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Abstract: The purpose of this paper is to study the existence of weak solutions for some classes of hemivari-
ational problems in the Euclidean space R? (d > 3). These hemivariational inequalities have a variational
structure and, thanks to this, we are able to find a non-trivial weak solution for them by using variational
methods and a non-smooth version of the Palais principle of symmetric criticality for locally Lipschitz con-
tinuous functionals, due to Krawcewicz and Marzantowicz. The main tools in our approach are based on
appropriate theoretical arguments on suitable subgroups of the orthogonal group O(d) and their actions on
the Sobolev space H(RY). Moreover, under an additional hypotheses on the dimension d and in the pres-
ence of symmetry on the nonlinear datum, the existence of multiple pairs of sign-changing solutions with
different symmetries structure has been proved. In connection to classical Schrédinger equations a concrete
and meaningful example of an application is presented.
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1 Introduction

The aim of this paper is to study some nonlinear eigenvalue problems for certain classes of hemivariational
inequalities that depend on a real parameter. For instance, the motivation for such a study comes from the
investigation of perturbations, usually determined in terms of parameters. The hemivariational inequalities
appears as a generalization of the variational inequalities and their study is based on the notion of Clarke
subdifferential of a locally Lipschitz function. The theory of hemivariational inequalities appears as a new
field of Non-smooth Analysis; see [23, Part I - Chapter II] and the references therein.

More precisely, we study the following hemivariational inequality problem:

(Sy) Find u € HY(RY) such that

/Vu(x)-V(p(x)dx+/u(x)(p(x)dx
Rd RE
A / WO)F (u(x); ~p(x))dx > 0,

]Rd
Vo c H'(RY).
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Here (R4, |- |) denotes the Euclidean space (with d = 3), F : R — Ris a locally Lipschitz continuous function,

whereas
FO(S;Z) .= lim sup w

y—s t
t—0*

is the generalized directional derivative of F at the point s € R in the direction z € R; see the classical
monograph of Clarke [15] for details. Finally, W € L=(R%) n L*(R?)\ {0} is a non-negative radially symmetric
map and A is a positive real parameter.

We assume that there exist k; > 0 and g € (2, 2"), where 2" = 2d/(d - 2), such that

(] < k(1 +s|7Y), V¢ e oF(s), foreverys c R, (1.1)

where 0F(s) denotes the generalized gradient of the function F at s € R (see Section 2).
With the above notations the main result reads as follows.

Theorem 1. Let F : R — R be a locally Lipschitz continuous function with F(0) = 0 and satisfying the growth
condition (1.1) for some q € (2, 2"), in addition to

E(s)
“§2

=+oo and liminf@ > —oo, 1.2
s—0*

lim sup 2

s—0+
Moreover, let W € L=(RY) N LY(R9) \ {0} be a non-negative radially symmetric map. Then the following facts
hold:
(a,) There exists a positive number A* such that, for every A € (0,A"), the problem (S;) admits at least one
non-trivial radial weak solution u; € HY(R?) with [up(x)| — 0 as |x| — oo.
(ay)Ifd > 3 and F is even then there exists a positive number A« such that for every A € (0, A+), the problem (S;)
admits at least

G0 =1+ (1) [%}

pairs of non-trivial weak solutions {+uy ;}icy, C HY(RY) with |uy ;(x)| — 0, as |x| — oo, foreveryi e J'; :=

{1,...,¢ éd)}, and with different symmetries structure. More precisely, if d # 5 problem (S,) admits at least
Tg = {éd) -1

pairs of sign-changing weak solutions.

Here, the symbol [-] denotes the integer function.

The proof of the above result is based on variational method in the nonsmooth setting. As it is well known,
the lack of a compact embeddings of the Sobolev space H'(R?) into Lebesgue spaces produces several dif-
ficulties for exploiting variational methods. In order to recover compactness, the first task is to construct
certain subspaces of H LRrY) containing invariant functions under special actions defined by means of care-
fully chosen subgroups of the orthogonal group O(d). Subsequently, a locally Lipschitz continuous function
is constructed which is invariant under the action of suitable subgroups of O(d), whose restriction to the
appropriate subspace of invariant functions admits critical points.

Thanks to a nonsmooth version of the principle of symmetric criticality obtained by Krawcewicz and
Marzantowicz [19], these points will also be critical points of the original functional, and they are exactly
weak solutions of problem (S;). The abstract critical point result that we employ here is a nonsmooth version
of the variational principle established by Ricceri [31]; see Bonanno and Molica Bisci [11] for details.

Moreover, we also emphasize that the multiplicity property stated in Theorem 1 - part (a,) is obtained by
using the group-theoretical approach developed by Kristaly, Morosanu, and O’Regan [22]; see Subsection 2.1.
Thanks to this analysis, we are able to construct

G0 =1+ (1) {‘%3}
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960 —— Giovanni Molica Bisci and Du3an Repov3, Some hemivariational inequalities DE GRUYTER
subspaces of H'(R?) with different symmetries properties. In addition, when d # 5, there are

T4 = (—1)d + |:dz;3:|
of these subspaces which do not contain radial symmetric functions; see the quoted paper [8] due to Bartsch
and Willem, as well as [22, Theorem 2.2].

We point out that some almost straightforward computations in [26] are adapted here to the non-smooth
case. However, due to the non-smooth framework, our abstract procedure, as well as the setting of the main
results, is different from the results contained in [26], where the continuous case was studied; see Section 4
for additional comments and remarks.

The manuscript is organized as follows. In Section 2 we set some notations and recall some properties of
the functional space we shall work in. In order to apply critical point methods to problem (S,), we need to
work in a subspace of the functional space H'(R?) in particular, we give some tools which will be useful in
the paper (see Propositions 8 and Lemma 7). In Section 3 we study problem (S;) and we prove our existence
result (see Theorem 1). Finally, we study the existence of multiple non-radial solutions to the problem (S;) for
A sufficiently small. In connection to classical Schrédinger equations in the continuous setting (see, among
others, the papers [5, 6, 9, 10]) a meaningful example of an application is given in the last section.

We refer to the books [1, 23, 33] as general references on the subject treated in the paper.

2 Abstract framework

Let (X, || - ||x) be a real Banach space. We denote by X" the dual space of X, whereas (-, -) denotes the duality
pairing between X" and X.

A function J : X — R is called locally Lipschitz continuous if to every y € X there correspond a neighbor-
hood V) of y and a constant Ly = 0 such that

J(z) - JWw)| < Ly|lz-wl|x, (Vz,we V).

Ify, z € X, we write J 0 (y; z) for the generalized directional derivative of J at the point y along the direction
z,1.e.,

Opi N 1 Jw + tz) - J(w)
T (y;2) '_m}vljtylp —
t—0*

The generalized gradient of the function J at y € X, denoted by 9J(y), is the set
dJ(y) = {y* eX :(,2)<J(y;2), vz e X}.

The basic properties of generalized directional derivative and generalized gradient which we shall use
here were studied in [13, 15].
The following lemma displays some useful properties of the notions introduced above.

Lemma?2. IfI,] : X — R are locally Lipschitz continuous functionals, then

(i) J°(y;-) is positively homogeneous, sub-additive, and continuous for every y € X;

(i) J°(y;2) = max{(y’, z) : y" € 0J(2)} foreveryy, z € X;

(i) JO(y; —2) = (-))°(y; 2) for every y, z € X;

(iv) if ] € C1(X), then J°(y; 2) = (J'(y), z) for every y, z € X;

W) U+))°(y;2) < I°(y; 2) + J°(y; 2) for every y, z € X. Moreover, if ] is is continuously Gdteaux differentiable,
then (I + N°(y;2) = I°(y; 2) + J'(y; 2) forevery y, z € X.

See [17] for details.
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Further, a point y € X is called a (generalized) critical point of the locally Lipschitz continuous function
Jif Ox- € 0J(y), i.e.
J°(y;2) =20,

for every z € X.

Clearly, if J is a continuously Gateaux differentiable at y € X, then y becomes a (classical) critical point
of J, thatis J'(y) = Ox-.

For an exhaustive overview of the non-smooth calculus we refer to the monographs [13, 15, 27, 28]. Fur-
ther, we cite the book [23] as a general reference on this subject.

To make the nonlinear methods work, some careful analysis of the fractional spaces involved is necessary.
Assume d > 3 and let H*(R%) be the standard Sobolev space endowed by the inner product

(U, v) := /Vu(x)-Vv(x)dx+/u(x)v(x)dx, Vu,v e H'(RY)
Rd Rd

and the induced norm 12

llul| := /|Vu(x)\2dx+/|u(x)|2dx ,
d ]Rd

for every u € HY(R9).
In order to prove Theorem 1 we apply the principle of symmetric criticality together with the following
critical point theorem proved in [11] by Bonanno and Molica Bisci.

Theorem 3. Let X be a reflexive real Banach space and let @, ¥ : X — R be locally Lipschitz continuous
functionals such that @ is sequentially weakly lower semicontinuous and coercive. Furthermore, assume that ¥
is sequentially weakly upper semicontinuous. For every r > infx @, put

( sup lI’(v)) -Y¥(u)
() = inf veP(Ceon) .

UED 1 ((~00,1)) r— o)

Then for each r > infy @ and each A € |0, 1/¢(r)], the restriction of J := @ - A¥ to @ ((-o0, 1)) admits a
global minimum, which is a critical point (local minimum) of J, in X.

The above result represents a nonsmooth version of a variational principle established by Ricceri in [31].

For completeness, we also recall here the principle of symmetric criticality of Krawcewicz and Marzan-
towicz which represents a non-smooth version of the celebrated result proved by Palais in [29]. We point out
that the result proved in [19] was established for sufficiently smooth Banach G-manifolds. We will use here a
particular form of this result that is valid for Banach spaces.

An action of a compact Lie group G on the Banach space (X, || - ||x) is a continuous map

*:GxX—>X:(g,y)—g*y,

such that
1*y=y, (gh)*y=g*(h*y), y— g*y islinear.

The action * is said to be isometric if ||g * y||x = ||y||x, for every g € G and y € X. Moreover, the space of
G-invariant points is defined by

Fixg(X):={yeX:g*y=y,Vg € G},
and amap h : X — Ris said to be G-invariant on X if
h(g*y) = h(y)

foreveryg € Gandy € X.
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962 —— Giovanni Molica Bisci and Du3an Repov3, Some hemivariational inequalities DE GRUYTER

Theorem 4. Let X be a Banach space, let G be a compact topological group acting linearly and isometrically
on X, and ] : X — R alocally Lipschitz, G-invariant functional. Then every critical point of J : Fixg(X) — R is
also a critical point of ].

For details see, for instance, the book [23, Part I - Chapter 1] and Krawcewicz and Marzantowicz [19].

2.1 Group-theoretical arguments

Let 0(d) be the orthogonal group in R? and let G C O(d) be a subgroup. Assume that G acts on the space
H(RY). Hence, the set of fixed points of H!(R?), with respect to G, is clearly given by

Fixg(H'(RY) := {u € H'(RY) : gu = u, Vg € G}.
We note that, if G = O(d) and the action is the standard linear isometric map defined by
gux) ==u(@'x), vxeRY and gec 0(d)

then Fix)(H L(R?)) is exactly the subspace of radially symmetric functions of H'(RY), also denoted by
HL 4 (R?). Moreover, the following embedding

Fixogq(H'(RY) — LY(RY) 1)

is continuous (resp. compact), for every q € [2, 2"] (resp. g € (2, 27)). See, for instance, the celebrated paper
[24].
Let either d = 4 or d = 6 and consider the subgroup H,; ; C O(d) given by
0(d/2) x 0(d/2) ifi- 42
d,i = <
0l +1)x0d-2i-2)x06+1) iz 22,

foreveryie J; := {1, ..., T4}, where
Tgq = (—1)d + l:id ; 3] .

Let us define the involution ,, : RY — R? as follows

2
(x3,x2,x1) ifi# % and x := (x1, X2, X3) € RI*1 x R4-21-2 R+

(x3,x1) ifi= and x := (xq, x3) € RY2 xR4/2

U (x) :=

foreveryi € J,.
By definition, one has n,,,. ¢ Hg,;, as well as

-1 2 .
Ny Ha,iy,, = Hai» and - =idga,

foreveryi € J,.
Moreover, for every i € J4, let us consider the compact group

Hgy, = (Hai, rlHd'i>’
thatis Hy p, = Hg,; U Ny, Ha,i» and the action ®; : H y, * H*(R?) — H'(R?) of Hg,,, on H'(R?) given by

u(h‘lx) ifh e Hd,i

G . 2.2
-u(g 1nHiiX) ifh=ny,,8€Han \Hai g €Ha,i

h®; ux) := {

for every x € R4,
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We note that ®; is defined for every element of H, .. Indeed, if h € Hy ,,, then either h € Hy; or h =
18 € Hyp, \ Hg,;, with g € Hy ;. Moreover, set

Fixy,, H'®RY) = {ue H'®RY) :h®ju=u,vhe Hyy},

foreveryi € J,.
Following Bartsch and Willem [8], for every i € J4, the embedding

Fixy,, (H'(RM) — LI(RY) 2.3)
is compact, for every q € (2, 2").

Proposition 5. With the above notations, the following properties hold:
ifd=4ord =6, then
Fixy,, (H'(RY) 0 Fixoq)(H'®?) = {0}, (2.4)

foreveryie J;
ifd=6o0rd =8, then
Fixg,, (H'(R) N Fixy,, (HRY) = {0}, (2.5)
foreveryi,jeJsandi#j.
See [22, Theorem 2.2] for details.
From now on, for every u ¢ LY{®RY) and ¢ € [2, 27), we shall denote

1/¢

lulle = / uGofdx |
d

and
1/p

Wl s= esssupycad W0l [ulpi= | [ucopax |
d

for every p € [2,2").
Moreover, let ¥ : H'(RY) — R given by

W) = / WOOFu()dx, Vue H'®Y,
R4

The following locally Lipschitz property holds.

Lemma 6. Assume that condition (1.1) holds for some q € (2, 2*) and F(0) = 0. Furthermore, let W € L=(RY)N
LY(RY)\ {0}. Then the extended functional V¢ : LI(R?) — R defined by

we(y) = / WOFu())dx, Vu e LIRY)
Rd

is well-defined and locally Lipschitz continuous on LY(R9).

Proof. 1t is clear that V¢ is well-defined. Indeed, by using Lebourg’s mean value theorem, fixing t1, t, € R,
there exist 0 € (0, 1) and { € oF(6t; + (1 - 6)t,) such that

F(ty) - F(t2) = §p(t1 - t2). (2.6)
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Since F(0) = 0, by using (2.6) and condition (1.1), our assumptions on W and the Holder inequality gives that

IN

/ WOOFuO)dx < 1y / W) 00| dx + / WO u00)|“dx
Rd

d Rd
=l 1/q
K1 (K/W(x)qqldx ([R/|u(x)|qu 2.7

1| W])eo / 00| 9dx,
]Rd

IN

foreveryu e L9(RY). Hence, inequality (2.7) yields

o) < xcy (1W] g lullg + [ Wil [ul}]) < +oo, 2:8)
foreveryu e LI(RY).

In order to prove that ¥*° is locally Lipschitz continuous on L? (RY) it is straightforward to establish that the
functional ¥¢ is in fact Lipschitz continuous on LY(R<). Now, for a fixed number r > 0 and arbitrary elements
u,v e LY(RY) with max{||ullg, ||v|lq} < 1, the following estimate holds

A

E() - V)| < / W) [Fu() - Fv(x)| dx
R4

IN

X1 / W) (1+ | + w00l ) a0 - v dx 2.9)
Rd
< K (W g, u=vilg + Wil (ullg + IvIG U = viig)

s Kalu-vlg,

where the Lipschitz constant k; := 2972(|W|| o+ 2r771||W||)x; depends on r.
-
The above inequalities have been derived by using (2.6), assumption (1.1) and Hélder’s inequality. The
Lipschitz property on bounded sets for ¥¢ is thus verified. a

A meaningful consequence of the above lemma is the following semicontinuity property.

Corollary 7. Assume that condition (1.1) holds for some q ¢ (2, 2*) andlet W € L(R?) N LY(RY) \ {0}. Then
forevery A > 0, the functional

1 .
U i||u||2 =AY gy (i ray@),  Vu e Fixy(H*(RY)

is sequentially weakly lower semicontinuous on Fixy(H L(R4)), where either Y = O(d) or Y = Hg,y, for some
i€y

Proof. First, on account of Brézis [12, Corollaire II1.8], the functional u — ||u||?/2 is sequentially weakly lower
semicontinuous on Fixy(H!(R?)). Now, we prove that ¥| Fixy(H1(r4)) 1S sequentially weakly continuous. In-
deed, let {u;}jen C Fixy(H 1(R9)) be a sequence which weakly converges to an element uq € Fixy(H'(R?)).
Since Y is compactly embedded in LI(R9), for every g € (2, 2"), passing to a subsequence if necessary, one
has |lu; — ugllq = 0 asj — oo. According to Lemma 6, the extension of ¥ to LI(R?) is locally Lipschitz
continuous. Hence, there exists a constant Ly, = 0 such that

¥ (u;) - ¥(uo)| < Lu, luj - uollgs (210)

for every j € N. Passing to the limit in (2.10), we conclude that ¥ is sequentially weakly continuous on
Fixy(H'(R?)). The proof is now complete. O

The next result will be crucial in the sequel; see [15, 20, 21, 27] for related results.
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Proposition 8. Assume that condition (1.1) holds for some q € (2, 2*) and let W € L=(R?) n L*(RY) \ {0}.
Furthermore, let E be a closed subspace of H*(R9) and denote by W, the restriction of ¥ to E. Then the following
inequality holds

WO(u3 v) < / WOOF (u(x); v(x))dx, (211)
Rd
foreveryu,v € E.

Proof. The map x — W(x)F°(u(x); v(x)) is measurable on R9. Indeed, W € L*°(R%) and the function x —
FO(u(x); v(x)) is measurable as the countable limsup of measurable functions, see p. 16 of [27] for details.
Moreover, condition (1.1) ensures that

/ W) FO (u(x); v(x))dx < oo.
R4

Thus the map x — W(x)F°(u(x); v(x)) belongs to L'(R%).
The next task is to prove (2.11). To this goal, since E is separable, let us notice that there exist two sequences
{tj}jen € Rand {w;}jcn C E such that t; — 0%, ||w; — u|| — Oin E and

lPE(W} + t]V) - lI/E(W])

‘Pg(u; v) = lim .

Without loss of generality we can also suppose that wj(x) — u(x) a.e. in R?asj — oo.
Now, for every j € N, let us consider the measurable and non-negative function g; : RY — R U {+o0}
defined by
gi(x) == 11 [v()|(1 + [w;(x) + t,-v(x)|q‘1 + |w]-(x)|q_1)
_F(w,-(x) +tv(x)) - F(w;(x))
¢ ’

for a.e. x € R4. Set

j—ree

I :=limsup —/W(x)g]-(x)dx
R4

The inverse Fatou’s Lemma applied to the sequences {Wg;};cn vields

I=]:= [ WeJlim sup(a;(x) - B;(0))dx, 212)
Rd j—roo
where
a;(x) = Fwy0 + t"vf.‘)) - Flwj(0).
]
and

Bi(x) = k1 [v(X)|(1 + |w;(x) + l‘jv(x)|q‘1 + |wj(x)|q_1)

for every j € Nand a.e. x € R,

By setting
= [ WooB (0,
Rd
one has
I =limsup / W)a;(x)dx -y; | . (2.13)
joreo
d

Now, it is easily seen that there exists a function k € LY(R?) such that
1B;(0)| = k(x),
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and
Bi(0) — k1 v (1 + 2[u()|?h)

fora.e. x € R,
Consequently, the Lebesgue’s Dominated Convergence Theorem implies that
lim y; = K1 / W) [v()|(1 + 2|u(x)|7 1 )dx. (2.14)
—>00
j EA
By (2.13) and (2.14) it follows that

Wow; + tv) - Ye(w;
I = limsup £(wj + Gv) = P(wj) lim y; (2.15)

= lI’g(u; V) - K1 / W) |v(x)|(1 + 2|u(x)|q’1)dx.

]Rd
Now
J<Ju-11 / WOVGII( + 2|u()] Vdx. (2.16)
Rd
where
Ja := | W(x)limsup a;(x)dx.
jres
R4
Inequality (2.12) in addition to (2.15) and (2.16) yield
Y2u;v) < Ja. (217)
Finally,
Ja = [ W0 limsup F(w;(x) + t;v(x)) - F(w;(x)) dx
joroo £
Rd
< / W(x) lim Flw; + v) - F(w; )dx (2.18)
R4
. / WOIFO (u(x); v0O)dx.
Rd
By (2.17) and (2.18), inequality (2.11) now immediately follows. O

The next result is a direct and easy consequence of Proposition 8.
Proposition 9. Assume that condition (1.1) holds for some q € (2,2") and let W € L=(R?) N L' (R%) \ {0}. Let
Ja : H'(RY) — R be the functional defined by
1
Ja() := i||u|\2 -A¥P(), VueH(RY).

Then the functional is locally Lipschitz continuous and its critical points solve (S,).

Proof. The functional J is locally Lipschitz continuous. Indeed, J, is the sum of the C1(H L(R%)) functional
u — ||u||?/2 and of the locally Lipschitz continuous functional ¥, see Lemma 6. Now, every critical point of

J is a weak solution of problem (S,). Indeed, if uy € H*(R9) is a critical point of J;, a direct application of
inequality (2.11) in Proposition 8 yields

0 < J{(uo; @) = (uo, @) + A(=¥)°(uo; @)
= (Uo, @) + A(=¥)°(uo; 9) (2.19)
< (g, @) + A / WOOF (o (0); ~p(0)dx,
]Rd

for every ¢ € H'(R?). Since (2.19) holds, the function uo € H*(R9) solves (S,). O
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2.2 Some test functions with symmetries

Following Kristaly, Morosanu, and O’Regan [22], we construct some special test functions belonging to
Fixoq)(H 1(R9)) that will be useful for our purposes. If a < b, define

A2:={xeRd:as\x\sb}.

Since W € L=(RY) \ {0} is a radially symmetric function with W = 0, one can find real numbers R > r > 0
and a > 0 such that

essinfxeA§ W) za>0. (2.20)

Hence, let O < r < R, such that (2.20) holds and take o € (0, (R - 1)/2). Set v¢ € Fixo(q)(H 1(R9)) given by

x| —r .
<L) iflx|]sr+o
o +

velx):=q 1 ifrt+os<ix|]<sR-0

<R_‘X|) if x >R-o
o +

where z, := max{0, z}. With the above notation, we have:
(i1) supp(vo) C AF;

(i2) [[velle < 15

(i3) vo(x) = 1 for every x € ARZ.

and set o € (0, 1). Define v, ¢ H1(R?) as follows

R
Now, assumer > ———
5+ 442

d-2
. vy (x) ifi=
MIET L P
vi(x) ifi#

and x := (xq, x3) € RY2 xR4/2

) ; . :
5 and x := (xq, X2, X3) € RI*1 x R4-21-2 , Ri*1/

for every x € R?, where:

2
d=2 R-r R +3r R-r
vt (X1, X3) := [( 4 —max \/(|X1|2— 4 ) +[x3)%, 0 4 )
+
- E—max |x |2_R+3r 2+\x |2 oR_r
4 1 4 317 4
+

§ 4
(R-n1-0)’

V(x1, x3) € RY2 x RY2,

and

2
R-r R+3r R-r

vi(x1, X2, x3) := {(4—1113)( \/<|X1|2— 4 )+|X3\2:0 4 )

.
2

B R_r—max Ix |2_R+3r ]2 OR—r

4 3 4 1oy

+

x(R_r—max{\x | 0R—r}> 4
4 T )R- -0)?

for every (x1, x2, x3) € RY2 xR4272 x RY2 ‘and i # %

Now, it is possible to prove that vi; € Fixy i (H'(R?)). Moreover, for every o € (0, 1], let

2
le) .= (Xl,X3) c RHl XRHl . \/<|X1|2 _ RZ3I’> 4 |X3|2 < UR;T
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and
2
0P 1= { (1, 1) € B xR \/(|X32 SET) wbaroR
Define ) d-2
-2 _
; DS ifi= 3
Do:=9 . d%2
Dj ifi# —
where -
D, := {(Xl,X3) e RY2xRY2 ; (x1,x3) € QP N QETZ)},
and

DY = {(X1,xz,X3) e RY2 xRI22 4 RA2  (x1,x3) € QP N QP, and |x,| < aR; r},
for every i # %

The sets Di, have positive Lebesgue measure and they are Hj, m-invariant. Moreover, for every o € (0, 1),
one has v}, € Fixy o (H 1(R9)) and the following facts hold:

(1) supp(vg) = Dy C Alr, Rl;
(G2) [Ivolles < 15 .
(j3) [v6(x)| = 1 for every x € Dy,

3 Proof of the Main Result

Part (a;) - The main idea of the proof consists of applying Theorem 3 to the functional

3/[(“) = @(u) - AlP|FiXo(d)(H1(Rd))(u)’ Yue FiXO(d)(Hl(Rd)),

O(u) :=% (‘R/|Vu(x)|2dx+/u(x)|2dx ,
d R

W) = / WOOF(u(x)dx.
]Rd

with

as well as

Successively, the existence of one non-trivial radial solution of problem (S;) follows by the symmetric
criticality principle due to Krawcewicz and Marzantowicz and recalled above, in Theorem 4.
To this aim, first notice that the functionals @ and ¥/|g;, o (HL(RY)) have the regularity required by Theorem

3, according to Corollary 7. On the other hand, the functional @ is clearly coercive in Fix ) (H LR?)) and

inf d(u) = 0.
UEFixo(q) (HL(RY))

Now, let us define

A= 1 max ;/2 =) 1
K1€q »0 \ V2| W] o + 297§ | W ey
!

(1)

where x; = and
[ulle

Ml s u e g\ (o))

Cy :=sup {

forevery g € (2,2")and take 0 < A < A",
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Thanks to (3.1), there exists y > 0 such that

1

A<A (@) := y (3.2
K16q \ V2|[W|| o, + 292 | Wl
e
Arguing as in [26], let us define the function y : (0, +o0) — [0, +o0) as
i
x(r) := . ,
for every r > 0.
It follows by (2.8) that
W pirg ey @ < K1 (IW] g llg + W el (63)
for every u € Fixgg)(H L(RD)).
Moreover, one has
lull < v2r, (3.4)

for every u € @ 1((-o0, 1)).
Now, by using (3.4), the Sobolev embedding (2.1) and (3.3) yield

-1
Wi 1y (1) < K1q (W], V27 + €W (2D7?)

for every u € @ 1((~oo, 1)).
Consequently,

sup  Wlpiy,, @@y (W) < Ki1Cq (HWHL V2r+ C3_1||W||oo(2r)q/2) .
UED1((~o0,r)) -t

The above inequality yields

2 _ _
X(r) < x1cq <|W|;1\[+2‘”202 YW eer?? 1) : (3.5)

for every r > 0.
Evaluating inequality (3.5) in r = j2, it follows that

W] 2

X2 < k1cq (ﬁy + zq/2c31|W||qu‘2> . (3.6)

Now, we notice that

(Ve o “”|FixO<d>(H1(Rd»(V)) = ¥l Fixiq (1 (R (W)

UED1((~00,52)) r—o(u)

9(?) = <X,
owing to zg € @ 1((~oo, %)) and P(zy) = V| FiXO(d)(Hl(Rd))(Zo) = 0, where zy € Fixo(d)(Hl(Rd)) is the zero
function.

Thanks to (3.2), the above inequality in addition to (3.6) give

Wl

g
0(?) < x7%) < k1¢q (fzyq + zq/2c3‘1|W||wy“> < 3.7)

> =

In conclusion,
Ae |0 y 1

: C (0,1/9G*).
K1q \ V2[|W] o + 292 | W]p®!
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Invoking Theorem 3, there exists a function u; € @ *((~eo, y?)) such that
°ur;9) 20, Vo € FixggH'RY).

More precisely, the function u, is a global minimum of the restriction of the functional J, to the sublevel
D ((—o0, 7).
Hence, let u, be such that

Ia(uy) € J1(w), forany u e FixO(d)(Hl(Rd)) such that @(u) < )72 (3.8)

and
D(uy) < j2, (3.9)

and also u, is a critical point of J, in Fixo4)(H 1(R%)). Now, the orthogonal group 0O(d) acts isometrically on
H'(R?) and, thanks to the symmetry of the potential W, one has

/ W(OF(gu)(0)dx = / WOOF(u(g 1) dx = / W)Fu()dz,
Rd ]Rd Rd

for every g € O(d). Then the functional J; is O(d)-invariant on H LRY).

So, owing to Theorem 4, u, is a weak solution of problem (S,) . In this setting, in order to prove that u, = 0

in Fixq)(H 1(R9)), first we claim that there exists a sequence of functions {wj}j en I FiXog) (HY(R?)) such
that

lim sup P iy (W) -

msu ow;) (.10)

By the assumption on the limsup in (1.2), there exists a sequence {s;}jcy C (0, +oo) such that s; — 0" as
j — +ooand
F(s;
lim Q = 400, (3.11)
]—>+oo S]
namely, we have that for any M > 0 and j sufficiently large
F(s;) > Ms; . (312)

Now, define w; := s;jvq for any j € N, where the function v, is given in Subsection 2.2. Since v, €
Fixoq)(H L(RY)) of course, one has wj € Fixgq)(H L(R9)) for any j € N. Bearing in mind that the functions v,
satisfy (i1)—(i3), thanks to F(0) = 0 and (3.12) we have

WOOF(w;(x) dx + / WOOF(w;(x)) dx

¥ | pixgiq ) (W) _akg ARARS
/W(X)F(s]-)dx+ / WOOF(s;v6(x) dx
AR—a AR\AR—a
= r+o T r+o 3.13
s G13)
MIAR S |as? + / WOF(s;vo(x)) dx
ARALy
>2 ’
3}-2||V0H2

for j sufficiently large.

Now, we have to consider two different cases.
Case 1: lim izs) = +oo,
s—0* S
Then there exists py; > 0 such that for any s with 0 < s < py

F(s) = Ms*. (3.14)
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Since s; — 0" and 0 < vg(x) < 1in R4, it follows that w;j(x) = s;ve(x) — 0" asj — +oo uniformly in
x € R4, Hence, 0 < wj(x) < py for j sufficiently large and for any x R?. Hence, as a consequence of (3.13)
and (3.14), we have that

MIAKS |as] + / W(X)F(s;ve(x)) dx

'1U|Fixo(d)(H1(Rd))(Wi) ) ARNARY
D(w)) ) s7voll?
|AR G|+ / [ve(x)|? dx
AR AR g
> 2Mat A :
[voll

for j sufficiently large. The arbitrariness of M gives (3.10) and so the claim is proved.

()—EGR.

Then for any £> O there exists pe > 0 such that for any s with 0 < s < p,

Case 2: hm 1nf

F(s)=(¢-¢)s?. (3.15)

Arguing as above, we can suppose that 0 < wj(x) = sjvs(x) < p¢ for j large enough and any x € R<. Thus, by
(3.13) and (3.15) we get

M|ARS|as? + / WOOF(sjve(x)) dx

lII|FiX0(d)(H1(Rd)) (W]) - AR\A§+[;7 (3 16)
() i s?[[vel|? '

MIARZ |+ (- ¢) / vo(0)? dx
AR\A&;

> 2a
[voll?

)

provided that j is sufficiently large.

Let
M > max 0,—% / ve(X)|?dx 3 ,

|A7+0'

ARNARS
and
|Ar+g\+€ / [ve(x)|? dx
AR\ARS
0<ex
\vg(x)| dx
AR\ARS
By (3.16) we have
MIAR G +(t-¢) / [ve(x)|? dx
lI,|Fixo(d)(H1(Rd))(Wi) ARNAR S
D(w;) - Vel
2a 2 2
> ol M|Ar+g\+£ [Vo(x)|“dx - € [ve(x)|” dx
o
AR\ARS ARN\ARS

2delz‘lrw ,

Vel

for j sufficiently large. Hence, assertion (3.10) is clearly verified.
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Now, we notice that
lwjll = s;jllvell — O,

as j — +oo, so that for j large enough

lw;ll < V2j.
Hence
wj € @71 ((-e0,77)), (3.17)
and on account of (3.10), also
aawj) = d(w)) - /\‘P|Fixo(d)(H1(Rd))(Wj) <0, (3.18)

for j sufficiently large.
Since u, is a global minimum of the restriction J;|g-1((ce,52))» BY (3.17) and (3.18) we have that

Ja(up) < da(wj) < 0 =7,(0), (3.19)

so that uy % 0 in Fixoq(H'(RY).

Thus, u, is a non-trivial weak solution of problem (S,). The arbitrariness of A gives that u; = 0 for any
A € (0, 1"). By a Strauss-type estimate (see Lions [24]) we have that |u;(x)| — 0 as |x| — oo. This concludes
the proof of part (a1) of Theorem 1.

Part (a,) - Let

Ci¢ =Sup {% tuc Fide‘qi(Hl(Rd)) \ {O}} ,

for every ¢ € (2, 2%), withi € J; and set

A= max y . (3.20)

i,q *= o, ma /2 g1 -1
KiCig 70 \ V2I[W|| o +2Y%c] W]y
= .

Assume d > 3 and suppose that the potential F is even. Let

A A" if d=5
“T) min{A", Af, ii€ g} if d#5.

We claim that for every A € (0, A«) problem (S,) admits at least
d a, |d-3
(D=1 (1) [2 }

pairs of non-trivial weak solutions {iu,\,i},-ejé c HY(RY), where J={1,..., gd)}, such that |u, ;(x)| — 0, as

|X| — oo, for every i € J;.
Moreover, if d # 5 problem (S;) admits at least

Tq:= (1) + {di}

2

pairs of sign-changing weak solutions.
We divide the proof into two parts.
Part 1: dimension d = 5. Since F is symmetric, the energy functional

3/\(11) = (D(u) - AlP|FixD(d)(H1(Rd))(u)’ Yu e FiXO(d)(Hl(Rd)),
is even. Owing to Theorem 1, for every A € (0, 1*), problem (S;) admits at least one (that is ¢ §5) = 1) non-trivial
pair of radial weak solutions {+u,} ¢ H'(RY). Furthermore, the functions +u;, are homoclinic.
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Part 2: dimension d > 3 and d # 5. For every A > O and i € ]y, consider the restriction J, ; :=
Tl Fixy, , (HIED) © Fixy,, (H 1(R?) — R defined by

f}f}(’i = @Hd,m(u) - AlplFiXHd‘n_(Hl(Rd))(u)’

where 1
Py, 1) = Sl and Wlpy, ey (@) o= / WOOFu(0)dx,
n; J
for every u € Fixy,, (HY(RY)).
In order to obtain the existence of

Ty = (—1)d + [?}

pairs of sign-changing weak solutions {+z; ;}icj, C HY(RY), where J; := {1, ..., T4}, the main idea of the
proof consists in applying Theorem 3 to the functionals J{, ;, for every i € J;. We notice that, since d > 3 and
d # 5, T4 = 1. Consequently, the cardinality |J4| = 1.

Since0 < A< AE o with i € ], there exists y; > 0 such that

N vV 1
<A@y = Ui (3.21)
T Kacig \ V2| W) o+ 2920 | Wjeepd !
P i,q i
Similar arguments used for proving (3.7) yield
=2 -2 ”WHﬁ /2 .q-1 -q-2 1
(7)) < x(G7) < x1cq | V2 7i + 205y || W |eoy; ‘T (3.22)
1

Thus,

_ .
Ae |0, Yi
K18 \ V2| W]l o +272cd | Wyt
q,

i

C (0, 1/9(})).

Thanks to Theorem 3, there exists a function z, ; € (D}i . ((~oo, )71-2)) such that

8°(z2,i39)2 0, V¢ € Fixy,, (H'(RY)

and, in particular, z, ; is a global minimum of the restriction of J{; ; to (D;,ld . (=00, ¥3)).
Due to the evenness of ], bearing in mind (2.2), and thanks to the symmetry assumptions on the potential
W, we have that the functional J, is H d,m-invariant on H}(RY), i.e.

I(h @ u) = Jh(u),

foreveryh € Hy ,, andu € H 1(R?). Indeed, the group H, d,n; acts isometrically on H 1(R?) and, thanks to the
symmetry assumption on W, it follows that

/ WOOF((hu) () dx = / WOOFu(h™x0))dx = / W(Fu()dz,
Re R R4

ifhe Hy;, and

[ weormaeax - [ Wooru(g™ ;! idx - [ WFu(z)dz,
Rd Rd Rd

ifh = n,,d'ig € Hd,m \Hd,i-
On account of Theorem 4, the critical point pairs {+z, ;} of H, ; are also (generalized) critical points of
Ia-
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Let 2y ; € Fixy,, (H L(R%)) be a critical point of J{; ; in Fixy o (H L(R%)) such that

Hilza,) s Hi(w),  forany u € Fixy,, (H'(R?)) such that Dy, (W) < y? (3.23)

and
Dy, (20,0 < Ji- (3.24)

In order to prove that z, ; # 0 in Fixy - (HY(RY)), we claim that there exists a sequence {w]’}] N in

Fixg,, (HY(R?)) such that

_ ¥ gy, (i) (W)
lim sup a =400, (3.25)

j—rtoo CD(W]I)

The sequence {w]’}] en C Fixy, (HY(RY)), for which (3.25) holds, can be constructed by using the test
functions introduced in [22] and recalled in Subsection 2.2. Thus, let us define w}‘: =S jvf, foranyj € N. Clearly,
w]’: € Fixy . (H'(R?)) for any j € N. Moreover, taking into account the properties of vi; displayed in (j;)-(j3),
simple computations show that

i / WOOF(wWi() dx + / WOOF(wi() dx
¥lrixy,, (11 @ay(W)) _D; AR\D]
o(w}) o(w))

/ WOOF(s;) dx + / WOOF(s;v(0) dx
Dl

{ AR\Di
== — 3.26
0 (3.26)

M|Df,\as]~2+ / W()F(sjv5(x)) dx
AR\D},

> 2 ;
s? Vb2

for j sufficiently large.
Arguing as in the proof of Theorem 1, inequality (3.26) yields (3.25) and consequently, we conclude that

Fn,i(za,) < Hpi(wh) < 0 = 3,.;(0)

so that zy ; # O in Fixy, (H'(RY)). In addition, |z; ;(x)| — 0 as x| — oo.

On the other hand, since A < A" and F is even, Theorem 1 and the principle of symmetric criticality
(recalled in Theorem 4) ensure that problem (S,) admits at least one non-trivial pair of radial weak solutions
{xu,} c H'(RY). Moreover, |u;(x)| — 0 as |x| — oo.

In conclusion, since A < A«, there exist 74 + 1 positive numbers y, y1,...,yr, such that

sy € @ (o0, 7)) \ {0} C Fixouq(H'(RY),

and
12),; € ‘;D;I}i’m((—oc, ¥\ {0} c Fixg,, (HY(RY)).

Bearing in mind relations (2.4) and (2.5) of Proposition 5 (see also [22, Theorem 2.2] for details) we have that
@ ((~o0, 7)) N Dy, (=00, 7)) \ {0} = 0,

foreveryi € J; and
Dy, (=00, 7)) N Dy, (=00, 7))\ {0} = 0,

forevery i, j € J;and i # j. Consequently problem (S;) admits at least
(éd) =T4+1,
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pairs of non-trivial weak solutions {1uA,i}ie]‘/i c H'(RY), where Ji={1,..., éd)}, such that |u, ;(x)] — 0, as

|x| — oo, for everyi € J é. Moreover, by construction, it follows that

(_1nd d-3
Tgq = ( 1) + [ 5 :|
pairs of the attained solutions are sign-changing.

The proof is now complete. O

4 Some applications

A simple prototype of a function F fulfilling the structural assumption (1.1) can be easily constructed as fol-
lows. Let f : R — R be a measurable function such that

sup LG

< 400
sek 1+]s[27t

, (4.1)

for some q € (2, 2*). Furthermore, let F be the potential defined by

F(s) := [ f(t)at,
/

for every s € R. Of course F is a Carathéodory function that is locally Lipschitz with F(0) = 0. Since the
growth condition (4.1) is satisfied, f is locally essentially bounded, that is f € Li’;’c(]Rd). Thus, invoking [27,
Proposition 1.7] it follows that

OF(s) = [f(s), f(s)] (4.2)
where
f(s) = 61i_>n(}+ essinf ;g .5/ (),
and

f(s) := lim ESSSUP“_S‘df(t),
6—0*

for every s € R.

On account of (4.1) and (4.2), inequality (1.1) immediately follows. Furthermore, if f is a continuous func-
tion and (4.1) holds, then problem (S,) assumes the simple and significative form:
(S}) Find u € H'(R?) such that

/Vu(x)-V(p(x)dx+/u(x)<p(x)dx
Rd R4

A / WO () p()dx = 0,
Vo c H'(RY). -

See [18] for related topics.
Of course, the solutions of (S}) are exactly the weak solutions of the following Schrédinger equation

—~Au+u = AWX)f(u) in R4
u € H'(RY),

which has been widely studied in the literature. In particular, Theorem 1 can be viewed as a non-smooth
version of the results contained in [26]. See, among others, the papers [1-4, 7] as well as [14, 16, 25, 30].
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We point out that the approach adopted here can be used in order to study the existence of multiple
solutions for hemivariational inequalities on a strip-like domain of the Euclidean space (see [21] for related
topics). Since this approach differs to the above, we will treat it in a forthcoming paper.
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ods, with applications to problems in mathematical physics and geometry (2015KB9WPT 009) and the Slove-
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