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1 Introduction

Existence of periodic, almost periodic, and pseudo almost periodic solutions of differential
equations has great significance and is therefore an important problem. Such dynamics
can be found in electronic circuits and many other physical and biological systems (see
[3,6,9,18-21, 23, 26]). Ezzinbi et al. [5] introduced a new and powerful measure-theoretic
method to resolve this open problem. Since then, this method has been used for various
classes of evolution equations as well as stochastic differential equations and has become
very popular.

The notion of measure pseudo almost periodicity was first introduced by Blot et al. [5]
(seealso [1, 8, 12, 13, 15-17, 27]). Obviously, these new results generalize the earlier work
of Diagana [10]. Recently, Diagana et al. [11] have introduced the notion of double measure
pseudo almost periodicity as a generalization of the measure pseudo almost periodicity.
We note that this generalized concept coincides with the latter one (take = v).

In this paper, by applying an appropriate fixed point theorem, we derive some conditions
which ensure the existence, the exponential stability, and the uniqueness of (u, v)-pap so-

lutions of the following models with delays:

xi(t) = —c(Bxi(t) + Y dy(O)fi(Lx0) + Y ay(Ogi(t %t - 1))

j=1 j=1

Y bi(e)h(t,21(t — o)) (£t - vi)) + L), (1.1)

j=1 I=1
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x;(s) = @i(s), se(-6,0], iefl,...,n},
where functions
cidiydij,a, by R — R and  f,g,h:RxR—=>R, ijle{l,.. n}

are continuous and 7y, 0, and v;; are positive constants.

The paper is organized as follows: in Sect. 2 we collect key definitions, examples, and
basic results. In Sect. 3 we discuss the existence, the stability, and the uniqueness of double
measure pseudo almost periodic solutions of system (1.1). Finally, in Sect. 4 we present an
application which illustrates the effectiveness of our results.

2 Preliminaries

Definition 2.1 (see [5]) Let f be a continuous function on R with values in R”. Then f is
said to be almost periodic, denoted by f € AP(R,R”), if for all & > 0, there exists a number
I(¢) > 0 such that every interval I of length /(¢) contains a point 7 € R with the property
that

|[f(t+ 7) —f(t)|| <g forallteR.

The space AP(R,R") equipped with the norm
I1f lloo := max suplfi(2)|
I<i=n ter

is then a Banach space. Let B be the Lebesque o -field on R and define a collection M of
measures on 3
M= {u is a positive measure on B;
w(R) = +oo,and u([s,]) < oo, forall s, £ € R,s < t}.
Let X be a Banach space, and denote by BC(R, X) the Banach space of bounded contin-
uous functions from R to X, equipped with the supremum norm ||f || = sup,cp [f(¢)]. In

order to be able to introduce double measure pseudo almost periodic functions, we need
the following ergodic spaces:

n P n 3 1 ‘ —
E(RR", 1,v) = {feBC(R,R) in ——— [l du(t)_o}

’ z
and

n py— n p— n . 1 1 ‘ —_
ER,R", p) = E(R,R", i, ) = {feBC(R,]R ) : lim =) /J[f(t)” du(t)—O}.

zZ—> 00

Definition 2.2 (see [11]) If u,v € M, then f € BC(R,R") is said to be (u, v)-pseudo al-
most periodic, abbreviated as (i, v)-pap, denoted by f € PAP(R,R", u, v), if there exists
a decomposition

f=g+¢, wherege E(R, R”,u,v) and g € AP(R, R"). (2.1)
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We also introduce the following notation PAP(R,R”, u) := PAPR,R”, w, ).

Definition 2.3 (see [11]) If u,v € M and f(£,u) : R x R — R”" is continuous, then f (¢, u)
is said to be (u, v)-pseudo almost periodic in t, uniformly with respect to u, abbreviated as
(u, v)-papu, denoted by f € PAPUR x R,R", u,v), if

f=g+h, wherege APU(R x R,R") and h € EU(R x R,R", 1u).

Example 2.1 Let u € M and

m(x)

T2’ eR.

G@t) = [sm(t) + sin(+v/2¢) ]cos(x) +
Then G € PAPUR x R, R, ).

We shall need the following two conditions:
(M.1) For every measure i € M and every 7 € R, there exist 8 > 0 and a bounded inter-
val I such that, for every A € B,

ANI=0 = p(A):=p({a+7:acA})<Bu).
(M.2) Measures u,v € M satisfy the following condition:

lim su M <00
r%go V([_r:r])

Lemma 2.2 (see [11]) Let u,v € M and suppose that conditions (M.1) and (M.2) hold.
Then

« decomposition (2.1) above is unique;

o (PAPR,R", 1, ), | - lloo) is @ Banach space; and

o« PAPR,R", u,v) is translation invariant.

3 Double measure pseudo almost periodic solutions
We introduce the following notations:

sup{|d; ()]} =dy, sup{[L(0)[} =1,
S“}g{\“i/(t)’}:ﬁw Sup{\bul D)} = by,

and the following conditions:
(M.3) Foralll1 <i,j,l<n,

{dij: aij: bijlrli} - PAP(R! R’ 1223 V)'
(M.4) Forallie{1,2,...,n},

[t — ci(t)] e AP(R,R) and glﬂg{ci(t)} =cf>0.
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(M.5) Forallp>1landl<j<mn,
S g hi e PAPR xR, R, u, v)
and there exist positive continuous functions
L, L € (R, dp) N LP(R, dx)

such that, for all £, u,v € R,

< Lf(t)lu -,

[ﬁ(t, u) — fi(t,v)
gt u) - g(t,v)| < Li (@)l -,

’h,-(t, u) — hy(t, v)’ < L}}-’(t)|u -v.
In addition, we also assume that for 1 <j < mn:

f(t,0) =gi(¢,0) = hj(£,0) =0 forallteRR.

(M.6)
{ SN + gL 1y + i BV oo + ILE 1 1771 o0)] } .
0:= max 1 <&
i€{1,2,..,n} (ch‘)a
Next, define
7]
L:= max (—1t,
i€{1,2,..,n} C;
{ LI N + @IS + 30 Byt L2l o] }
po:= ma 1 :
i€{1,2,..,n} (ch‘)a

Remark 3.1 1If gy < 1, then py < 1.

Lemma 3.2 Suppose that measures j,v € M satisfy the following requirements:

o p>1 and condition (M.2) holds;
+ A€C(R x R,R) is a Lipschitz function such that L € LP(R,du); and

e ye PAPR,R, u,v).
Then [s+ A(s,y(s —0))] € PAP(R,R, t,v), where 6 € R.

Proof Since y € PAP(R, R, i, v), it follows that

y=9y1+9y2, wherey; € AP(R,R)andy, € ER,R, i, v).

Let

W(t) = ALyt -0)) + [A(t,y1(E = 0) + y2(t = 0)) — A(t,31(t - 0)) ]| = ¥ (2) + ¥ (0),
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where

Ui (t) = At,y1(t—0)) and  ¥(t) = A(L,y1(6—0) + 2(t - 0)) — A(t,y1(£-0)).

Applying [14], we can conclude that ¥; € AP(R,R).
Next, we prove that ¥, € E(R, R, u, v). Let z > 0, then we have

1 z

iz )P 0ldno

o A En =)+ 26-0) - Al 6 -0)  dr@)
: ﬁ f LA®)|yat - 0)| dpa(2).

-z

Since condition (M.2) holds and y; € E(R, R, i, v), we get

1 zZ
=) _Ziwz(t)ldu(t)

1 z
: M/L (©)|ya(t - 0)] dpu(t)

”yZ”oo £ A
(22 /_ZL (B)épte)

ollee [ (% aow s TP0 (7, T 11
= u([—z,z])[/_z(L ©) du (”] [/ . (t)]  where =1

IA

A

l1721lo0 ||LA|| |:M([—Z,z])
T (-za)r L=z

1
q
— 0, asz— +oo.
Therefore

[t = lllg(t)] € E(R,R, i, v) and [s = A(s,y(s - 9))] e PAPR,R, u,v).

This completes the proof of Lemma 3.2. g

If measures p and v are equal, then hypothesis (M.2) is satisfied and we can deduce the
following corollary.

Corollary 3.3 Suppose that measure |1 € M satisfies the following conditions:
e p>1;

« A €C(R x R,R) is a Lipschitz function such that L € [P (R, du); and
e ye PAPR,R, u).
Then [s+> A(s,y(s —0))] € PAP(R,R, u), where 6 € R.

Lemma 3.4 Let u,v € M and suppose that

y,2€ PAP(R,R, i, v).
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Then
yxzePAPR,R, 1, v).
Proof Since y,z € PAP(R,R, u,v), it follows that
y=y1+y, and z=2z+zp, whereyy,z; € AP(R,R)and y,2, € ER,R, u,v).
Then
Y X Z2=y121 + Y221 + Y122 + Y22o.
We shall show that y;z; € AP(R,R). Letting ¢ € AP(R, R), we see that
o3 (®) = @3t + )| = [|@o(®) + @olt + )| - [ @o(®) — polt + 7)|| <2ll@0llo0 - &
Then ¢? € AP(R,R), so it follows that
(h +21)* € AP(R,R) and (y; —z)* € AP(R,R),
since
1 +21) € AP(R,R) and (51 —z1) € AP(R,R).
Note that
Y1 Xz = i(()’l + Zl)2 -n _Z1)2);

so we can conclude that indeed y,z; € AP(R, R).
Next, we shall prove that

Y2Z1 + Y122 + Y222 € E(R, R, U, \)).

Indeed, for z > 0, we have
l z
v([-z2]) J_,

il [? e
= W2 20O S

| (122 + y221 + 3222)(8)| e (2)

/ 192(0)| dae)

1y2ll o £ y
Czzl) |22(t)| du(2).
4 -z
Since ¥,z € E(R, R, , v), this completes the proof of Lemma 3.4. O

Next, we define the nonlinear operator I" as follows: for any ¢ = (¢1,...,¢,) €

PAPR,R", u,v),

£ t : t r
(I 0 @)(t) :=x,(t) = < / Fy(s)e” s a1dugg / F(s)e™ s entwdu ds>

—00 o]
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and

n

Fi(s) = Z di;‘(s)ﬁ(b‘: 90;‘(3)) + Zdij(s)gj(s» <Pj($ - Ti/))

T 1
n n
+ 0 bi(s)hi(s, @(s — 03))huls, s — vy) + Li(s).
=1 =1

Lemma 3.5 Suppose that conditions (M.1)—(M.6) hold. Then I" maps PAP(R,R", i, v)
into itself.

Proof Let ¢ = (¢1,...,9,) € PAP(R,R”, u,v). Then the function
n n
Fi:s—~ Z d,-j(s)j;(s, <pj(s)) + Z aij(s)gj(s, @j(s — ri,'))
i=1 j=1

+ Z Z bi()hy(s, s — o)l (@i(s, s — vy)) + Li(s) (3.1)

j=1 =1

is double measure pseudo almost periodic for all 1 <i < n, by Lemmas 2.2, 3.2, and 3.4.
Hence, for all 1 < i < n, we have

F, = Fi1 + Fiz, where Fil € AP(R,R) and Fi2 € ER,R, u, v).

Therefore

t t
(I“io<p)(t)=/ e’fstci(”)d”Fil(s)ds+/ e‘f;q(”)d”Fiz(s)ds

—00

= (I o F})(t) + (I o F7)(0). (3.2)

We have to prove that I o 1-"i1 e AP(R,R), i€ {1,2,3,...,n}. To this end, note that

t+T t .
|(Fi oFl.l)(t +7)— (pl. oFl.l)(t)| = ‘/ e—fst+rci(u)dupi1(s)ds_/ e_jstci(u)dupil(s) ds

—00

=

+00 N +00 N
/ eV iFNt+T —y)dy—/ e Fil(t—y)dy‘
0 0

+00 "
< / e
0

+00 " &
< s/ eidy=—
0

—.
¢

Fl.l(t+ T-7) —F}(t—y)! dy

Therefore I'; o F} € AP(R,R"),i€{1,2,3,...,n}.

On the other hand, we can prove that I; o F? € £(R, R, u,v) fori € {1,2,3,...,n}. To this
end, note that

z

[ e r)@aue -

¢ 't
/ e~ Js i B2 () ds| dpu(t).

z

Page 7 of 17
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Using Fubini’s theorem, we get
wal (10 P) @) dute) - —— / Z / e HAE ) ds| de)
\)([—Z,Z]) 4 ' ! U([—Z, Z]) -z |J—-00 '

_r [ e | F2 (¢ —
Sv<[—z,z]>/_z/o e |Fi (= )| dsdu()

; = [ —yc;‘ 20 _
= v([—z,z])/0 /:Ze |Fl (t y)|dsdu(t)

for all z > 0. Since F? € £(R,R, 11, ), it follows by Lemma 2.2 and the dominated conver-
gence theorem that

loF? e ER,R,u,v) forallie{1,2,3,...,n}.
We can thus conclude that
Fope PAPR,R,u,v) forallie{l,2,3,...,1},
hence
I'op e PAP(R,R", ,v).
This completes the proof of Lemma 3.5. O

Theorem 3.6 Suppose that conditions (M.1)—(M.6) hold. Then system (1.1) admits a
unique (1, v)-pap solution in E, where

L
E= {I/IGPAP(R,R”,M,V)IIW—%IIOOS lpop }
—F0

and

t t T
0o(t) = ( / e ladup g / e Jentwdug () ds) .
. i}

00

Proof We have

¢ t
lgolloo = max sup / o Iataug (o) o
€120} ser \|J oo

I
< max | —):=L
i€{1,2,....,n} c;‘

and

lolloo < ll¢ = @olloo + l@lloo <l = @olloo + L < 1 .
—Po

Let

L
E = Elgo.po) = {<ﬂ € PAP(R,R", 11,v) : |9~ golloc < 1”°p }
—FOo

Page 8 of 17
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Then, for every ¢ € E, we obtain the following:

t
¢
/ e—fs ci(u)du
—00

x Y |:dij(5)fj (5:05(9)) + ai()gi (s, 9i(s — 7))

j=1

i€{1,2,m) 1R

||(I"og0)—g00||oo: max sup{

+ Y bi(s)hi(s, ¢i(s — o)) (s, pus sz))] ds

=1

el

¢ t . - -
< max sup{/ e Js C’(”)d”Z[dle,ff(S)||¢||oo+ﬂi/L}g(S)||<P||oo

T ie{1,2,1) 4R 0 =)

+ Zl’alﬂLﬂs)nh;nwnwnw} ds}

=1

(qc;"ﬁ

PpoL
< poll@llss < po(lle = ollco + ll9ollec) < T
-Po

where

o= max
i€{1,2,..,n}

{ S G oo + @51LS Nloo + Y1y Byt L2 oo o) } .
<
1
(qc;)1

Therefore I o p € E.
Next, for all ¢, ¥ € E, we get the following:

[(Tio)(®) = (I 0 Y)()]

t n
£
< e—fs ci(u)du §
/:oo

Jj=1

dy() (s, #/(9) =fi (s, ¥(9))

+ a;i(s) (g (s, bi(s — 7)) — g (s V(s — 7))

+ Z biji(s) (h; (s, (s — 03)) (s, (s — vy))
-1

— h]'(S, Wj(s - ai/))hl(57 1sbl(s - Vii))) ds
- / ol atany [;z,.,L{ (5)sup|e,(8) = v (6)] + @y L (s) suply(6) ~ v;0)|
— S te te

+ Z biji(s) ’hj(S» di(s — o)) hu(s, uls — viy)) = (s, ¥i(s — Uij))hl(s» Pu(s — vy))

=1

+h(s, (s — 03(5)) ) (s, du(s — viy)) = By (s, (s — 03) ) (s, Wa(s — vy) |] ds

{ S G Ny + @GN 1 + 7 Dl L2 1l cc] } ol
Pllco

Page 9 of 17
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< /0 e Vdyy [%Lf (s) fl:ﬂlgl@(t) - W0 + a;L (s) igﬂglqﬁ;(t) —;(t)]

j=1
+ ) b (L} )1l o + Li(S) 1 00) suﬂ1§|¢,»(t) - ;(®) I} ds
-1 te

- LGN + @I LS 1y + 0 B (ILE W alloo + 1] 11, 1Al o0)]

T lé - ¥l
(gcf)a

= qoll¢ -Vl

where i =1,...,n. Therefore ||[(I" o ¢) — (I" o ¥)|loo < qoll® — V|l co-

Note that since g < 1, I is a contraction and possesses a unique fixed point z, which
is a (u, v)-pap solution of system (1.1) in the region E. This completes the proof of Theo-
rem 3.6. g

If the two measures ¢ and v are equal, then according to the proof of Theorem 3.6, the

following corollary can be deduced.

Corollary 3.7 Suppose that conditions (M.1) and (M.3)-(M.6) hold. Then system (1.1)
admits a unique p-pap solution in

L
E- {w € PAP(RR", 1) : [ - golloo < 1”_"}90 }

In the sequel, we shall assume that the functions L{ , Lf ,and L;’ are constant. By analogy,
we can prove the same results as above. In addition, by the following modifications of

conditions (M.5) and (M.6), the exponential stability of the solution can be obtained:

(M.7) For all 1 <j < n, there exist constants
f 78 1h & afh *
L, L, L0, M, MS, M) e R
such that, for all £,x1,x9 € R,

%) ~fitox)| <Ll —xal, [fi(ta)| < M,
gt x1) — gt x)| < Lflxi—xal,  |git,x0)| < M7,

1yt x1) = Byt x0)| < Loy =2, [i(e,20)| < My,
and
£(t,0) = g(t,0) = h;(£,0) = 0.

(M.8) There exists a nonnegative constant ¢; such that

¢1:= max

i€{1,2,...,n) *

i

{ S gL + aglé + Y by(LiM) + MILY)] } )
<

c
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We let

p1:= max

i€{1,2,...,n) *

¢

{ YAyl + agLs + Y, bl M) }

and

¢ t T
@o(t) := (/ e_fst”(”)d”h(s)ds,...,/ e_fstc”(”)d"ln(s)ds> .

Theorem 3.8 Suppose that conditions (M.1)—(M.4) and (M.7)—(M.8) hold. Then system

(1.1) admits a unique (u, v)-pap solution in F, where

L
F= {wePAP(R,R",M,v)z||w—¢o||oos lplp }
— /1

Proof The following inequality holds:

piL
[(Foe)~g,, < o

Therefore I" o ¢ € F. Next, for all ¢, ¢ € T,
[(rog)—(Ioy)|, <a1ll¢ -Vl

Since ¢; < 1, it follows that I" possesses a unique fixed point z which is a (i, v)-pap solution

of system (1.1) in the region [F. This completes the proof of Theorem 3.8. O
If ; = v, we can deduce the following result.

Corollary 3.9 Suppose that conditions (M.1), (M.3)—(M.4), and (M.7)—(M.8) hold. Then

system (1.1) admits a unique w-pap solution in

L
F = {w e PAP(RR", 1) : ¥ = ollo < 1”_1101 }

Theorem 3.10 Suppose that conditions (M.1)—(M.4) and (M.7)—(M.8) hold. Then system
(1.1) has a unique globally exponentially stable (i, v)-pap solution.

Proof System (1.1) has a unique (i, v)-pap solution
28) = (21(0), .., z4(0)) " €E
and u(t) = (u1(2),...,u,(t))7 is the initial value.

Let x(t) = (x1(t),...,%,(t))T be an arbitrary solution of system (1.1) with initial value
o*(t) = (@7(),...,0:@))T. Let yi(t) = x:(t) — zi(t), @i(t) = @7 (t) — us(t) for i = 1,...,n.

Page 11 of 17
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Then
yi(t) = —ci()yi(2) (3.3)
- 3 O 63(0) ~f(65(0)
j=1
+a;(t)[ g (x5t — 1)) — gi(6:2(t — 7)) ] (3.4)
+ Zn: bijn(6)[ (6%t — o)y (8,2t — vy))
I=1
— hi(t,zi(t — o)) i (t, it = vy))]) (3.5)
where i € {1,2,3,...,n}. Let F; be defined by

n n
Fw)y=c¢f —w- Z |:6_l,»,»L{ + EzlefeWT"/ + Z l_aiﬂ (Lf’ew""/Mf’ + M;’Lf’ew”if)i|.

j=1 =1

By condition (M.8), we have
n _ n _
F0)=c;-) [di,-L{ +agli + Y by(LIM) + M].th')] > 0.
j=1 I=1

Thus there exists ¢/ > 0 such that Fi(¢}) = 0 and F;(s; > 0) if ¢; € (0, &).
Let n = min{ej,...,&}}. Then Fi(n) > 0if i = 1,...,n. Next, there exists a nonnegative A
such that

O<A <min{n,c’1‘,...,c*} and F;(A) >0,

n

soforallie{l,...,n},

1 n _ n n _
[Z(ZUU; +dyLSe ) + by (L} M} + MIL1 ™) | < 1. (3.6)
j=1 j=1 I=1

Multiplying (3.3)—(3.5) by elocildu and integrating on [0, ¢], we get

n

7i(t) = @i(0)e oy /0 e ety (dlyv(s)[ﬁ(s,yj(s) +2(5) ~ (5. 5(5))]

j=1

+aij(s)[g (5,315 = ) + 21(s — 7)) — gi(5,21(s — 1) |

+ Z biﬂ(s)[hj(s,yj(s —0jj) + zj(s — olj))hl(s,yj(t —vy) + zi(t - vij))
I=1

= hi(z(t — o)) (2t - Vij))]) ds.

Let

*
Ci
M = max

1= Y (gl + agLs) + Yoy by (LMY + ML)

Page 12 of 17
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Clearly, M > 1, and

n n

1 1 _ "o
YR {} (€5l + dyLSer™) + bi(Lle* M) + M}’Lf’e*""/)i| <0,
A ,
j=1 j=1 =1

where 0 < A <min{n,cj,c},...,c}} is as in (3.6). Also,
ly®],, <Mllgllwe™, £>0. (3.7)
To prove inequality (3.7), we first show that, for any « > 1, the following inequality holds:
ly@® |, <uMl@loe™, £>0. (3.8)
Indeed, if (3.8) were false, there would exist some #; >0and i € {1,...,n} such that

ly@| , = i) |, = uMllgllsce™"
and

At

”y(t) Hoo <uM|¢|loe™" foreveryt e (—oo,t].

So we could obtain

n

51 _
()] < llplloce™ + fo el [df;L{ 1956 oo + @il 565 = )

j=1

n
+zzzi,»z(Lfof||y,-<s-ou>uw+M;4L¢uy,»<s-w,->||w>}ds
=1

51 n _

< llglloce™c + / My [duL{- llloce™ + @zL{ e

0 Ny
j=1

n
) b(L) M plloce™ ) + M}fo’||<p||ooe-“S-”ff>)} ds
=1

n

151 _
< llglloce™ + / e“lS)C?uM||go||ooe“Z[duLf +ayLje’™
0 -
j=1

n
+ > by (LM + A/[]’?L?e“ﬁ)} ds
=1

1 1 - -
_a A—aiis =1/ g A\
< uM]lp|lce™" [é el <M Sy [2 ﬁ{% +dyLie

i =1
n
+ Z l_h'/z (L]he)‘a""Mlh + M}hL;’e)‘”if) }j|>
I=1
e Xn:(‘;l“Lf‘f&"L‘ge“"’) Y5, (Lhe*i MY + MILe)
=X S Uiy B e L VA ! Ly
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n

1 -
A - f & ATjj
< uMglie m[z ((CuLj +dyLje)

j=1

n
+ Z bij (Lf’e“"l'Mf’ + M}’L;’e”if)>:|
I=1

= uM||¢lloce™.

Hence we could conclude that [|y(t;)]le0 < uM|@|lcce™

, which contradicts inequality
(3.8). Note that # — 1, so (3.7) holds. Therefore system (1.1) has a unique globally ex-

ponentially stable (i, v)-pap solution. This completes the proof of Theorem 3.10. g
If ;& = v, then hypothesis (M.2) is satisfied, and we can deduce the following corollary:

Corollary 3.11 Suppose that conditions (M.1), (M.3)—-(M.4), and (M.7)-(M.8) hold.
Then system (1.1) has a unique globally exponentially stable p-pap solution.

4 An application to neural networks
Neural networks have attracted a lot of attention in recent years, and especially the special
case of the so-called high-order Hopfield neural networks (HOHNNSs), which have been
intensively investigated by many scholars in recent years because of their stronger approx-
imation characteristics, larger storage capacity, faster convergence speed, and higher fault
tolerance than low-order Hopfield neural networks. Many excellent results about their dy-
namic characteristics have been obtained, e.g., [2—4, 7, 14, 22, 24, 25]. Clearly, the study
of the oscillations and dynamics of such models is an exciting new topic.

Using the results from this paper, we prove the existence, the exponential stability, and
the uniqueness of (i, v)-pap solutions of the following models of high-order Hopfield neu-
ral networks (HOHNNS) with delays:

x(2) = —ci()x:(t) + Zd,-j(t)ﬁ(t, x,(t)) + Zai,»(t)g/(t,xj(t - r,-j))

Jj=1 Jj=1

Y bi(ehy(t,xi(t — o))t it - vig)) + (D), (4.1)

j=1 =1

where i€ {1,...,n}.

« n—number of neurons in neural network;

o x;(t)—ith neuron at time £;

+ f» &, hj—activation function of jth neuron;

« dij(t), a;j(t), by(t)—functions connection weights;
o [j(t)—external inputs at time ¢;

« ¢;(t) > 0—rate of ith neuron;

+ 7; >0, 055 > 0, v; > O—transmission delays.

The initial conditions associated with system (4.1) are of the form
xi(s) = @i(s), se(-0,0], i=12,...,n

In our paper we have generalized the previous results by using the notion of double
measure and working with two-variable functions.
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Example 4.1 Consider the following model:

x(t) = —ci(B)xi(8) + ) dye

2
j-1

2
+§:§:bwum4a%u—1»hmamu—1»+Lux

2
i(6x0) + Y ay(Ogi(t %t - 1)

j=1

1<i<?2,

where ¢; = ¢; =2, g1(t) = g2(¢) = sint. Then

I8 = [82 = M8 = M& =1,

Measures p and v are defined by the following double weights, respectively:

pi(t) =", teR,

and

) = e ift<o,
PRE=11 ifeso.

Then we have

Tij = O'l']' = Vij =1.

2r o
- <u([-rr) = / "0 dr < 2er.

r

We now prove that u € M satisfies condition (M.1). Indeed,

sin(t +a) <2 +sin(a) forallt eR,acA,

which implies that

w(t+A) <e*u(d) forallt eR,

so by [5], v € M satisfies condition (M.1). Since

u(l=rrl)

lim sup ——— = limsup

r—+00 V([—V, 7’])

ﬂmmﬁ<
r—+00 fjr ,()z(t) dt

it follows that condition (M.2) is also satisfied. We set

2sint+e”t
10

(di/(t))lgi,j§2 =

cost
10

’

2cos/2t+e”t

siny/2¢+e”t
10

cost+e”t

10
(aij(t))lfi,j§2 = (4cos t+e”t

10

8cos /5t
_ 10
(Ii(t))lfivl'fz T\ ssingret |7

10

10

sint

10
sintet |7

10
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3sinv/3t+e”t

0
b & <jl<2 = 10 )
(b1jt) (D)) 1<ji<2 0 0
0 2005ﬁt+e‘t
) _ 10
(h2}1(t))1§j,152 - 0 0
Therefore
I 4 75 1 d 9 1
100 Pt M Mttt

Using Theorems 3.8 and 3.10, we can now see that model (4.2) has a unique (u, v)-pap
solution which is globally exponentially stable on

12
G= {(p € PAP(R,R", 1t,v) : l9 — ¢olloc < 1—0}
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