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ARTICLE INFO ABSTRACT

Keywords: This work is devoted to the study of the existence of at least one (non-zero) solution to a
Discrete boundary value problem problem involving the discrete p-Laplacian. As a special case, we derive an existence
E{ﬂStence result ) theorem for a second-order discrete problem, depending on a positive real parameter o,
Discrete p-Laplacian whose prototype is given by

Critical point theory
{ —Au(k —1) = af (k,u(k)), Vkez[1,T],

u(0)=u(T+1)=0.
Our approach is based on variational methods in finite-dimensional setting.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

We are interested in investigating nonlinear discrete boundary value problems by using variational methods. This
approach has been recently adopted, for instance, in [2-4,14,19,29].

More precisely, for every a,b € Z, such that a < b, set Z[a,b] := {a,a+1,...,b} and let T > 2 be a positive integer.

The aim of this paper is to prove some existence results for the following discrete problem:

—A($y(Au(k — 1)) = f(k,u(k)), VkezZ[1,T],
{u(O) =u(T+1)=0,

where p>1, ¢,: R— R is given by ¢,(s) := Is|P~2s, for every se R, f:2Z[1,T] x R — R is a continuous function, and
Au(k — 1) :==u(k) — u(k — 1) is the forward difference operator.

In recent years equations involving the discrete p-Laplacian operator, subject to different boundary conditions, have been
widely studied by many authors and several approaches.

In particular, problem (Dy) has been previously studied, for instance, in [3,8,15] by using various methods. See the recent
papers [9,23] for the discrete anisotropic case. Motivations for this interest arose in by different fields of research, such as
computer science, mechanical engineering, control systems, artificial or biological neural networks, economics and others.
Moreover, the main background in the real world for the discrete p-Laplacian operator are the problems on the boundary
between different substances.

(Dr)

Set
1| (2\P1 2 pi]} T
=~ (5 + (755 if T is even,
won | {<:> ()]
W if T is odd.
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Via variational approach, we are able to prove the existence of a solution for problem (D) by requiring that

Sk imaxg<; fy f(k,s)ds
ep

<c(p.T)

for some ¢ > 0. See condition (2) in Theorem 3.2.
Next, by using Theorem 3.2, we study a parametric version of problem (Dy), defined as follows

—A(¢,(Auk - 1)) = of (k,u(k)), Vkez[1,T], (o)
u0)=u(T+1)=0, *
where o is a positive real parameter.

In this case, requiring a suitable behavior of the potentials at zero and at infinity, we obtain, for sufficiently large o, the
existence of at least one positive solution for problem (Dg,_), see Theorem 4.2. This result can be achieved exploiting
Theorem 3.2 together with the well-known variational characterization of the first eigenvalue of the p-Laplacian operator
in the finite-dimensional context (see [3]).

The simplest example we can deal with is a second-order boundary value problem.

Theorem 1.1. Let f : Z[1,T] x [0, +00) — [0, +c0) be a continuous function satisfying the following hypotheses:
S oSk de _ o
52

lim

{—+oo

and

o= timjpr B0 o

for every k € 7[1,T). Then for every

> sin® n
min]yk 2(T+1))

kez[1,T]

the following second-order discrete problem

{ —Alu(k — 1) = af (k,u(k)), Vkez[1,T),

(S«)
u(0)=u(T+1) =0,

has at least one positive solution.
We remark that the results obtained for second-order discrete equations in [4,12] and our theorems are mutually
independent. Moreover, the approach adopted here can be used studying the discrete counterpart of the following problem

52

S48+ f((x),u(xy) =0,
u(x,0)=ux,n+1)=0, Vxe(0m+1),
u@0,y)=u(m+1y)=0, Vye(On+1),

where m,n € N\ {0} and fis a suitable continuous function. See [10,13] for details. We refer to the monograph of Cheng [7]
for a geometrical interpretation of this equations.

The plan of the paper is as follows. Section 2 is devoted to our abstract framework and preliminaries. Successively, in
Section 3 we prove our main result (see Theorem 3.2). The parametric case is discussed in the last section (see Theorem 4.2),
where, a concrete example of an application is also presented (see Example 4.5).

2. Abstract framework

On the T-dimensional Banach space
H={u:70,T+1]—-R:u(0)=u(T+1)=0}

endowed by the norm

T41 1/p
lull := <Z|Au(k - 1)”) ;
=1

we define the functional J : H — R given by
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T+1

J() = IZ\Au(k —1P - XT: /u(k)f(k t)dt
o k=1 k=10 7

for every u € H.
We recall that a solution of problem (Ds) is a function u € H such that

T+1 T

> dp(Au(k — 1)Av(k — 1) = f(k,u(k)) (k)

k=1 k=1

for every v € H.
We observe that problem (Ds) has a variational structure. Indeed, the functional J is differentiable in u € H and one has

T+1 T

JW),v)=> ¢,(Autk — 1)Av(k = 1) = > f(k,u(k))v(k)

k=1 k=1

for every v € H.
Thus critical points of J are solutions to problem (Dg). In order to find these critical points, we will make use of the
following local minimum result due to Ricceri (see [24]) recalled here on the finite-dimensional setting.

Theorem 2.1. Let (E, || - ||) be a finite-dimensional Banach space and let ®,¥ : X — R be two lower semicontinuous functionals,
with W coercive and ®(0g) = W(0g) = 0. Further, set

Ju=u¥+0.
Then for each ¢ > inf,x¥(u) and each u satisfying

inf g1 (o) P(W)

w>- -

the restriction of ], to ¥~!'((—o0, 0)) has a global minimum.
See [27,25,26] for related abstract critical points results. We also mention the monograph [18] for some topics on vari-
ational methods adopted in this paper and [1] for general facts on finite difference equations.

3. The main result
By [6, Lemma 4] one has that
1
= S
ol == max. fuk)| < Ju] M

for every u € H, where

171/
o {(%)'H + (ﬁ?)p 1} if T is even,
if T is odd.

2
(T+])(P*1)/P

Remark 3.1. Note that

2 p—1+ 2\ (myee
T T+2 T2

Indeed, since the continuous function 6 : (0,T + 1) — R defined by

1 1
0s) =—+—
©) (T—s+1)P" s

P

attains its minimum —%.— at s = X1, one has
(T+1)P 2
P

Then
2 2\ 2\ 1/p
T {<T> ) | -

<0(T/2).
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and the conclusion is achieved.
Set

R = [ flk.s)ds

for every k € Z[1,T] and ¢ € R.
With the above notations our result reads as follows.

Theorem 3.2. Let f : Z[1,T] x R — R be a continuous function and assume that there exists ¢ > 0 such that

Yok Max<Fi(©) PR
ep D’
Then problem (Dy) has at least one solution such that |jul| < .

Proof. Let us apply Theorem 2.1 by choosing E := H, and
T
O(u) == -y Fr(u(k), P(u):= |ul’
k=1
for every u € E.

Taking ¢ := kPéeP, clearly ¢ > inf,.f¥(u). Moreover, let us estimate from the above the following quantity

0(0) = SuDue\P*(gm.a])q)(u) .
Inequality (1) yields
P ((~o0,0]) C{uecE:|ul, <&}
Thus one has that

Sk Max <o Fi ()

Hence it follows, by (2), that

p

)

SUPUEw—l((%_JDELFk(U(k)) 1
o

that is,

inf, g1 D(u)

—0,0))

1
> —
D g

Therefore, the assertion of Theorem 2.1 follows and the existence of one solution u € ¥~ '((—o0, ¢)) to our problem is
established. O

Remark 3.3. If in Theorem 3.2 the function f is nonnegative, hypothesis (2) assumes a simpler form

SeiFi(e) P

&p

Moreover, if for some k € Z[1,T], f(k,0) # 0, the obtained solution is clearly non-zero.

4. A parametric case

In this section we shall study the following discrete parametric problem
{ —A(¢y(Au(k — 1)) = af (k,u(k)), Vke z[1,T],
u(0) =u(T+1) =0,
where o is a real positive parameter.

For our goal, in order to obtain positive solutions to problem (D;). i.e. u(k) > 0 for each k € 7[1, T}, we shall need the fol-
lowing consequence of the strong comparison principle, see [3, Lemma 2.3].

(D})
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Lemma 4.1. If
— A(pp(Au(k —1))) = 0, Vkez[1,T],
u@0) >0, uT+1) =0,

then either u > 0 in Z[1,T), oru =0.
Moreover, let 4,,, ¢, > 0 be the first eigenvalue and eigenfunction of the problem

{ —A(¢y(Au(k —1))) = Ay (u(k)), Vk e z[1,T], D,
u(0)=u(T+1)=0. 7P
As observed in [3], the following variational characterization
T+1 o p
iy — min Skt jAu(k = 1) 5

m ; 5
Bou) 37 g |u(k)|

holds. Taking into account the above facts, an important consequence of Theorem 3.2 is the following.

Theorem 4.2. Let f : Z[1,T] x [0, +00) — [0, +o00) be a continuous function satisfying the following hypotheses:

Zitfd)

lim
Eotoo
and
Vi = li{ngpkaé—(pé) >0

for every k € 7[1,T). Then for every
Mp
PMiNgez1.77

problem (D) has at least one positive solution.

Proof. Let o be as in the conclusion, and define
~ flk,t)y ift>=0,
Foeo = {100 |
fk,0) ift<0

for every k € Z[1, T]. Consider now the following problem

—A(y(Au(k — 1)) = af (k,u(k)), VkezZ[1,T], (D?)
u0)=u(T+1)=0. %

By Lemma 4.1, every non-zero solution of problem (Di) is positive. Furthermore, every positive solution of (Di) also
solves our initial problem (D). Now, since

llm Zl:1Fk(€) -0

E—+oo ép ’

there exists & > 0 such that
EL]Fk(S) < K_p
ep P
Hence, bearing in mind Remark 3.3, condition (2) of Theorem 3.2 holds.

Thus problem (D;) admits a solution u, € H with ||u,| < &. In conclusion, we shall prove that Oy is not a local minimum of
the functional

T+1

1 T ~u(k)
Sy =5 Jauk =P~ [ e ae
k=1 k=10

i.e. the obtained solution u, is non-zero.
For this purpose, let us observe that the first eigenfunction ¢, € H is positive and it follows by (3) that

T
s l” = 21p) 1 (k)" (4)

k=1
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Since

”

M
Y, > min
Yk kzm)’k poc

for every k € Z[1,T], there exists 6 > 0 such that
j'1.p 5]
Fu() > e (5)

for every k € Z[1,T] and ¢ € (0 o")
Hence, we can define 6;(k) := ), for every k € Z[0,T + 1], where

Lehs = ( max ¢ k)
I<eZlT
d(

Taking into account (5) a

A 1
azme k) > ;”Zexk)":I;He;HK
k=1 1

that is,

4), we easily get

1 T
Jo(00) = 116c|” — oy _Fu(0(k
p k=1

for every { € A;. The proof is thus complete. O

Remark 4.3. In Theorem 4.2, looking at the behavior of the function
T
_1Fr(&
h(e) = 2K e )
at infinity, the existence of one positive solution has been proved. On the other hand, if the function f(k,-) : R — R has a s-
sublinear potential F, with s < p, for every k € Z[1,T], the behavior at zero of the map

Sy Max <o Fi(§)

@ (Ve > 0)

x(e) =
influences the existence of multiple solutions. More precisely, requiring that

limy(e) =0 (6)

&—0"

by using variational arguments, one can prove that there exists a real interval of parameters A such that, for every o € A, the
problem (Df) admits at least three solutions. If, instead of (6), we assume that

p—1
10) < o () - 50 )

for some positive constants c¢ < d, then for every

o e 2 2’
p(h(d) ~$x(0)) PAEOT+ 1|

there exist at least three distinct solutions of the problem (Di). Clearly condition (7) is technical and quite involved. Finally,
we also note that a more precise result can be obtained if T is even.

Remark 4.4. It is easy to see that Theorem 1.1 in Introduction is a consequence of Theorem 4.2 bearing in mind that the first
eigenvalue of the problem

—A*u(k — 1) = au(k), Vke z[1,T], (D7)
u0)=u(T+1)=0 A

is given by

L .2 T
A =4sin (72(T+1))7
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see, for instance, [5, p. 150] and [28]. More precisely, as is well-known, the eigenvalues /4, for k € Z[1, T}, of problem (D;) are
exactly the eigenvalues of the positive-definite matrix

2 -1 0 ... O
-1 2 -1 0

A=
0 -1 2 -1
0 0 -1 2 /.4

Thus it follows that
_ .2 kT
Jx =4sin (m , Vkez[1,T].

A direct application of this result yields the following.

Example 4.5. For every
o€ (A,400),

the following second-order discrete problem

A2 1) — gtk
Auk—1)=oat0s, Vkez[1,T], (Sx)
u0) =u(T+1)=0

has at least one positive solution.

Remark 4.6. In Example 4.5, for every o sufficiently large, our approach ensures the existence of at least one positive
solution u, € H for the discrete problem (S,). A more delicate problem is to find a concrete expression of the function u, that
one may hope to be exploited by numerical methods.

Remark 4.7. We refer to the paper of Galewski and Orpel [10] for several multiplicity results on discrete partial difference
equations. See also the papers [11,16,17,20-22] for recent contributions to discrete problems.
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