that f(z,-) is (p — 1)-linear near +oo. Note that hypotheses H(g)(ii), H(f)(ii) imply that problem (P;) at +oco is
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resonant with respect to a nonprincipal variational eigenvalue of the Robin p-Laplacian. Clearly, the above hypotheses
imply that

lg(z,x)|, |f(z,x)] < c4(1 + |x|”_1) for almost all z € Q and all x € R (2.5)

with ¢, > 0. In the sequel, we shall denote G(z, x) = /OX g(z,s)ds.

Example 2.8. The following functions satisfy hypotheses H(g), H(f). For the sake of simplicity, we drop the z-dependence.

(x) = x| <1 l<s<p<r;
OV kP 2% if 1< |x], pP=r

9|x|P2x if |x] <1,

" . <qg<p 9<i.
AolxlP2x + (A, = 9)Ixl2x it 1<|xl, °~I5F !

3 | SOLUTIONS OF CONSTANT SIGN

On account of hypotheses H (g)(ii), H(f)(ii) and (2.5), we see that given 4 > 0, € > 0 and r € (p, p*), we can find c5 > 0 such
that

[Ag(z, x) + f(z,x)]x < [9(z) + (1 + Del|x|” + ¢5|x]|" for almost all z € Q and all x € R. (3.1

This unilateral growth restriction on the reaction of problem (P;) leads to the following auxiliary parametric nonlinear Robin
problem

—Au(z) =0z + (1 + e u(2)1P2u(z) + c5lu(z)|"u(z) in ,

O 4 B2 \ulP2u = 0 on 0Q.

anp

(75)

Proposition 3.1. If hypothesis H(p) holds and A > 0, then for every sufficiently small € > O problem (7,) admits a positive
solution

i, € D,.

Moreover, since (7,) is odd, D, = —ii, € —D, is a negative solution of problem (7).

Proof. Let W} : W!7(Q) — R be the C'-functional defined by
W) = Il)’r(u) - % /Q [9(2) + (1 + A)el Y dz — 675||u+||: forall ue W'(Q).
We have
W) > collu]]? + ]1)<r<u+> - /Q 8<z><u+>sz> - %nfu" — el

for some cg, c; > 0 (see (2.1))

> collu |17 + X [eg — (1 + Ae] [t [P = e lull” forall ue W'P(), some g > 0.
p

Choosing € € (0, 1:—8/1>, we consider that

lI’;l"(u) > collul]? —c7||ul]” forall ue W P(Q), some cg > 0. (3.3)
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Since r > p, it follows from (3.3) that
u = 0 is a local minimizer of ‘I‘I
Then we can find small p € (0, 1) such that

YH0) =0 < inf{¥ @) : ||ul| = p} =m?
(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 29).

For t > 0, we have

W) = Se@) - S [ 192) + (1 + Delldz - Sjay |17
Hea) = @) [9G2) + (1 + Delddz - = 1a 17
p P Ja r

<f/ 3, - 9C)|aPdz — S 1ja, |17
- p o 1 1 r 1 r

< Clotp_clltr for some C10> C11 > 0. (34)

However, r > p. So, from (3.4) we have
Wr(ti) - —oc0 as t — +o0. (3.5)
Let k,(z, x) be the Carathéodory function defined by
k;(z,%) = [9(z) + (1 + Del|x[P2x + cs|x|"x.
We set

K;(z,x) = / ky(z,s)ds = %[19(2) + (1 + De]|x]? + CTSIxIr.
0

Recall that p < r and let g € (p, r). For sufficiently big M > 0 we have
0 < ¢K,(z,x) < k;(z,x)x for almost all z € Q and all |x| > M,
= k,(z, ) satisfies the Ambrosetti-Rabinowitz condition (see [19, p. 341])

=> ‘Pj{(-) satisfies the C-condition (see [19, p. 343]). (3.6)

Then (3.5) and (3.6) permit the use of Theorem 2.1 (the mountain pass theorem). So, we can find ii, € W Lp(Q) such that

Evidently, ii; # 0 and we have

(A(iiy), h) + / B(2)\ii; P~ h do
0Q

= / {19 + (A + Del@* AP~ + 5@}y hdz forall he W' (Q). (3.7)
Q

In (3.7) we choose h = —ﬁ; € Wr(Q). Then
t(a;) =0, =i, >0,a,#0 (see (2.1)).
Then by (3.7) we have
—A,ii)(2) = [9(2) + (1 + Aelii; (2" + esii; (2) " for almost all z € Q,

oii
a—;u + ﬂ(z)ﬁﬁ_l = 0 on 0Q (see Papageorgiou & Radulescu [21]). (3.8)
P
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By (3.8) and Proposition 2.10 of Papageorgiou & Réadulescu [23], we have
i; € L™(Q).
So, we can apply Theorem 2 of Lieberman [17] and conclude that
i, € C\{0}.
It follows from (3.8) that
Ajiiy(z) < 0 foralmostall z € Q, =i, € D, (see Gasinski & Papageorgiou [6, p. 738]).

Since problem (7,) is odd, we can deduce that §; = —ii, € —D, is a negative solution of problem (7). O

Next, we produce a uniform lower bound ¢ > 0 for the solutions ii; of (7,) for 4 > 0. It follows that —¢ < 0 is an upper bound
for the negative solutions 7.

Proposition 3.2. If hypothesis H () holds, then there exists ¢ > 0 such that
¢ Li(z)and 0,(z) < —¢ forall z € Q, 1> 0.
Proof. We consider the following nonlinear Robin problem

—A,u(z) = cslu(z)|"2u(z) in Q,

:_':; + B@Nul”u = 0 on AL G2
We first show that problem (3.9) has a positive solution. So, let & : W !?(Q) — R be the C'-functional defined by
E(u) = %T(u) - 675||u+||; forall ue W'(Q).
Using (2.1) we have
E(u) > cppl|ull? = ci3]|ul|” for some ¢y, ¢35 > 0, allu € whr(Q),
= u = 0is an isolated local minimizer of &(-) (recall that r > p).
So, we can find p € (0, 1) small such that
£(0) =0 <inf{&@) : [[ull = p} = m,. (3.10)
Also, ifu € D, then
&(tu) —» —oo as t — +oo (again use the fact that r > p). (3.1

Finally, since the reaction f(x) = cs (x*)?~! satisfies the Ambrosetti—-Rabinowitz condition on R + =[0,4+00), we can infer
that

&(-) satisfies the C-condition. (3.12)

Then (3.10), (3.11), (3.12) permit the use of Theorem 2.1 (the mountain pass theorem) and obtain u € WP(Q) such
that

ue K, and £0)=0<m; < E@. (3.13)



PAPAGEORGIOU ET AL. MATHEMATISCHE 2465

From (3.13) we can infer that u # 0 and
Ew =0, = (A@W),h)+ / p(z)|u|’*uhdo = cs / @Y 'hdz forall he wWlP(Q).
0Q Q

We choose h = —u~ € WP(Q). Then
tw )=0, =>u>0,u#0(see(2.1)).
So, u is a positive solution of (3.9). As before, the nonlinear regularity theory and the nonlinear Hopf boundary point theorem
(see [6, p. 738]) imply thatu € D_.
Next, we show that there is a smallest positive solution for problem (3.9). We first observe that from Papageorgiou, Radulescu
& Repovs [24] (see the proof of Proposition 7), we know that the set .S, of positive solutions of (3.9) is downward directed (that

is, if u;, u, € S, then we can findu € S such thatu < u;, u <u,). Invoking Lemma 3.10 of Hu & Papageorgiou [14, p. 178],
we can find a decreasing sequence {E”}n>l C S, € D, such that

inf S, = :lréfl u,.
We have

(A(,), h) + / B2’ hdo = cs / u 'hdz forall heW'P(Q), neN. (3.14)
0Q Q

It follows from (3.14) that {u, },5, C W P(Q) is bounded. So, we may assume that

i~ 1, in W'P(Q), 1, — i, in L'(Q) and LP(0Q). (3.15)

Suppose thatu, = 0. Lety, = ﬁ, n € N. Then ||y,|| = 1 for all » € N and so we may assume that

_w_

3, — Jin WP(Q), F, - yin LP(Q) and LP(OQ). (3.16)

From (3.14) we have
(A(y,), h) +/ ﬂ(z)}fj_lhda =c; / E;_” ﬁ_lhdz forall he W' (Q), neN.
0Q Q

Choosing h =y, —y € W P(Q), passing to the limit as n — oo, and using (3.16) and the fact that u, = 0, we obtain

lim(A(®»,),y,—y)=0, =Yy,—->yin WP @), 7] = 1. (see Proposition 2.4). (3.17)

Passing to the limit as n — oo in (3.16), and using (3.17) and the fact that u, = 0, we obtain

(AG), h) + /d . p) 27 'hds =0 forall he w'r(Q),
> () =0,
= y =0 (see (2.1)), contradicting (3.17).
So, u, # 0.1In (3.14) we choose h = u, — u, € W P(Q), pass to the limit as n — oo, and use (3.15) and Proposition 2.4. Then
u, - u, in WH(Q).

Hence, in the limit as » — oo in (3.14), we obtain

(A(@@,), hy + /a . p2E hdo = cs /Q “ 'hdz foral he W'(Q) =1u, €S,andu, =infS,.
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Now letii; € D, be a solution of (7,) (see Proposition 3.1). We consider the Carathéodory function y(z, x) defined by

r—1 : ~
Y(z.x) = {65(x+) if x <ii,(2), (3.18)

esiiy(z) =1 it dy(2) < x.

We set T'(z, x) = /" 7(z, 5) ds and consider the C'-functional & : W!(Q) — R defined by

Ew) = éf(u) - / [(z,u)dz forall ue WhP(Q).
Q

It follows by (2.1) and (3.18) that (") is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can find
u € WhP(Q) such that

Ew) =inf{éw) : ue W (Q)}. (3.19)
As before, since r > p, we have &) < 0 = £(0), hence u # 0. From (3.19) we have
(A@), h) + / B()|ul’*uhdo = / y(z,w)hdz forall he W' (Q). (3.20)
0Q Q
In (3.20) we first choose h = —u~ € W 1P(Q). We obtain
T(u ) =0(see (3.18)), =>u>0, u+#0(see (2.1)).
Next, we choose i = (i —ii;)" € W'»(Q) in (3.20). Then
(A@). @—a,)") + / PN~ ;) do =
0Q

Cslz;b_l (ﬂ - fti)+dz

<

S~ o~

(19) + (1 + dpeti " + esity Y(w—t;) " dz

(A7), (a—a,)") + /{m pyi’\(u—a,) " do
= u < ii; (by Proposition 2.4).

So, we have proved that

uel0,a,|, u#o.

It follows by (3.18), (3.20) and the above relation that u € S, C D_. Therefore

0<é=minu, <#,; forall A>0.
Q

The oddness of (3.9) implies that §; < —¢ < 0 forall 4 > 0. O
Now we are ready to produce two nontrivial constant sign solutions when 4 > 0 is big enough.
Proposition 3.3. If hypotheses H(f), H(g), H(f), H hold, then for sufficiently large A > 0 problem ( P;) has two constant sign
solutions
uy € intcl(ﬁ) [0, f‘z]’ vy € intcl(ﬁ) [5,1,0],
withiiy € D, and 0, € —D__ constant sign solutions of (7).

Proof. We introduce the following truncation of the reaction in problem (P,):

’1;{(2» X) = {/lg(z, xH) + f(z,xT) if x <i,(2), 3.21)

28(z,0,(2)) + f(z.8,(2)) if di;(z) < x.
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This is a Carathéodory function. We set H ;r(z, Xx) = fox n;(z, s) ds and consider the C!-functional d:; : WLP(Q) — Rdefined
by

dr(u) = lT(u)— / H(z,u)dz forall ue whrQ).
p Q

From (2.1) and (3.21) we see that d:(-) is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can find
uy, € WHP(Q) such that

d (up) = inf{d}(u) : ue W(Q)}. (3.22)

Let ¢ € (0, ¢) with ¢ > 0 as in Proposition 3.2. Then for all 4 > 0, we have

P
d;(c) = c_/ B(z)do — /1/ G(z,c)dz — / F(z,c)dz.
D Joa Q Q
Note that fg F(z,c)dz > 0 (see hypothesis H(g)(i)). So,

d7 (c) < 0 for sufficiently large 4 > 0,
= d; (uy) < 0 = d} (0) for sufficiently large 4 > 0,

From (3.22) we have
(Aug), hy + / B(2)|up|P~ugh do = / 1l (z.ug)hdz forall he W'P(Q). (3.23)
0Q Q

In (3.23) we first choose h = —u, € W LP(Q) and obtain

uy >0, uy#0.
Then in (3.23) we choose h = (”0 - ﬁl)+ € WP(Q). As in the proof of Proposition 3.2, using this time (3.1), we obtain

uy < iiy.
So, we have proved that
uy € [0,,], uy#0. (3.24)
By (3.21), (3.23), (3.24) and Theorem 2 of Lieberman [17], we have
uy € C,\{0} is a positive solution of (P;), 4> 0 big.
Therefore we have
A up(z) <0 foralmostall z € Q, = uy € D, (see Gasinski & Papageorgiou [6, p. 738]).

Also, we have

=4 uy(2) = Ag(z,uy(2)) + f(z,up(2))
< Ag(z,i,(2)) + f(z.d,(2)) (see (3.24) and hypothesis H,,)
S [9(2) + (1 + el (2)"~" + esiij(2) " (see (3.1)
= —A,ii;(z) for almost all z € Q,

= i; —uy €int C‘+ (see Proposition 2.3).
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We conclude that

20 S intcl(ﬁ) [O, ﬁ/{] .
For the negative solution, we introduce the Carathéodory function 7 (z, x) defined by

_(Z x) — ﬂg(Z, 5/1(2)) + f(Z? ﬁ/{(z)) lf x < ﬁi(z),
TR E dgz —x )+ fz—xT) i 5,(2) S x.

We set H ;(z, x) = /Ox n;(z, s)ds and consider the C'-functional d; : Whr(Q) — R defined by
d;(u) = lr(u) - / H (z,u)dz forall ue€ WP (Q).
P Q

Working as above, this time with the functional d; (-), we produce a solution v, of (P,) for large enough 4 > 0 such that
vo€-D,, vyy€E intc1 (5) [DA,O].
The proof is now complete. Cl

Using uy € D, and vy € —D, from Proposition 3.3, we will produce two more constant sign solutions.

Proposition 3.4. If hypotheses H(f), H(g), H(f), Hy hold, then for 2 > 0 big enough, problem ( P;) admits two more constant
sign solutions it € D, and O € —D . such that

i—uy€eintC,, vy—0€intC,

with uy € D, and vy € — D, the solutions from Proposition 3.3.

Proof. We introduce the following truncation of the reaction in problem (P,):

(zx) = {ﬂg(z, uy(z)) + f(z,up(z)) if x < up(z), (325)

Ag(z,x) + f(z,%) if uy(z) < x.

This is a Carathéodory function. We set 1 I(z, x) = /Ox ijl'(z, s) ds and consider the C'-functional )(/'1" : WP(Q) — R defined
by

X W= l4:(u) - / I (z,uydz forall ue WP (Q).
p Q

Claim 3.5. x7(-) satisfies the C-condition.

We consider a sequence {u,},5; C W LP(Q) such that

) 2} @,)| < M, for some M, > Oandall n €N, (3.26)

A+ u, D () @) = 0in WP(Q)* as n — co. (3.27)

From (3.27) we have

el hll

forall he WhP(Q), withe, » 0. (3.28)
1+ [|u,| "

‘(A(un),h)+ / B(2)|u,|”"2u,h do — / i;(z,un)hdz‘ <
0Q Q

In (3.28) we choose h = —u; € W'»(Q). Then

t(u)) < cyyllu; || for some ¢y > Oand all n € N (see (3.25) and hypotheses H (g)(i), H(f)(i)),

= {u,},., € W'P(Q) is bounded (see (2.2)). (3.29)
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Using (3.29) in (3.28), we obtain

‘(A(u;),h)+/ ﬂ(z)(u;)"“hda—/i;(z,u;)dz
0Q Q

for some ¢;5s > 0 and all h € W'P(Q), n € N.

< sl (3.30)

We will show that {”;}n>1 C W(Q) is bounded, too. Arguing by contradiction, suppose that ||u;f|| — o0 as n — oo. Let

+
Yy = Hu’;”, n € N. Then ||y,|| = 1,y, = 0for all n € N and so we may assume that

u’!
v, = yin W) and y, — yin LP(Q)and LP(0Q), y > 0. (3.31)

From (3.30) we have

. i} (z.u)) ¢i511All .
(A hy+ | p2yr " hdo — | “——"Lhdz| < ——— forall neN, he W' (Q). (3.32)
0 Q lluy [P~ [|u, 117~
From (2.5) and (3.25), we see that
i+ ',Ll+(‘) /
‘(+—”) C L7 (Q) is bounded (1 + l, = 1). (3.33)
e 1= f p D

Passing to a subsequence if necessary, and using hypotheses H (g)(ii), H(f)(ii), we have

i+("u+(')) w A ’
o S L in @) 334
n

(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 4.8).
In (3.32) we choose h=y, —y € wlr(Q), pass to the limit as n — oo, and use (3.31) and (3.33). Then

lim (A(»,),y,—¥)=0, =y,— yin W P(Q) (see Proposition 2.4) and so ||y|| = 1, y > 0. (3.35)

So, if in (3.32) we pass to the limit as n — oo, and use (3.34) and (3.35) to obtain
(A(y), h) +/ B(2)y" ' hdo = im/yp—lhdz forall he W'P(Q),
0Q Q

= —A ¥(z) = 2,"y(z)1’_1 for almost all z € Q, (;)_y + B(z)y*' =0 on 0Q (3.36)
n
P

(see Papageorgiou & Radulescu [21]).
Since m > 2, it follows by (3.36) that y(-) must be nodal, a contradiction to (3.35). Therefore

{u;}nZl C WP(Q)isbounded, = {u,},>; € W'P(Q) is bounded (see (3.29)).
So, we may assume that
u, > uin W(Q) and u, — uin L”(Q) and in L”(9Q). (3.37)

In (3.28) we choose hzun—ueW“’(Q), pass to the limit as n — oo, and use (3.37) and the fact that
{iT¢.u,(-)}, ., € L7 () is bounded (see (2.5) and (3.25)). We obtain

lim (A(u,),u, —u) =0, = u, — uin WP(Q) (see Proposition 2.4).
n—o0

So )(;1"(-) satisfies the C-condition. This proves Claim 3.5.
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Claim 3.6. We may assume that u, € D, is a local minimizer of ;(I(-).

For sufficiently large 4 > 0, as in Proposition 3.3, letii; € D, be a solution of (7,) (see Proposition 3.1). From Proposition 3.3
we know that

i, —uy€int C,. (3.38)
We introduce the following truncation of ij(z, -):
it(z, x) it x<ii,(2)
Ji(zx) = { L o (3.39)
i (z, uﬂ(z)) if @,(z) < x.

This is a Carathéodory function. We set J}'(z, x) = fox j}'(z, s) ds and consider the C!-functional )?/'l" : Whr(Q) — R defined
by

2= Lty - / JH(z,uydz forall ue W'P(Q).
p Q

By (2.1) and (3.39), it is clear that ;?/'{(-) is coercive. Also, it is sequentially weakly lower semicontinuous. Hence we can find
iy € W LP(Q) such that

2 @) =inf{pfw) 1 ue Wi (Q)}. (3.40)
Using (3.39), the nonlinear regularity theory and the nonlinear maximum principle, we can easily show that
Ky C [u ;] N D, (3.41)
Evidently, i, & K)?;“ (see (3.1)). So, from (3.40) and (3.41), we have
iy € [ug. ;| N Dy, g # .

If @iy # uy, then this is the desired second positive solution of (P,) for sufficiently large A > 0, and using Proposition 2.3, we
have

ﬁo_uOEintC+.

Therefore we are done.
So, we may assume that i, = u, € D, . Note that

X

_ ot
0iy = 4 ]mﬂ (see (3.39)). (3.42)
From Proposition 3.3, we have
uy €int () [0, a,]. (3.43)
Then it follows from (3.40), (3.41), (3.42) that

ug is a local C ! (ﬁ)—minimizer of ;(I(-), = u is a local W P(Q)-minimizer of ;(;L(-) (see Proposition 2.2).

This proves Claim 3.6.
Using (3.25), we can show that

K+ Clup) nD,.
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So, we may assume that K, + is finite, or otherwise we already have an infinity of positive solutions of (P,) (for large enough
A > 0) strictly bigger than u, and so we are done. Then on account of Claim 3.6, we can find sufficiently small p € (0, 1) such
that

27 wg) < inf {7} @)  [lu—up|| = p} = i (see [1). (3.44)
From hypotheses H(g)(ii), H(f)(ii) and since m > 2, we have
;(;l"(tﬁl) — —o0 ast = +oco. (3.45)

Then (3.44), (3.45) and Claim 3.5 permit the use of Theorem 2.1 (the mountain pass theorem). So, we can find & € W'»(Q)
such that

0e K)(} Clup)nD, and r?z: < ;(;'(ﬁ). (3.46)
It follows from (3.44), (3.46) and (3.25) that
it € D, is a second positive solution of (P,) for sufficiently large A > 0, uy < @I, uy # i.
We have
= Aug(z) = A8(z,uy(2)) + f(z,up(2))
< 2g(z,4(z)) + f(z,4(z)) (see (3.46) and hypothesis H)

= —A,i(z) for almost all z € Q. (3.47)

Note that Ag(-, ug(-)) + f(-,ug(-)) # Ag(-, 4(-)) + f(-,4(-)) (see hypothesis H). So, from (3.47) and Proposition 2.3, we can
infer that

i —uy €intC,.
Similarly, for the second negative solution, we use v, € —D, from Proposition 3.3. So, we define

~(2,x) = Ag(z,x)+ f(z,x) if x < y(z),
4 Ag(z,00(2)) + f(z,09(2)) i vy(z) < x.

This is a Carathéodory function. We set I L (z,x) = fox i;(z,s)ds and consider the C!-functional X W Lr(Q) — R defined
by

x, W)= l1'(14)—‘/1/1_(z,u) dz forall ue WhP(Q).
4 Q

Working as above, this time with y" and truncating at 5; € —D,. to produce 7’ (-), we generate a second negative solution 0 of
problem (P,) for sufficiently large A > 0, such that

pe-D, and vy—0€intC,.

This completes the proof. O

4 | THE FIFTH SOLUTION

So far we have four nontrivial smooth solutions, all with sign information (two positive and two negative). In this section, using
the theory of critical groups, we establish the existence of a fifth nontrivial smooth solution distinct from the other four.

Proposition 4.1. If hypotheses H(p), H(g), H(f), H\ hold and A > 0 is sufficiently large, then C; (;(f, oo) = 0forall k € N,
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Proof. We present the proof for the functional ;(;(-), the proof for y ' (-) being similar.

Let i e (im, im 1 )\6'(p) (recall that 6(p) denotes the set of eigenvalues of —A , with Robin boundary condition) and consider
the C!-functional 1,1/;1F : WhP(Q) — R defined by

yrw = 2ew = 2| forall we W@,
p p P
We consider the following homotopy
hj(t, u)y=(1- t);(;"(u) + tu//'f(u) forall (t,u) € [0,1]x WP (Q).
Claim 4.2. We can find 7, € R and 6, > 0 such that
Wt (tug) <y = (1+ ||u||)(|(h;);(r, u)”* >, forall tel0,1].

To prove Claim 4.2, we argue indirectly. So, suppose Claim 4.2 is not true. Evidently, h:(-, -) maps bounded sets to bounded
ones. Hence we can find {7, },5, € [0,1] and {u,},5, C W P(Q) such that

t, =t [lu,ll = oo, hjl'(tn,un) — —o0 and (1+ ||un||)(h';):l(tn,un) — 0. 4.1

From the last convergence in (4.1), we have

‘<A<”n>’ h) + / P&, " uyhdo = (1= 1,) / i*(z.u,)hdz - A, / ()" haz
0Q2 Q o

h
< Sl ol he wir@), with e, — 0, 4.2)
1+ [|u,ll

In (4.2) we choose h = —u; € W LP(Q). Then

(1) < cygllu; || for some ¢;s > Oand all n € N (see (3.25)), = {u;} _ CW'P(Q)isbounded (see (2.1)). (4.3)

n>1 —

From (4.1) and (4.3) it follows that

Ll+

|| = too.

.
Wesety, = 1 n € N. Then [ly,Il =1, y, > 0forall n € N. So, we may assume that

I
v, = yinW'(Q) and y, - yin L’(Q) andin L’(0Q), y > 0. (4.4)

From (4.2) and (4.3) it follows that

- ij(z, ut - )
(A(y,), h) + P2y, hdo —(1=1t,) | ————hdz— A1, [ y," hdz| <e,]|h]|
o0 A w117 A
forall he W'?(Q), withe/ — 0. 4.5)

From (2.5) and (3.25), we see that

+ 11—
ey [P

Fut () o
£ C L? () is bounded. (4.6)
n>1
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Passing to a subsequence if necessary and using hypotheses H (g)(ii) and H(f)(ii) we have

i) w o, ,
W — 4,y""!in L” (Q) (see [1]). 4.7)

In (4.5) wechoose h=y, —y € W 1-P(Q), pass to the limit as n — oo, and use (4.4), (4.6). Then

lim (A(y,),y,—y)=0, =y,—>yin WP (Q) (see Proposition 2.4), hence ||y|| = 1, y > 0. 4.8)
n—oo

In (4.5) we pass to the limit as n — oo, and use (4.7), (4.8) and the continuity of A(-) (Proposition 2.4). We obtain
(A(y), h) + / p(2)y"'hdo = [(1-1)A,, + m]/ v lhdz forall he W'P(Q),
0Q Q

= —A,)(z) = A,y(2)""" for almost all z € Q, —:y + B(2)y*~! = 00n 0Q, 4.9)
n
P

with A, = (1 = 1)4,, + tA. We have
i € [Aps A1) (4.10)
From (4.9) and (4.10) and since m > 2, we can infer that

y=0 or yisnodal.

Both assertions contradict (4.8). This proves Claim 4.2.
Then Claim 4.2 and Theorem 5.1.21 of Chang [3, p. 334] (see also Liang & Su [16, Proposition 3.2]), imply that

Ci(h1(0,-),00) = C,(h%(1,-),00) forall keNy, = Ci(x/.0)=Cy(w} o) forall keN,. @4.11)

Now we consider the following homotopy

ht(tu) = wi@w) -t / udz forall (1,u) € [0,1]x WP(Q).
Q

Claim 4.3. (iz;);(t, u) #0forallt € [0,1], u € WEP(Q)\{0}.

Again, we argue indirectly. So, suppose that for some # € [0, 1] and u € W *(Q)\ {0}, we have
A /
(h;)u(t, u) =0,

= (A(u),h)+/ ﬂ(z)lul”_zuhda:A/(u+)"_1hdz+t/hdz forall he WhP(Q). 4.12)
0Q Q Q

In (4.12) we choose h = —u~ € W1P(Q). Then
tw ) <0, =u>0, u#0(see(2.1)).

Hence (4.12) becomes

(A(u),h)+/ ﬂ(z)u"_lhdz:/l/u"_lhdz+t/hdz forall he WhP(Q),
0Q Q Q

= —A,u(z) = Au(z)’"' + 1 for almost all z € Q, ;—” + Az~ = 0 on 0Q. (4.13)

np
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As before, the nonlinear regularity theory implies that u € C,\{0}. Also, from (4.13) we have
A u(z) < 0foralmostall z € Q, = u € D, (see Gasinski & Papageorgiou [6, p. 738]).

Let v € D, and consider the function R(v, u)(-) from Section 2. Using Proposition 2.6, we get
0< / R(v,u)dz
Q

P P
= ||Dv| |§ - / ( — Apu) # dz + / B(zyuP~! # do (via the nonlinear Green identity, see [6, p. 211])
Q 0Q

< IIDvllﬁ—ﬂlleIZ+/ B(z)v"do (see (4.13))
0Q
= 7(v) = Allvll}.
Letv =14, € D,. Then
0< [4, —4] <0 (since A > 4,,m >2and [|2,]], = 1),

a contradiction. This proves Claim 4.3.

The homotopy invariance property of critical groups (see Gasinski & Papageorgiou [10, Theorem 5.125, p. 836]) implies that

for sufficiently small r > 0 we have

H, ((R7)0,° nB,, (ht)©0,)° n B\{0}) = H,((hF)(1,)°n B,, (h*)(1,)° n B,\{0}) forall k&N,

On account of Claim 4.3, 0 is an ordinary level for izj(l, -). Hence from Granas & Dugundji [12, p. 407], we have
Hk((izj{)(l, )° N B,, (13;)(1, )°N B,\{O}) =0 forall ke N,.
From the definition of critical groups, we have

H, ((R7)(0.-° n B, (h})0,)° n B\{0}) = C(y/,0) forall k&N,

Combining (4.14), (4.15), (4.16), we obtain
Ci(w),0)=0 forall keN,.
Since 4 € (/Tm, imH)\&(p), we have
K+ = {0},

=> Ck(u/;,O) = Ck(y/j, o) forall k& N (see [19, Proposition 6.61, p. 160]).

By (4.11), (4.17), (4.18), we can conclude that

Ck()(;r, oo) =0 forall k€ N,.
Similarly, we can show that

Ci(x;.0) =0 forall keN,.

The proof is now complete.

4.14)

(4.15)

(4.16)

4.17)

(4.18)

O

Letéi € D, and 0 € —D__ be the second pair of constant sign solutions for problem (P,) (4 > O sufficiently large) produced

in Proposition 3.4.
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Proposition 4.4. If hypotheses H(f), H(g), H(f), H hold and A > 0 is large enough (see Proposition 3.4), then C,, ( ;(I, ﬁ) =
Ck(}(;, 19) = 6y 1L for all k € N,

Proof. We may assume that K+ = {u, i}. Otherwise we already have a fifth nontrivial solution for (P;), which is also positive
(see (3.46) and (3.25)).
Let i} = y; (ug) and let /7] be as in (3.44). We have /] < i} and we choose 7,9 € R such that
n<mj<s<m;. (4.19)
For these levels, we consider the corresponding sublevel sets for ;(;

()" < ()" cw'r@).

For this triple we consider the corresponding long exact sequence of singular homological groups (see Motreanu, Motreanu
& Papageorgiou [19, Proposition 6.14, p. 143]). We have

iy 9 0, 9
c o HU(W @, (1)) 2 H (W@, (2)") 5 B () (2)") = - (4.20)
with i, being the homomorphism induced by the inclusion map i : (W!P(Q), ( ;{I)n) - (W”’(Q), ( ;(I)'g> and 0, is the
composite boundary homomorphism.

From (4.19) we see that # < inf y; (K;(j) and so

H, (W (Q), (;(;r)n) =Ci(x],00) =0 forall k&N (see Proposition 4.1). 4.21)

Also, from (4.19) and (3.46), we have

H (W@, (7)) = Clxf8) forall ke N, (4.22)
H,_, ((;(;)‘9, (;(;)”) = i (xf ) = 6102 = 6,2 forall ke N, 4.23)

(see [19, Lemma 6.55, p. 175] and Claim 2 of Proposition 3.4).
Returning to (4.20) and using (4.21), (4.22), (4.23), we see that only the tail (that is, k = 1) of the long exact sequence is
nontrivial. Moreover, by the rank theorem and the exactness of (4.20), we have

rank H, <W1’1’(Q), (;(2’)19) = rank ker 3* + rank im é* =rank imi, + rank im 3*,
= rank C, ()(;',ﬁ) <1 (see(4.21), (4.22), (4.23)). (4.24)
From the proof of Proposition 3.4 we know that & € K P is of the mountain pass type. Therefore
Ci(x}.a)#0 (4.25)

(see [19, Corollary 6.81, p. 168]).
It follows from (4.24) and (4.25) that

Ck(),/;—,fl) = 5k,lZ forall k GNO
Similarly, we can show that
Ci(x;:0) =6,,Z forall k€N,

This completes the proof. ]



2476 %ﬁgg&%ﬁ%@ﬁHE PAPAGEORGIOU ET AL.
[NACHRICHTEN |

Let @, : W!P(Q) — R be the energy functional for problem (P,) defined by

@,Ww) = %r(u) - A/ G(z,u)dz — / F(z,u)dz forall ue WP(Q).
Q Q

Evidently, , € C'(W'?(Q),R).
Proposition 4.5. If hypotheses H(f), H(g), H(f) hold and A > O, then the functional @, satisfies the C-condition.

Proof. Let {u,},>; C W P(Q) be a sequence such that

|@,(u,)| < M, for some M, > 0andalln €N, (4.26)
1+ ||un||)(p;(un) - 0in WHP(Q)* as n — oo. 4.27)

By (4.27) we have

h
'(A(u,,), h) + / ﬂ(z)lu,,l”_zunh do — /1/ g(z,u,)hdz — / f(z,u,)h dz‘ < M (4.28)
00 Q Q 1+ [lu,l]
for all h € W'P(Q) with e, — 0.
In (4.28) we choose h = u, € W 1?(Q). Then
7(u,) — / [Ag(z.u,) + f(z,u,)|u,dz <€, forall neN. (4.29)
Q
Also, from (4.26) we have
—7(u,) + / p[AG(z,u,) + F(z,u,)| dz < pM, forall ne€N. (4.30)
Q
Adding (4.29) and (4.30), we obtain
/ [p(2G(z,u,) + F(z,u,)) - (Ag(z,u,) + f(z,u,))u,] dz < M5 for some M3 > O and all n € N. 4.31)
Q

We claim that {u, },5,; C W 1P(Q) is bounded. Arguing by contradiction, suppose that ||u,,|| — co. We set y,, = ﬁ, neN.
We have ||y, || =1 for all » € N and so we may assume that

y, = yinW(Q) and y, — yin L?(Q) and LP(0S). (4.32)

From (4.28) we have

_ Ag(z,u,) f(z,u,) €ql1hl
(A(y,), h) +/ By, |P~y,hdo — —hdz—/ ——hdz| < (4.33)
" oQ " ! o lu,|lP~! o |lu, P! (14 u, [ DI, [P
for all n € N.
From (2.5) it is clear that
{ M } , { w } C L () are bounded sequences. 4.34)
N 11771 ) pen Ul 1P~ ) en

In (4.33) we choose h=y, —y € W P(Q) and pass to the limit as n — co. Then using (4.32) and (4.34), we obtain

lim (A(»,),y,—¥)=0, =y,—>yin WhP(Q) (see Proposition 2.4) and so ||y|| = 1. (4.35)
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From (4.35) we see that y # 0 and so if D, ={z € Q : |y(z)| > 0}, then |D, |y > O with | - | denoting the Lebesgue
measure on RV. We have

lu,(z)| = +oo for almostall z € D,

. . pF(Z3 un(z)) - f(Z, un(z))un(z)
= liminf
n—oo |u, ()7

> 0 for almost all z € D, (see hypothesis H(f)(iii))

= liminf 1 / [pF(z, u,) — f(z, un)un] dz > 0 (by Fatou’s lemma)
D+

oo ||u,||*
= liminf ﬁ / [pF(z,u,) — f(z,u,)u,| dz > 0 (see H(f)(ii)). (4.36)
nh— 00 n Q

Note that hypothesis H (g)(ii) implies that given € > 0, we can find ¢;; = ¢|7(e) > 0 such that

g(z,x)x < €e|x|® + ¢ for almost all z € Q and all x € R (see hypothesis H(g)(i)). 4.37)
Since G(z, x) > 0 for almost all z € Q, all x € R (by the sign condition in H (g)(i)), we obtain

pG(z,x) — g(z,x)x > —€|x|® — ¢ for almost all z € Q and all x € R (see (4.37)). (4.38)

Hence

/ [p(AG(z,u,) + F(z,u,)) — (Ag(z,u,) + f(z,u,))u,| dz
Q
> / [—ﬂelunlf + (pF(z, u,) — f(z, un)u,,)] dz (see (4.38))
Q

=> ﬁ/ [p(ﬂG(z, u,) + F(z, un)) - (jg(z’ u,) + f(z, ”n))”n] dz
n Q

2/_—’16|yn|7dz+ 1 /[PF(Z,un)—f(z’”n)”"]dz'
Q

a llu,| P77 [, P

Using (4.36), we obtain

lim inf
n—oo ||u, ||

/ [p(AG(z,u,) + F(z,u,)) — (Ag(z,u,) + f(z,u,))u,] dz > 0. (4.39)
Q
On the other hand, relation (4.31) yields

lim sup m /Q [p(AG(z,u,) + F(z,u,)) — (Ag(z,u,) + f(z,u,))u,] dz < 0. (4.40)

n—oo

Comparing (4.39) and (4.40), we arrive at a contradiction.
This proves that

{u,},51 € W'P(Q) is bounded.
So, we may assume that
u, ol uin WH(Q) and u, - uin LP(Q) and L?(0Q). 4.41)
In (4.28) we choose h =u, —u € wlr(Q), pass to the limit as # — o0, and use (4.41). Then
’}Lr& (A(u,),u, —uy =0,
= u, - uin WhP(Q) (see Proposition 2.4),

= @, satisfies the C-condition.
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The proof is now complete. d

Then using Proposition 8 of Papageorgiou, Radulescu & Repovs [25], (see also [4]), we obtain the following property.
Proposition 4.6. If hypotheses H(f), H(g), H(f) hold and 4 > 0, then C, (¢, 00) # 0.

We assume that K, (4 > Osufficiently large, as in Proposition 3.4) is finite. Otherwise we already have an infinity of solutions

which are in C!(Q) (nonlinear regularity theory).

Proposition 4.7. If hypotheses H(f), H(g), H(f), H, hold and A > 0 is sufficiently large (see Proposition 3.4), then
Cilpy, ) = Ci(@,;,0) =6, 1Z  forall k €Ny,
Ci(@,,0) = Crl@ . up) = Cp (@, v9) = 6, 0Z  forall k € N,
Proof. Consider the homotopy 711’(-, -) defined by
72}(1, u)=1-0p,wu+ t)(/'{(u) forall (z,u) € [0,1] x WP(Q).
Suppose that we can find 7, — ¢ and u,, — & in W!?(Q) such that
(h?) (t,.u,)=0 forall neN.

We have

(Alu,). h) + / B uyP 2y do
0Q

= —;H)/ (Ag(z,u,) + f(z,u,))h dz+tn/i;(z, u)hdz forall he W (Q), neN,
Q Q

=> —Au,(z) = (1 —1,)(Ag(z,u,(2)) + f(z,u)n(z)) + t,,ij(z, u,(z)) foralmostall z € Q,

Ju

5 + f(2)|u, Ip_zun = 0 on 0Q (see Papageorgiou & Radulescu [21]). 4.42)
n
P

From (4.42) and Proposition 7 of Papageorgiou & Réddulescu [23], we have
[u,llo < M, for some M, > 0 and all n € N.
Then invoking Theorem 2 of Lieberman [17], we can find a € (0, 1) and M5 > 0 such that

u, € Cl"”(ﬁ) and ||un||C14’a(§) < M for some M5 > 0 and all n € N. (4.43)

By (4.43), the compact embedding of C'-¢ (ﬁ) into C! (5) and the fact that u, — @ in W 1-?(Q), we infer that
u, = iin Cl(ﬁ),
=>u, —uy €intC, forall n > ny (see Proposition 3.4),
=> {un}n2n0 C K(M (see (3.25)),

a contradiction to our hypothesis that K, is finite.
Therefore by the homotopy invariance property of critical groups (see [10, p. 836 ]), we have

Cilp,,0) = Ck(;(j,ﬁ) forall keNy, = C, 0)=26,Z forall k&N,
Similarly, using this time ", we show that

Ck(q’l’ ﬁ) = 5k,1Z forall ke No.
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Recall that uy € D, and vy € —D, are local minimizers of the functionals )(;’(') and 2, ¢)s respectively (see Claim 4.3 in
the proof of Proposition 3.4). Hence we have

Ci(xf-up) = Cr(x;v9) =84 0Z forall k€N, (4.44)
A homotopy invariance argument as above, shows that

Ck((pﬂ’ uo) = Ck (/}’I, uo) and Ck((pﬂ.’ Uo) = Ck (),/;, Uo) for all k (S No,

= Cu(@,,up) = Ci (@, 09) = 6,02 Torall k € N (see (4.44)).
Finally, hypotheses H (g)(ii) and H(f)(iii) imply that
u = 01is a local minimizer of ¢,
(see also the proof of Proposition 3.1). It follows that
Ci(9,,0) =6, 0Z forall k&N,

The proof is now complete. ]

Proposition 4.8. If hypotheses H(f), H(g), H(f), Hy hold and A > 0 is big (see Proposition 3.4), then problem (P,) has a fifth
nontrivial solution

v € CH(Q).
Proof. According to Proposition 4.6, we have
C,.(@;,00)#0.
So, there exists y, € Kw such that
Cn(@,4:¥0) # 0. (4.45)

Since m > 2, by Proposition 4.7 and (4.45), we infer that
vo & {0,ug, vy, 8, 0}.

Therefore y, is a fifth nontrivial solution of (P;) (for sufficiently large 2 > 0) and the nonlinear regularity theory implies that

Y €C(Q). 0
Finally, we can state the following multiplicity theorem for problem (P;).

Theorem 4.9. If hypotheses H(f), H(g), H(f), H, hold, then for all sufficiently large A > 0 problem (P,) has at least five
nontrivial solutions

up. i € D, withit —uy € intC,, vy, 0€ D, withvy—bd€intC, and y,€C'(Q).
Question. Is it possible, in the framework of the present paper, to generate nodal solutions for (P;)?
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