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I should say it meant something simple
and obvious, but then I am no philosopher!

I.Murdoch The sea, the sea

BBEJEHUE

Teopus npendTCTBUH ABAAETCA BaXKHOM 4aCThio alrebpanyeckod TOMOAO-
THHE ¥ UMeeT MHOTOYHUCJIeHHKIe NPUMEHEeHHs B JPYTUX 061acTAX MaTeMaTHKH.
A pa3 Tak, OCHOBHBEIE HJeH 3TOH TeOpHH HaBePHAKa MOXHO JOCTYNHO M3-
JOXUTH 4YeJOBeKy, He HMelolleMy ClNelHaibHBIX MO3HaHH# B Tonoaoruu. K
COXaJIeHHI0, H3y4YeHHe TeOopUH IPENATCTBUH MO CyLEeCTBYIOUIeH JIUTepaTy-
pe BO3MOXKHO TOJBKO MOC]e JAUTENbHOrO OCBOEHHs HeMOTHBHPOBaHHBIX ab-
CTPAKTHHIX NOHATHH ¥ Teopud. HacToslas xe cTaThA, HANPOTUB, MOCBALLE-
Ha H3JO0XKEHHIO HJell TEOPHH NPENATCTBHH Ha MPOCTEHIINX YACTHHIX CAyYafX.
Omna npefHa3HavYeHa B epBYIO oYepeib AAf YHTaTelell, He BlaJelOLHX TONo-
JOrueit, HO MBIl CMeeM HaIefAThCA, YTO OHa OyJeT HHTepecHa U CreuHanncTaM.

B mKonbHBIX (B YaCTHOCTH, ONTMMIHALHBIX) 32 4a9aX HE603MONCHOCTNL Pea-
JIM30BaTh HEKOTOPYIO KOHCTPYKIHIO YaCTO ZOKA3hIBAETCA NMYyTeM MOCTPOEHHUS
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alire6panyeckoro npensmcmeus, WAl uneapuawma (Hampumep, U3 coobpa-
KeHMH 4eTHOCTH). TOYHO Tak XKe HeIN6UBAIENMHOCTMb KOHCTPYKLUHK 4acTO
[OKa3KIBAETCA NyTeM NMOCTPOCHUA aire6paniecKoro UH6APUGHMA, UX Pa3il-
Haolero (3TOT UHBAPHAHT ABAAETCH NPENAMCMEUEM K IKBUBAICHTHOCTH).
Mruorue Henoxo:xue Apyr Ha Apyra 3aja4yd TOHOJOTHEK AHAJIOCHYHBIM 06pa-
30M €CTECTBEHHO NPHBOJAAT K NMOXOXKHM JAPYr Ha Apyra npenamcmeéuss. B
HACTOfAIIEH CTaThe HTOT NMPOLecC MPOAEeMOHCTPHPOBaH Ha NpuMepe HauboJee
HAarafgHBIX TONONOTMHYECKHX 3a1aY.

Has arenus craTbd (kpome §3.C,D) ZOCTATOYHO reoMeTpHYeCKOH HH-
TYUHHH (MCHONb3yeMble HadajibHble MOHATHA TEOPUH rpad)oB NpUBEJEHLl B
KOHIie BBeJeHHUSA, a UCHoAb3yeMoe B §3 HOHATHe ABYyMepHOrO MHOroobpasus
TaM KpaTKo oObiacHaeTcd). B 4acTHOCTH, Bce Heo6X0oAuMbIe aidrebpaundeckue
06beKTH (CO CTPALIHbIMU Ha3BaHUAMHU [PYINbL KOTOMOJIOLKH, IPENATCTBHA U
XapaKTePUCTHYECKHE KJAACCH) €CTECTBEHHO BO3HHKAIOT M CTPOro onpedett-
10mMCcA B Ipollecce J0Ka3aTelbCTBa TeopeM. MBI Tak:Ke NPUBOJUM Pe3yJAbTaT
BHIYHCJIEHHSA NPENsiTCTBHHE, JAIOWKH UHTepecHble reoMeTpuiecKue ciaeiCTBUA
(caMo BHUHC/IEHHE OCTaeTCAd YHTATENIO B KayecTBe 3a/a4d, KpPOMe BhIYHC/Ie-
it B §3.C,D, 3a xoropriMu MH oTchiiaeM wutartens K [5]). Iloxdepkuenm,
4YTO MH He TpefyeM OT YNTaTels 3HAKOMCTBA C aire6padyecKMM HOHATH-
eM PpyNNHl, B TeKCTe MOXHO BOCOPHHHMATh 3TO CJAOBO KaK CHHOHHM CJOBa
«MHOXECTBO). .

YacTp MaTepuaia chopMyJIHpOBaHa B BHAe 3afad, 0603HaUYaEMBIX XKHUP-
HbIMH 9HCjHaMu. uTaTens TakKe MOXKET PacCMaTpHBATh BOCHONHEHHE feTa-
Jeil Habpockose doxaszameabcme Kak MaTepual JAf CAMOCTOATEAbHON pabOTHL.
Caenyer nog4epKuyTh, 4TO 3aJa4H He HCIOAL3YIOTCA B OCTaibHOM TekcTe. B
HEKOTOPHIX 3aJa4aX MOTYT BCTPETHTHLCA HE3HAKOMbIE BaM TEePMHHBI; TakKHe
3ajadq¥ clelyeT [IPOCTO HIHOPUPOBaTh. OTMETHM Takxke, 9TO LA pellleHusd
3ajJa4 JOCTATOYHO NOHMMAHUA HX (POPMYJHPOBOK H He mpedyemch HUKAKHX
JONONHHUTENbHBIX NOHATHH U TeOpHil.

[Taparpagsl cTaThbi HE3aBHCHMHI JAPYL OT APYra (CCHUIKH MEXIY HHMH
HOCBALIEHH UCKAIOYHTEIbHO CPaBHEHHIO MaTepHata). OHH pacnoOXKeHkl TpHU-
MEpHO B NIOpAKe BO3pAcTaHUA CAOXKHOCTH. B kax oM maparpade npupouT-
Cfil KpaTKafg UCTOpHA Bonpoca. KoHKpeTHble CCHIIKH JRIOTCA TOAbKO N0 (K
COXaJleHH10, OTHOCHTEIbHO MAIOU3BECTHOMY) MaTepHany §2.

Hasg quTaTens, yxe 3HAKOMOro ¢ alrebpanieckoil TONONOTHEH, OTMETUM,
YTO MBI He HCNOAb3yeM CTAHAAPTHYIO TEPMHHONOTHIO TEOPHH HPenfTCTBIil
TaM, Ifie Mbl CYHTaeM, UYTO OHa HeyoOHa [iA HavuHalowero. [IpuseaeM 3aecs
[/ cpaBHeHUA 3Ty TepMHHoJoruio. Paccranosku saementos rpynnet G Ha -
CHMILIeKcax noaudapa K Ha3mBalOTCA i-mepubimu Koyenamu na K ¢ xooddu-
yuenmamu 6 G (y HaC OHH Ha3KIBaIOTCA NPOCTO paccmanosxanmu). [pynna ta-
KHX PacCTaHOBOK 06bI4HO 06o3HadaeTca C*(K,G). Muoxectso §C' 1K, G)
BCeX KOrpaHuu obpasyeT mogrpynny rpynna C*(K,G), o6o3ravaemyio
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B'(K,G). Korga G = Zj, MH nponyckaeM KOX(pGUUHEHTH B 0GO3HaYeHH-
fX KOllenel, KONMKIOB, KOTpaHULl M (KO)rOMOJOTH.

* % k¥ * %k *

HanoMHKM Hcno/b3yeMble HadalbHble IOHATHA TeopHHU rpados. I'py6o ro-
BOpSH, rpacd MOXHO NMOHMMATh KaK KOHEYHOE MHOXKECTBO TO4eK (ero «sep-
IIHHBLD ), HEKOTOPHIe Naphl KOTOPHIX BhAeNEHH! («coefnHeHbl pebpaMin). Mul
npuMem ciaefyioliee dopMailbHoe onpejeneine. Pa3buenuen (npeicTaBafio-
KM rpag) Ha30BeM KOHEYHOEe MHOXKECTBO TO4eK (Ha ILIOCKOCTH), HEKOTOphIe
naphl KOTOPHIX COEAMHEHE JOMaHLIMH; 9TH TOYKH Ha3hIBAIOTCA 6€PUIUHAMU
pa3bueHus, a JoMaHble — ero pebpamu; pebpa MOrYT lepeceKaTbCsl, HO TOY-
KK nepecedeHus (KpoMe ABYX KOHIOB peGpa) He MOryT GbITb BepLIMHAMH.
Pas6uenus G u G Ha3RIBAIOTCA U3OMOPPHNbIMY, €CTH CYHIECTBYET B3aUMHO
OJHO3Ha4YHOE OTO6GpaKeHne f MHOXKECTBA BepIInH pa3bueHusd G} Ha MHOXeCT-
BO BepliuH pa3buenus Gy, yAOBAETBOpHIOLIEe YCIOBUIO: BepiuuHu A, B € G
coelMHeHH pe6pOM B TOM M TOJAbLKO B TOM ciay4ae, ecau f(A), f(B) € G2
coequHennl pe6poM. Pasbuenus G; u G2 Ha3LIBAIOTCA 20MEOMOPPHHBIMY, €CIH
G1 MOXHO nofy4uTh U3 G9 onepauuaMu nodpasdesenus pebpa (puc. 0.1) u

Pwuc. 0.1.

o6paTHbIMHA. I'padom Ha3BIBaeTCA KIACC SKBUBAJIEHTHOCTH pa3buexus (1Mo oT-
HOUIEHHIO roMeoMopdhHOCTH). Paz6uenne (3J1eMeHT KAacca IKBHBAIEHTHOCTH)
Ha3HBaeTCA Pa3bHeHHEeM MM TPHAHTYJNAUHEH COOTBETCTBYoUIero rpada (I1o-
ycKaA BOJbHOCTb peyH, HHOT fa KOHKpeTHoe pa36ueHHe Ha3blBaloT IpadoM).
Yepea S! o603navaercs rpad, roMeoMopdHLlil OkpyxKHOCTH. I'py6o rosops,
nodepad naHHOrO rpada — ITO ero 4acTh (TO4HOE onpefeleHHe NPHUBEIATE
cami). ['pad HasnBaeTca depecom, eCiid OH CBA3EH H He COAEpPXHT NoArpada,
romeoMopdHoro S1. Cmenenbio BepIIMHL Ha3LIBaeTCA YHCAO BRIXOAALIAX U3
Hee pebGep. KoamyecTBa BepuinH, pe6ep M KOMINOHEHT CBA3HOCTH rpada K
o6osnayaiorca V, E u C, cOOTBETCTBEHHO.

§1. B HAMPABJEHUU XOIlPA

Jlas noamuoxecTsa (HanpuMep, rpada) K C R? onpegeanm noustue se-
mpa (MM HeNmpephIBHOTO OTOGpakeHHs B OKPYXKHOCTh). Berep f: K — S!
CONMOCTaBAACT KaXKJA0H Touke T € K eXuHU4HHIH BekTOp f(Z) (TO4YKY Ha OK-
pyxkHocTH). BekTop f(z) monken HempepwBHO 3aBuceTh oT z. /[Ba BeTpa
fo, fi: K — S! nasuBaioTca 2omomonnbimu (o6o3Havenwe: fo ~ fi), ec-
Jd cyliecTByeT cemeidcTBo fi: K — S BeTpos, HenpephIBHO 3aBHCALIEE OT
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napamerpa t € [0, 1]. Ias rpaga K C R? 0o603nayum vepes [K, S'} MoxecTBO
BerpoB K — S! ¢ ToynocThio g0 romoronnu. B aToM maparpacge pemaercs
3ajJaYa HaXOXAeHus MHOxecTBa [K,S'] (a B Buge 3aja4 B koHle Naparpada
npejiaraioTca ee oGOOLIEHUA Ha ApyTHe Caydau).

Teopema Xonga 0 rOMOTONHYECKOH KAacCHpHUKaLun oToGpaKeHnl n-no-
audgpa B S™ (T.e. «(MHOTOMEPHBIX BETPOB») Gbll1a foKa3aHa XaiHueM Xondom
okono 1930r. («no 3aka3y» [laBaa CepreeBuda Aunexcanjgposa). Uges npu-
BOJMMOI'O HHXKe NOKa3aTelbCTBa TeopeMmbl Xonda npuaasiexxut CoMIodaio
Jitnenbepry u Congepcy Maxkaeiny (oxono 1940r.). 3agada o romoTonnye-
CKOW KNaCCH(MUKALMN [POM3BOJBbHEIX OTOGPAKEHHH — O/JHA U3 OCHOBHHIX B
anre6pandeckoil Tonosoruu. [JaapHeiiee pa3BuTHe TeopeMa Xomnga Noay4u-
1a B paborax Hopmara Ctuupoga (1941r.), JInBa CemenoBnya IlonTparuna
(1942r.) u Muxanra MuxaiaoBuda [Tocrrukosa (okono 1950r.).

1. Jaa mio6oro gepesa CyleCTBYET POBHO OJAMH B€Tep C TOYHOCTHIO A0 MOMOTOIMH.

Cmenenvio deg f Betpa f: S — S! nasmBaeTcs yucI0 060pOTOB BeKTO-
pa f(z) (BOoKpyr cBoero HemoABHXXHOT'O Ha4ajla) NPH OZHOKPATHOM o6xojfe
TOYKO#  OKpyxHOCTH S NpPOTUB YacOoBOi CTpenKH.

OCHOBHAAl TEOPEMA TONOJIOTHU. Omobpaxcenue deg: [S!,S'] — Z
aeanemca buexyuet. "

Mub He NpHBOJHMM [JOKa3aTelbCTBAa (HHTYHTHBHO OY€BHAHOH) HHBEKTHB-
HocTu B OCHOBHOM TeopeMe TOMOJOTHH.

2. a) [lokaxure clOpbeKTUBHOCTL B OCHOBHOI TeopeMe TOMONOTHH.
b) Buseaure uz OcHoBHOM Teopemu Tomnonoruu OCHOBHYIO TeopeMy amre6phL.

3. a) ITyctes K — HecBasHoe o6beguHeHue um 6ykeT k okpyxHocred (puc. 1.1). Puxcn-
PYeM NPOM3BOJLHO HaNpaBJeHHe Ha KaXJOi M3 3>TuMX okpyxuocrei. Jas erpa f: K — S!
TOCTAaBHM HA KaX/OH M3 3THX OKPYXHOCTEH CTeleHb CyXKEHUA BeTpa f Ha 3Ty OKPYXHOCTb.
Hony4ennyio paccraHoBky k uenmx mcen o6osnauum deg f. Torga deg: [K,S'] = ZF —
Guexim.

b) Muoxectso [K,S'] He MenaeTca npu cTarvBanuu peGpa.

C) [I(,Sl] - ZE-—V+C.

St OyKeT OKpYKHOCTel Ky

Puc. 1.1.
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Xondg goKa3bIBajs CBOIO TeOpeMy NpH HOMOLIM 0606WeHns MeToa 3a1a4
3b, 3c. [IpuBeeM Apyroe JI0Ka3aTelbCTBO, PadBHBaloLlee HAeI0 3akadu 3a H
crefymomiee o61eMy MeTOLY TEOpHH NPeniTCTBHH.

TEOPEMA XondAa. Juas epaga K omobpascenue deg: [K, S| — HY(K,Z)
Aeagemcea buenyuetl.
BoiuucaeHue. HY(K,Z) = 2E-V+C,

Onpegerennne H'(K,Z), deg n gokasaTelbcTBO. 3HAKOMCTBO C DTHM J0-
Ka3aTelbCTBOM pekoMeHjyeM HadaTh co ciaydas K = K4 (puc. 1.1). Puk-
CHpYyeM NpOHM3BOJbHbIN eIHHHYHBIH BeKTOp v. IIpoussoabuuiii petep K — St
COMOTOIEH KAeMOUHOMY BETPY, T.€e. BeTPY, AJd KOTOPOro B KaKJOH BepUIHHe
rpaga K crout Bektop v. IloaTromMy JOCTATOYHO KJIacCH(MUIHPOBATH KJIeTOY-
nuie BeTpbl I{ — S! ¢ TouHOCTbIO 10 rOMOTONHUH, Bce 0TO6paKeHus (BeTphi)
KOTOPOU He 06:A3aTelbHO KI€TOUHEI.

PukcupyeM Npou3BOJILHO HaNpaBleHHe Ha KaxXIoM pebpe rpaga K. Bosb-
MeM KierTouHmrit Berep f: K — S!. [locTaBum Ha kaxioMm pebpe e C K ¢
Ha4Ya/IoM n # KOHUOM k 4ucao 06opoToB BekTopa f(2) npu ob6xoie TOUKON T
pebpa e or n K k. [lonydeHuyio paccTanoBKy o6o3nayuM v(f). MHOoxecTBO
BCEX PACCTAHOBOK LEJNHX YHcen Ha pebpax rpada K obosnauum depes ZF.
PaccTaHOBKHM MOKHO CKJAAALIBATH: AJIf DTOrOC IPOCTO CKIAJBIBAIOTCA YHCIA,
CTOfAILLE Ha KaX I0M pe6pe (Takoe CIOKeHHEe Ha3bIBAETCH NOKOMILOHEHTTLHIM).
Ecnu f,g: K — S! — Takue kietounsie BeTphl, 4To v(f) = v(g), To no Oc-
HOBHOU TeopeMe TomoJoruu f =~ g.

O6paTHoe HeBepHO, KaK MIOKA3bLIBaeT [pUMep Clelyiollell TOMOTONMH (CM.
puc. 1.2). las sepuuHnl ¢ rpadga K uamenuM Betep f Tak, 4TOOLI BEKTOp B 4
cledad o1H 060pOT IPOTNB YACOBOH CTPENKH, BETEP B MaJleHbKOM OKpeCcTHO-
CTH BepILUHHBI ¢ «TOTAHYJCA» 32 BEKTOPOM B @, a BHE 3TOHl MaleHbKOH OKpecT-
HOCTH BeTep He MeHsJcA. B peayabTaTe noay4uM setep g: K — S!, romoTon-
Huiil BeTpy f. [lonsTHo, 4To v(f) —7(g) ecTs paccTanoBka %1 (B 3aBHCUMOCTH
OT OpHeHTalun) Ha peGpax, cofep:KalluX BepIIHHY a, # 0 Ha BCeX OCTAaAbHBIX
pe6pax. DTa pacCTaHOBKA Ha3bIBACTCA JAEMEHMAPHOU KOZpAHUYEU 6epuiu-
nbt @ 1 o6o3HadvaeTcs da.

B oxpecTHOCTAX BepllHH aq,...,a; CAelaeM ONUCAHHYIO BhIlie FOMOTO-
nuio BeTpa f, NOBOpavHBaf BEKTOPH B OTUX BeplWIHHAX Ha 7y,...,7Nx 060po-
TOB, COOTBETCTBEHHO. DTy FOMOTOIHKIO MOXHO 3a[aTh PacCTaHOBKOH 4uHCel
ny,..., N B BEPIINHAX Ay, . . .. Gk, COOTBETCTBEHHO (# HY.JI€ll B OCTaNbHbLIX BED-
muHax). O603HAYHM MONYyYEeHHYIO PACCTAHOBKY 4epes [', a noaydenHnblii BeTep
qepe3 fr. MHOXeCTBO BCeX PacCTAHOBOK LeJBIX 4icel HA BeplUHHAX rpada
K c onepaieil TOKOMIIOHEHTHOrO COXKeHHA 06o3HavuM 4depes ZY. Kax goit
BeplUUHEe a OTBevaeT «XapaKTepHCTHYecKas» paccTaHoBKa a € Z' egmun-
UBLl B BepllliHe @ H HyJfd B OCTaJbHHIX Bepuiknax. OnpefeanM oTobpaxkeHue
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Puc. 1.2.

§: ZV — ZF popmyioit §(nyay + ...+ ngax) = nyéa; + ...+ ngbax. Torga
v(f) = v(fr) = or.

HasoBeM paccTaHOBKE 71,72 € ZF xozomonozuunsimu, ecnu v, — y2 = 6T
xas sexotoporo I' € ZV. T'pynna HY(K,Z) = Z¥/§(Z") paccranopok c
TOYHOCTBIO [0 KOTOMOJOTMYHOCTY HA3bIBAETCHA 00HOMEPHOU epynnol Ko2o-
moao2ut epaga K ¢ wosapduyuenmamu 6 Z. Obosnadum deg f = [y(f)] €
€ H\(K,Z).

Teneps paccMoTpuM romoronuio fi: K — S Mexjy K1eTOYHBIMU BeTpa-
Mi fo, f1. [locTaBuM Ha KaxJo# BepuidHe a 4HCIO 060POTOB BeKTOpa fi(a)
npu u3Merenuu t or 0 go 1. [Tonyyenuyio paccranoBky o6ozuasum [({fi}).
Jlerko nposeputs, 4to Y(fo) — v(fi) = 0T ({f:}). nauur, deg f; = deg fo.
[losToMy oTo6paxenue deg: [K,S!] - H!(K,Z) xoppekTHo onpegeneto. Ec-
au deg f = degg, To 7(f) — 7(¢9) = 6T aas mekoroporo I' € ZE, 3nauur
f =~ fr ~ ¢. llooToMy oTo6paxeHnue deg HHBHEKTUBHO. [[OKa3aTEAbCTBO €ro
CIOPBEKTHBHOCTH OCTaBlfdeM YNUTATEN0 B Ka4ecTBe 3a/a4H. O

3aMeTHM, 4To nocrpoennoe otobpaxenne deg: [K, S — H(K,Z) 3asu-
CHT OT BhIOOpa HanpaBieHuH Ha pe6pax rpada K. [Aas Betpa f kiaacc deg f
ABNAETCA NPENAMCMEUueM K TOMOTONHOCTH BeTpa f BeTpY ¢ MOCTOSHHBIM Ha-
npaBJeHHEM.

4. a) I'pynna H'(K,Z) 3aBHCcHT TOJBKO OT TOMOJOrH4eckoro Tuma rpada K, T.e. og-
HOMEPHBIE TPYHIIHI KOMOMOJIOIMH roMeOoMOPdHEIX IrpadoB MU30MOPQHHE.

b) Oro6paxenue deg: [K,S') = H'(K,Z) apaseTca maoMopdbuaMoM rpymn (S' apaa-
eTcA rpymmoit, nostomy [K,S'] ssaserca rpymmoit).

5. a) Ucnonbays [S', RP?) & Z,, naiigure [K,RP?] ans rpada K, T. e. onpegenute oHo-
mepHyio rpymmny koromonoruit H'(K) ¢ Za-koapdummentamu u 6uexipno deg: [I(,RP?] —»
- HY(K). :




160 . Penosi, A. CkoneHkoB

b) [ns rpada K ¢ sKkBUBapHaHTHOI HHBOMIOLMeH HaiguTe MHOXecTBO (K, S']eq oKBH-
BapMaHTHHX (T.€e. MepecTaHOBOYHHLIX C JAHHOHM MHBOJIoOUMeN Ha K ¥ aHTHNOJAIBLHOR MHBO-
monueit Ha S') orobpaxenuit K —+ S' ¢ To4HOCTBIO 40 SKBHBapHAHTHON I'OMOTOIMH.

6. a) Oto6paxenue 3D° - S' roMoToNmHO 0TO6PaXEHUIO B TOUKY (T. €. UMEET CTeNeHDb
HOMb) TOCAA M TONBKO TOT/a, KOrJa OHO MpojoskaeTrca Ha D?.

b) Ucnonbays {S2,S'] = 0, naitaure [K, S'] gna nosepxuoctu K, T.e. onpegemite oa-
HOMepHy0 rpymy Koromonoruit H' (K, Z) ¢ Z-kosdduimentamu u 6uexinno deg: [K, S'] =
~ HY(K,Z).

) Haitgure H'(K,Z) ana cessnoro 2-mHoroo6pazus K ¢ Tpuanrynauueit T, nMeroueit
V, E n F sepumsn, pebep u rpaHeii, COOTBETCTBEHHO (CM. ompejeneHue B Hadaxe §3).

d) Kone4HnbIil n-noausAp MOXHO NPeJCTABIATE cebe Kak o6beNHeHne HeKOTOPOro Ko-
JM4ECTBA I'paHell pasMepHOCTell He Golee i B pa3bueHun rpocTpancTBa R™ Ha egmmrane
ky6u. Ucnompaysa [S*, S*] = 0 gan ¢ > 2, naitaure [K, S'] ans koneusoro n-nomuagpa K, 1. e.
onpejemiTe 0OAHOMEpPHYIO rpynmy Koromonoruit H' (K, Z) ¢ Z-xosdduumentamu i GHEKIMIO
deg: [K,S'| = HY(K,Z).

7. a) (n-mepHan Teopema Xonda) Hcnomsays [S*,5™] = 0 gaa i < n u [S",S"] = Z,
Haigure (K, S™] agna koHeuHoro n-nommsgpa K, T.e. onpeennTe n-MepHyO I'pYyHIly KOro-
monorun H™(K,Z) ¢ Z-xoadbdunmentamu u 6uexkipio deg: [K,S"] = H™(K,Z).

b) [na koueunoro nommaapa K onpegeaurte n-mepHyio rpymny xoromonoruii H" (K, Z)
¢ Z-ko>pdunuentamMu Tak, 4Tobn oTobpaxenue deg: [K,S"] —» H"(K,Z) 6bio mo-mpex-
HEMY KOPPEKTHO OIpeAeJieHo.

¢) Ecmt dim K = n + 1, To deg: [K,S"] = H™(K,Z) ciopbeKTHBHO.

8. a) [Tonwrairech 0606umMTH PAIIM BAMMCICHHA MHOXECTBA [K,RP?} na 2-nommaap K
u HaiiguTe Takoi 2-mommaap K, wro [K,RP?] # H!(K).

b) Ucnomsaya [S',RP"*?] = Z, u [Si,RP"+2] = 0 aaa 1 = 2,3....,n, JOKaXKHUTE
[K,RP"*?} = H'(K) aasa n-nomm>apa K.

c) Ucnombays [S2,CP"] = Zu [S',CP"] =0 gna i = 1,3,4, ..., n, nokaxure [[,CP"] =
= H*(K,Z) gan n-nommaapa K.

9. (Teopema Crunpoga aus n = 2) Hanomuum, uro [S3, $?] = Z.

a) [ns 3-momusapa K nknacca v € H*(K,Z) noctpoitre 6uexmmio deg ™" v — H*(K,Z).
Honyswmrca 6uexmma (K, S?] = H*(K,Z) x H*(K,Z).

b) Jlas 4-nomusapa K u otobpaxenus f: K — $? nocrpoiire npenarcrsue Sq*(deg f)
m H*(K,Z)x npoaonxenuio otobpaxennsa f: K ® 5 $? ya nce K. Monyunrca otobpaxe-

mue Sq?, A1 KOToporo mociegobaremsHocTs [K, S?] 25 H XK,Z) s;"n) HY(K,Z) Touna.
c) Ans xonuxna a € Z%(K,Z) anement Sq*[a] npeacrapnserca kounknom b € Z*4(K,Z),
ompeeneHHHM 110 dpopMye b(0o1234) = a(0012)a(o234).
d) Iycts K — 4ermpexmepHoe MmHoroo6pasue u knacc @ € H?(K,Z) apoiicTenen
nmo Ilyankape wunaccy Da € H»(I,Z), npegcrasasiouteMycs norpyxeuueM h: N — K
2-muoroo6pasus N. Torga Sq° a ecTh cyMMa Todex (co 3naxom) B A(N)Nh'(N), rae h' —
rnorpyxeHue, 6iauskoe K h.

10. (Teopema Crusnpoga) lycrs p2: H"(K,Z) - H"(K) — npusegenue no moayo 2.
Harnomuum, wto [S"H!, 5™ = Z, ana n 2 3.

a) laa n > 3, (n 4 2)-nommapa K u orobpaxeHus f: K™Y 4 $" nocrpoitre
npenarcraue Sq° py(deg f) € H™?(K) k npogomxenuio orobpaxenns f: K"t 4 g

- - de,
Ha Bce K. [Tomyumrca oTobpaxenne Sq°, Jas KOTOPOro mociegoBaTeasHocTs [K,S™] —5

- H(K,Z) 3% grt2(K) rouma.
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b) Aas n > 3, (n + 1)-nomusgapa K u saementa v € H"(K,Z) nocrpoiite Guek-
wio deg™' v o HHY(K)/Sq? p. H* "' (K, Z). Tlonyunrcs 6uexwun [K,S"] = H™(K,Z) x
x H™ (K[ Sq? p H"} (K, Z).

11. HanoMuuM, uTo gus moboro n cymectsyeT (6eckoHednsin) noausap K (Z,n), Takoi
ato [S”, K(Z,n)] = Z u [S*, K(Z,n)] 2 0 ana moboro i # n. Hanpumep, K(Z,1) 2 S' u
K(Z,2) = CP™.

a) H"(K,Z)= [K, K(Z,n)} aaa mo6oro mommdapa K.

b) Eciu o € H*(K,Z), 10 fsq24 = f1 0 fa, rAe 1 € H*(CP? Z) = H»(CP?,Z) =
2 Z — ofpasyrouiad u otobpaxenus fsq2,: K = K(Z,4), fi: P 5 K(Z,4) u fo: K =
— CP? coorseTcTByloT Knaccam Sq° o, 1 u o npu msomopdmsmax H*(K,Z) = [K,K(Z,4)],
HY(CP? Z) = [CP?, K(Z,4)] n HY(K,Z) = [K,CP?).

§2. B HANIPABJIEHUM BAH KAMIEHA

[lousTne MpensTCTBHUA, NO-BHAHMOMY, BIepBhle BO3HMKIO HMeHHO y Ban
KaMnesa npu peweHnn npo6ieMbl O BAOKHMOCTH M-MEpHHIX NOJUIIAPOB B
R? (6], [4], [9, §2], [11, §2], [12, §2]. Ho noka3aTh OCHOBHYIO el FOpa3o
npoile Ha Npo6ieMax anlpOKCUMAPYEMOCTH MyTH BJIOXKEHHSAMH U [JIaHApHO-
cru rpacdos [14], [9, §9], [3, §4], [10, §1], [1, §4]. DTum npobaemam (akKypaTHO
cOPMYTHPOBAHHBIM HUXKE) M TOCBSALIEH HACTOALIMH maparpad.

1. a) OxoTHHK mpouIen 1o JMecHOI ' JopokKe B QopMe OKPYKHOCTH AuaMeTpoM 1 KM,
clenaB gBa ob6opoTta. OH Ben Ha noBoake AmHHOU 1 M cobaKy, KOTOpas B KOHLE ABHXEHUA
BEPHYJIaCh B HCXOAHYIO To4Ky. Torga cobaka o6a3aTenbHO mepecekaia cBou cleg (B Heko-
TOPHI MOMEHT BPEMEHHU, OTIHYHEH OT KOHEYHOI0).

[lpuBeseM Ipyryio GopMyIMpoBKY 3ToH 3ajaun (SKBMBAJIEHTHOCTh AOKa3aHa B [8)).
PaccmoTpuM e monsmku (T.e. gBa Kpyra), COeMHEHHBIX ABYMS TPOMHHKAMHU (T.e. [O-
Jockamu) a u b, kak Ha puc. 2.1. Cobaka 6eraia no NoJAHKaM M TPOMMHKAM U BEPHYJIach
B UcxogHy10 TodKy. Kaxann pas, xoraa cobaka nepeberaia ¢ noJsHKH Ha TPOMMHKY, OHA
3amuceiBasia 0o6o3Hauenve 3TOH TPONHHKU, Ecm noayyunack aanuck abab, To cobaka o6:a3a-
TEJLHO TepeceKana cBoH ciel (B HEKOTODHIH MOMEHT BpeMeHM, OTAMYHEIl OT KOHEUHOro).

b) Bepho sm a) 6e3 npeanonoxeHus o TOM, YTo cob6aKa B KOHIE ABHKEHHA BEPHYJIACh B
HCXOJHYIO TOUKy?

c) Moxaxure a) And cay4as, KOI4a OXOTHHK Cjefal mpu o60poTa.

d) Ana kakoro 4mcia 060pOTOB B a) cobaka o06sa3aTeJbHO Mepecekala cBon ciael?

[lytb ¢: I — R? Ha NIOCKOCTH HA3LIBAETCH ANNPOKCUMUDYEMBIM 6A0HCE-
HUAMU, eCJIH CYLIecTByeT CKOJb YIOLHO OAu3KHUI K HeMY nyTh 6e3 camonepe-
CeveHul, T.e. TId JA60ro € > 0 cylmecTByeT Takoil HecaMoliepeceKamluics
nyTb (T.e. Broxenue) f: I — R? 4ro paccTosnue mex gy Toukamu f(z) u
@(x) MeubuIe £ Las 10601 Toukn £ € I. AHAJIOrHYHO ONpefe feTCs alllPOKCH-
MHDYeMOCTb BIOXKeHUAMU yuraa @: ST — R2 [lycts I — rpad ¢ BepuinHamu

o, ay, ..., an U PeOGPAMil QoGy, - .., An_1ay,. [IyTb @: I — R? HasbiBaeTCA cus-
navyuasbnoim, ecau o(a;) € p(a;—1a;) aag mobeix i,j = 1,...,n 1 CyXeHHe
‘P'[a.—l,a.'] JUHEeHHO ass jaoboro ¢ = 1,...,n. Bee BcTpedalolinecs HaM NYyTH

OyayT CHMONMUMAIBHEIMY (C Pa3HBIMH 7).

11—6%
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Crporas ¢popMyIHpoBKa 3aja4u la) Takopa: kommosuuus ¢: S' — S! C
C R? gByxpaTHON HaMOTKH ¥ CTaHJAPTHOIO BKNIOYEHHA He allpOKCHMUpY-
eTca BAOKEHUAMH. YTo6bl OOBLACHHTL HJEI0 NOCTPOeHHs MpenaTcTBus Ban
Kamnena, npuBegem Habpocku AByX pelueHudt 3aga4u la). HasoseM nyTsb co-
6akH ne3ametiauebiM, €CIH BO BpeMs JBHXKEHHA [0 TPOMHHKAM OHa He Iepece-
KaJa cBOHU chiegrl. [l He3aTeHaMBOro NyTH f NOCTABHM Ha KaXKJOH MOJAHKe
0, ectH TOYKH BXOJa COGAKH Ha NOJSHKY H €€ BHIXOJa C MOMAHKH pachojara-
IOTCA KaK Ha puC. 2.2a, 1 1 B npoTuBHoM cayuae {puc 2.2b). [Iycts v(f) 6yaer
CyMMoOi#l 1o Moayawo 2 stux aByx 4ucen. [Jas nytu f wa puc. 2.1 v(f) = 1.
SlcHo, 4TO0 v(f) 3aBHCHT TOMLKO OT PACIOJOXKEHNS OTPE3KOB NYTH COGAKH Ha
TponuHKax. [Ipy uaMeHeHHU TaKOro PacnoJOXKeHHs Ha OHOH TPONHHKE YHCJIO
Ha KaXXJoH NoJAHKe H3MeHHTCA, nodToMy v( f) He uaMenuTcs. Tak Kak OT Jio-
60ro pacnooXKeHns OTPE3KOB Y TH Ha TPOIHHKAX MOXKHO MEpPedTH K J1060My
ADYTOMY yKa3aHHRIMH onepauuami, To v(f) = 1 aas wwbozo He3aTelAHBOrO
nytH f. [loaToMy cobaka 06A3aTelbHO NepeceKala CBOH Caek.

Tenepb npuBefeM apyroe peiienue. BosbMeM 10601 HUKI 061Ero mojo-
xenus f: S! — R? 6ausxuit k komnosunuu @: S' — S! C R? apykpaTHoit
HaMOTKH U CTaHJapTHOrO BkiiodeHud. s no6bix AByX pebep ¢, j Nepecede-
Hue f(i)N f(j) cocrouT u3 koneunoro ucaa royek. Ilycts v(f) 6yget cymmoit
no Mogymo 2 4ucen |f(:z) N f()|,no Bcem HeynopsagoyeHHBIM napaM {i,j} He-
CMeXHHBIX pebep rpaca S!. lns uuxaa fo, nokasannoro ua puc. 2.3, v(fo) = 1.
Ecan B npouecce HenpepniBHoro uaMenenus f, ¢ € [0, 1], ABuxeTcs ToabKO
BHYTPeHHOCTb pebpa e C S, To v(fo)—v(f1) paBHO 4HCAy TOUeK nepecedeHus
uukaa fo(e)U fi(e) ¢ nyrem fo(S! — &) (rae € — obbveguuenne pebpa e M ABYX
cocegnux ¢ HuM). Tak kak nyTb fo(S' — €) MOXHO 3aMKHYTbH, He JOGaBJIAA
HOBHIX nepecederuit ¢ fo(e) U fi(e), To v(fo) — v(fi) = 0. DTo HHTYUTHBHO
OYeBHJHOE yTBepXKJeHNe clelyeT u3 (popMyanl Juiepa; Apyroe JoKalaTelb-
crBo cM. B [2]. Jlo6oi uuka f: S! — R? obuero nonoxenus, 6AU3KHA K

,——--\fo(f)

- | .
0> ﬁ \;\i /
. \ 4 \
», N / N / i
=2 fG-DUf@) fG-1DUF3) fo(S! —€)
a) b)

Puc. 2.1. Puec. 2.2. Puc. 2.3.
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@, MOXeT OHITL npeobpa3oBaH K fy MOCAEIOBATEIbHOCTHIO HECKOIBKHX H30-
Tonui miockocTd R? 1 HeCKOAbKHX TOMOTONHMM, ONMCAHHLIX BhIIE. 3HAYUT,
v(f) = 1 ans awobozo uukaa f: S! — R2, 6auskoro k . CresoBaTenbHO, @
He allpPOKCUMUDPYETCA BIOYKEHUAMH.

2. a) Econ o6pasom ¢(I) mytu : I — R? apnseTcsa oTPe30OK MM OKPYKHOCTE, TO ITOT
NYTh anfpoOKCUMHUPYeEM BIOKECHUAMM.

b) HyTu 1 u¥KaB Ha prC. 2.4 He aNIPOKCHMUPYEMB! BIOXKEHHAMH (U1 HaTVIAZHOCTH MBI
pHCyeM He TOJIbKO caM MyTh f, a 6IU3KUH K HEMY MYTb  OOLLEro MoJoKeHus). YKalaHue:
€CNH He MOJy4aeTCA, UCIOMb3YHTe HUKeCAe yOLyI0 TeOpeMY WM 3ajady 4a).

¢) DIAEpoB Iy Th WM LKKJ Ha IIOCKOCTH ANIIPOKCHMUPYEM BJIOKEHUAMH TOTAa U TOJIbKO
TOrAa, KOrja OH He WMeeT TPAaHCBepCAIbHHX camornepecedeHun (puc. 2.4a).

d) I'opog N cocrouT U3 HECKOULKHX IUOLW@en (KPYroB), CoeAUHEHHHX HemepeceKao-
IWHMMHCA JoporaMy ([pAMOJMHEMHHMU oTpe3kamu). M3BecTHo, 4To cylecTByeT MapwpyT,
NPOXOJAIMIT 110 KaXJAoH AOpOTe POBHO OAMH Da3 (3TOT MapuipyT MOXeT MPOXOAUTb IO
IIowiafAM HEeCKOABKO pa3). JoKaXuTe, YTO CYUIECTBYET HECAMONEPECEKGOUULCA MapLl-
PYT, IPOXOAAIUMM 10 KaXJOH Jopore poBHO ofuH pa3s. (MHuMU croBamu, B m060M HapHCoO-
BaHHOM Ha ILTOCKOCTH 6e3 caMollepeceyeH il 3IlepoBoM rpade CyulecTByeT SHIepoB LUK,
annpoKCHMMPYEMEIH BJIOKEHUAMH. )

TEOPEMA. Cumnauyuaabusiti nymo @: [ — R? annpoxcumupyem eaoarce-
HUAMU To2da u moabko mozda, xozda npensmcmeue Ban Kamnena v(p) €
€ Ho(A) = H*(I}) nyaesoe.

f(l2)
f(h)

\ )

()
a) b)

S )
e(I) [
()
e(l)
c) d)

Puc. 2.4.
11
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Onpegerenne Ho(A), H 2(1';), v(p) ¥ AOKA3aTeIbCTBO HEOOXOZHMOCTH.
3HaKOMCTBO C DTHM [OKa3aTeJlbCTBOM PEKOMeHIyeM HadaThb ¢ OTOGpaKeHUH
@ u f cpuc. 2.4c). O6o3nauuM pebpo a;_ja; rpada | YUCIOM i.

[Tocrpoenue npenstcrsus Ban Kamnena v(yp) € Ho(A) aBaserca o6o6iue-
HUeM TepBOro perueHus 3aja4ud la. Jasa cuMmnanuuaibeoro nyTu ¢: I — R2?
MOCTPOUM ero cuneyaspusit epad A (puc. 2.5 Ha c. 165 114 nyTH Ha pHC. 2.4c).
Bepmuner rpada A — Taxue maphl (a;,a;) Bepwnn rpada I, 4to ¢(a;) =
= ¢(a;) w ¢ — j > 1. Bepunnl (a;,a;) 4 (@ix1,aj+1) COeIUHEHE peGpoM B
rpade A, ec1d OHM NPHHALIEKAT eMy (3HaKH T+ BHIGHDAIOTCA HE3ABUCHMO).

PaccMoTpuM mpousBosbHBIE HesaTedausblii nyTh f. B Bepunne (a;,a;)
rpada A noctaBuM 4uciao 0, ecliu TOYKH BXoAa nyTH f Ha NOAAHKY ¢(a;) =
= ¢(a;) ¥ TOYKHN ee BBIXO/Ia C ITOH NONAHKH PACNoNaraloTci Kak Ha puc. 2.2a,
u 1 B npoTuBHOM caydae (puc. 2.2b). [loay4yenHyio pacCTaHOBKY 0GO3Ha4YUM
gepe3 v(f). [loctaBuM Ha KaxkAOW KOMIOHEHTE CBA3HOCTH rpada A, He co-
Aepxalledl Todek (ai,aiy2), CyMMy (IO MoOAynio 2) uHCel B BeplUMHAX J>TOH
KOMNOHEHTH. MHOXecTBO BceX paCCTAHOBOK HyJieH U €IHHUI Ha KOMIIOHEHTaxX
rpada A o6o3nayuM uepes Hp(A). [loayyenuyio paccranoBky v(p) € Hp(A)
Ha30BeM npenamcmeuenm Ban Kamnena (c xospduyuenmamu 6 Z;) K annpok-
CHMHPYEMOCTH OYTH ¢ BIOKEHUAMH.

HAcno, 4To v(f) = 0 Torga u* TOABKO TOrJa, KOL4a NYTh f MOXHO Tak U3-
MEHHUTb Ha MOAAHKAX, YTOOHI OH CTAl HecaMolepecekatowuMcsa. ScHo Takxe,
4TO v(f) 3aBHCHT TOABKO OT PacoON0KeHHA OTPEe3KOB MyTH Ha TPONKHKAX.
[Ipu u3aMeHeHNH TaKOTO pacloJoKeHUs Ha OJHOH TPONUHKE e IJA AI06hIX ABYX
pebep ¢ u j rpada I Takux, 410 ©(i) = ¢(j) = €, U3IMEHATCA YHC/AA B BepIUH-
HaX (@, a;) ¥ (@ip1, aj4+1) (nm (@i, a;41) ¥ (@i1,a;)) rpaca A. TloaTomy v(y)
He u3MeHnTca. Tak Kak oT M1060r0 paclHoNoXKeHUs OTPE3KOB Ny TH Ha TPOIHH-
KaX MOXHO NepeuTH K Jo6GOMy APYrOMY YKa3aHHBIMH ONlepaluiMH, To v(yp)
He 3aBUCHT OT f. 3Hadyur, ecan v(p) # 0, TO NyThb @ He aNNPOKCHMUPYETCH
BJOXKEHUAMH.

Tocrpoenue mpensrcrus Ban Kamnena v(p) € H*(I}) aBaserca 0606-
IIeHHEM BTOPOTO pellleHHs 3ajgadu la. ITo mocTpoenue 6ojee CIOKHO, YeM
npeisljyuiee, HO HMEHHO OHO MOXKeT GBITh 0606UIEHO JO HACTOALIErO npe-
narcTeua Ban Kamnena (k BroxmMocTH rpadgos B miaockocTs). O603Hadum
yepe3 /™ BepXHIOW «HaJAuarOHANb» TAGMULBL N X 0, T. €. O6befliHeHHe KJIeTOK
iXjct < j—1,oTBevaomwux napam Hecoceauux pedep rpada I (puc. 2.5). s
amoboro nytu f: I — R? obwero nonoxenns, JocTaTOYHO GAMIKOrO K ¢, U
NIOOHIX BYX HecoceHHX pebep ¢, j nepecederue f(i)Nf(j) cocTouT u3 koHed-
HOro 1Hcaa Tovek. [loctaBuM B kaetke 1 X j € [* qucno [f(¢) N f(5)] mod 2.
[Tonydyennyio paccTaHoBKy HazoBeM npenamcmeéyioweti  0GO3HAYUM Hepe3
v(f): ecan nyts f mecamomepecekalomuiics, To v(f) = 0. MHoxecTBO pac-
CTaHOBOK HyJeill H eJHHHL B KIETKaX «HajAuaronaiu» I* (B HeMm 2(n=1)(n~2)/2
3JeMeHTOB) oGo3HavaeTcs depes C2(1*). PacCTaHOBKH MOXHO CKJIAIBIBATD:
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1 2 3 4 5 6

7 a a
~x
4 ‘\_/
I‘
31
a) b)
Puc. 2.5. Puc. 2.6.

IJIS TOI'0O MPOCTO CKAaJbIBAIOTCA YHCIA, CTOALINE HA KaxKIoM pebpe (Takoe
ClOXeHUe Ha3blBaeTCA noxomnonenmubim). [lokpacuM B 4epHBIH 1IBET KJIETKH
i X j Tabauusl I*, gas koTopux (i) N¢(j) = @. Tak kak nyTh f 6AM30K K
¢, To v(f) = 0 B 4epHBIX kieTKax. O6o3na4nM Yepe3 C2(I*) mogMHOKECTBO
mHoxecTBa C2(I*), cocTosllee U3 PACCTAHOBOK C HYAAMHU B YePHBIX KJETKax.
Urak, v(f) € C(I*).

[Ipu npeobpasosanuu Patdematicmepa nytu f Ha puc. 2.6a paccTaHOBKa
v(f) u3MeHsieTCA POBHO B IBYX COCEMHUX KAeTKaX i X j u i X (j +1) (nam j x ¢
u (j+1) x1). Ecan ogHa U3 3TUX ABYX KJIeTOK He JeXKHUT B [*, TO YHCJIO B Heil
He CTOUT W He MeHseTcs. PaccraHoBka 1 B kreTkax Tabauusl [*, COCETHUX C
pe6poM e, u 0 B OCTATbHEIX KJIeTKAX TabAUUBl [* HA3bIBAETCH JAEMEHMAPHOU
xoepanuyed pebpa e mabauybt I* 1 o6o3navaeTca Je.

CaenaeMm ykasanHoe npeobpasobanne Paiifemaiictepa aad pebep ey, ..., €k
Tabauubl [*. DTy omepauuio MOXHO 3a1aBaThb PACCTAHOBKOHW eXMHHI HA pe-
6pax e1,...,ex (1 HyJeidl Ha ocTaldbHHIX pebpax). O603HAYUM NONYHEHHYIO
paccTaHOBKY 4epe3 N, a moaytdeHHHI OyTh 4Yepe3 fn. MHOXecTBo paccra-
HOBOK HyJed M efuHUI Ha pebpax Tabauunl I* (B HeM gn®~-n-2 3/eMEHTOB)
C onepalnell NOKOMIOHEHTHOrO cloXeHus obosnadaercs vepes C'([*). Ka-
XKIOMY pebpy e OTBedaeT «xapaKTephcTHYecKad» paccTaHoBka e € CL(I*)
eJUHUIH Ha pebpe € U HYJA HA OCTalbHLIX peGpax. OnpegeanM oToOpaxKe-
Hue §: C1(I*) = C*(I*) dopmynoit d(e; + ...+ ex) = be; + ...+ dex. Torza
v(f) — v(fn) = SN.

[lokpacum B 4epHblit UBeT pebpa ¢ X a; H a; X ¢ Tabauuel I*, f18 KOTOPBIX
v(a;) € ¢(¢) (Takum o6pa3oM, rpaHHLA YEPHOH KJIETKU COCTOMT U3 YEePHBIX
pe6ep, HO MOTYT GBITH M ApYrHe HepHble pebpa). Obosnadinm depes C,(I7)
nogMHOXKecTBo MHOXKecTBa C!(I*), cocTosee U3 paccTaHOBOK C HYJAMH Ha
dyepHuIX pebpax. Tak kak f 6Ju3KO K ¢, TO yka3aHHoe npeobpa3oBanue Paii-
AemaiicTepa Bo3aMoxkHO auilb nipu N € CL(I*). fcno, wro §CL(I*) C C(I7).
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Ha3oBeM paccTaHOBKH vy, V3 € C'i,(]*) KO2OMOAOSUUHBLMY, €CIH V] — Vp =
= §N zna nekoroporo N € CL(I*). Tpyana H2(I*) = CZ(I*)/6(CL(I*)) pac-
CTaHOBOK C TOYHOCTBIO 0 KOIOMOJIOTHYHOCTH Ha3bIBaeTCA d8ymeproti epyn-
noti xozomoaozuti (¢ xospduyuenmamu 6 Zz) npocmparcmea I* omuocu-
meabno €20 uepno2o nodnpocmpancmeéa. lIpenamemeue Baw Kamnena (¢ xo-
s puyuenmamu 6 Zo) onpesenserca kak v(p) = [v(f)] € HE(I").

Yro6bl fOKa3aTh KOPPEKTHOCTD DTOrO ONpejeeH s, T. €. HE3ABUCUMOCTH
v(p) oT Be6Opa myTH f, paccMOTpPHM NyTH fo, fi: I — R? obiero nonoxe-
Hus, 61u3KKe K . BoabmeM npousBoabnyto romotonuwo fr: I — R2 ¢ € [0, 1]
ob1ero noJaoxeHud, 61u3Kyo K ¢. Ha kaxkgoM pebpe ¢ X a; uiu a; X ¢ Tabau-
ubl I* moctaBuM 4mcio (0 MOAYAI0 2) MOMEHTOB BpeMeHH t, A KOTOPHIX
fi(a;) € fi(?) (T0 4uCHO KOHEYHO MO COOGpaXKeHHAM OOILUEro MOMOXKEHUA).
[lony4eHHYI0 pacCTAHOBKY Hyled W efuHul Ha pebpax Tabauunl [* obo3Ha-
auM deped N ({f:}). Tak kak fi(z) 6ausko k @(z), To u3 p(a;) € (i) BH-
texaer fi(a;) ¢ fi(i). Mosromy N({f;}) € CL(I*). Jlerko mpoBepuTs, 4TO
v(fo) — v(fi) = SN({{f:}). Hosromy v(y) ue 3aBucurt ot f. fcHo, 4To v(p)
ABAAETCA NPENsTCTBAEM K aNNpPOKCHMHPYEMOCTH NYTH ¢ BIOXKEHHAMH.

JloxasaTeascTso uzoMopduama Ho(A) = H?(I7;) (o Ha3bIBaeTCH H3OMOD-
¢duamom Ilyankape) u Toro, 4to ABa HOCTPOeHHBIX mpeniTcTBUs Ban Kam-
neHa MepexojaT APYT B APyr'a IPU ITOM H30MOpPQH3IMe, OCTaBAfeM YUTATEII0
B KadecTBe 3ajayu (pewnte cHadana 3ajgady 3). a

Koncrpykuus npenarcrsus Ban Kamnena v(p) € Ho(A) ¥ gokasartens-
CTBO JOCTATOYHOCTH B TeopeMe (KOTOpPOro MHI 3JeCh He NPHBOIMM) ObLIH
NOMy4YeHH CAylIaTeleM Kypca, [0 MaTepHalaM KOTOPOrO HalMCaHa HacTOS-
u@as craTha [15].

O6o3naynm depes [*¥ ob6besnHeHHe YepHHX KaeTok H pebep. CTaHgapT-
HEIMH oGo3navennamu rpynn CE(I*,) u HX(I*,-) aBastoTcs CHI*, 1™, ) n
H?(I*,I*%,-), COOTBeTCTBEHHO.

3. (Bermicrnerme) a) H2(I*) = Z5, rae k — umcno xyckop Tabmuust I*, orpaHH4eHHHIX
YepHBIMM pe6paMu H CojepiKaiumX XoTA 6H OfHy 6enyio KIETKY.

b) [aa xkaxjgoro Kycka M3 a) COCYMTaEM CyMMy CTOALIMX B HEM HHCEA PacCTAHOBKM
v(f). Torga v(¢) ects Habop u3 k Takux cymm.

4. a) Ecmn cummmmmansueti myTs ¢: [ — R? annpokcuMupyeMm BIOKEHHAMH, TO

Aas moboro HeNpepLIBHOTO ABHKEHHUA TOYEK T M Y Mo oTpe3Ky [, B mpouecce
koToporo ¢(z) # ¢(y), a B KOHIIE KOTOPOro TOYKH T U y BO3BPALIAIOTCA KaXAad

(R) B cBoe uCxofHOE MonOXKeHHMe (T.e. 1A JIOGOr0 HepepHBHOr'O 0To6paxenna S' —
= {(z,y) € I xI| ¢(z) # v(y)}), wmcao oboporos BekTopa oT () K ¢(y) B
[IPOLIECCE ITOrO ABMXEHHMA DABHO HYJIIO.

b) To xe Bepuo aus muxna ¢: S' — R? u gas orobpaxenns ¢: K — R? nponspoabHoro
rpaga K.

c) TpexxpaTnaa HaMoTKa ¢: S’ = §' C R? He anmpoKCUMHpPYeTCA BIOXEHHAMH, XOTA
Al Hee BHINOJHeHO yciaosue (R).
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Puc. 2.7.

d) B kaxgoit Touke (z,y) Ha pebpe Tabauusl [* nmocTaBUM BeKTOp C HanpaBJeHWeM OT
f(z) x f(y). Toraa B kax Aol KileTke Tabmus [* CTOMT HMCIO «4eTHOCTH YHCIA 060pPOTOB
BEKTOpa IpU 06X0/€ [0 €€ PAHUIIEs.

e) PaccmoTpum 6onee cnabyio dpopmy (r) yenosus (R): uucio o6oporos seTHo. Toraa
(r) @ (v(v) = 0). Takum o6pa3om, nmpenarcreue Ban Kamnena asasercs YacTHHM ciydaeM
OPENATCTBUI, pAaCCMOTPeHHHX B §1, T.K. Tabnuuy [* MOXHO paccMaTpHBaTB KaK IByMep-
HBIH [OAM3JD, & KAETKH § X J KaK ero JBYMEDHHE KJIeTKH.

5. Hocrpoitre npensarcteue Ban Kamnena V() ¢ Z-xo3dpdpuuneHTaMu u JoKaxXuTe LI
Hero aHaJjor 3aja4 3 u 4.

6. llocTponTe aHasor mpenatcTeuit v{y) u V() A1 aNNpOKCHMUPYEMOCTH LIMKJOB BJIO-
xeHUAMY. JloKaXHUTe UX HEellOMHOTY (Aaxe Anf oTo6paeHUH, 06pa3aMi KOTOPHIX ABIAIOTCA
TPHOAH ).

TEOPEMA. Caedyowue yc106us pasnocuabrbl dis Koneunozo zpagda K:

(P) K naanapen (m.e. y Hez0 cywyecmayem pa3buenue, pebpa Komopoz0
NONAPHO HEe NEPECEKANTNCL),

(K) K ne codepacum nodepagos, zomeomopdunir epadam Ks (noansii
epad c & sepuwunamu) u K33 (domuxu u xoaodywt) (puc. 2.7),

(v) npenamcmeue Ban Kamnena v(K) € HY(K*) nyaesoe.

Ycnosue (K) npotue, 4em (v), Ho He 06061a€TCA Ha BHICIIHE PAa3MEPHOCTH.

Ha6pocok onpeaerenus H*(K*), v(K) u gokasarerscrBa. YTo6b 06Db-
ACHHUTDH HJEI0 NOCTpoeHHA npenaTcTBua Ban Kamnena, gjokaxkeM HeillaHap-
HOCTh rpada K5. BospMmeM no6oe orobpaxenue obulero nosoxesud f: Ky —
— R2. Ins 110661 1ByX pebep o, T nepecedenne f(o)Nf(T) COCTOUT U3 KOHeY-
Horo 4ucaa Toyek. [Iycts v(f) 6yxer cyMMmon no moayaio 2 qucen | f(a)N f(7)]
Mo BCEM HeynopsJodYeHHBIM napaM {o, 7} HecMexHbIX pebep rpada Ks. las
oTobpaxennsa f, mokasaHHoro Ha puc. 2.7, v(f) = 1. Jas xaxjgoro pebpa
rpada K ¢ Bepunnamu a,b rpad Ks — {a, b}, nonyyenuniii yganenuem us Ks
BepLUUH a,b u BHyTpeHHOCTell pebep, BHIXOJAUINX U3 a,b, eCTb OKPYKHOCTH
(3T0 TO caMoe cBoiicTBO rpada K5, KOTOpoe HEOOXOZUMO IIf JOKa3aTeldb-
ctBa). [losToMy anasornyuo BTOpoMy pelueHuio 3afadu la v(f) He 3aBucHT
ot f.3Hauut, v(f) = 1 Aas wobozo oTobpaxenus f: Ks — R2 CregopaTens-
Ho, K5 He nianapen. HennanapHocTs rpada K33 foKa3biBaeTCA aHAJIOTHYHO.
HUrak, (P) = (K') gokasaHo.
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Hokaxem Teneps (P) = (v). 3apukcupyem tpuanryasuuio T rpada K.
s mo6oro orobpaxkenns f: K — R? obliero noiokeuns n J06LIX ABYX
HecMeXXHBIX pebep o, T u3 K nepecedernue f(o)N f(T) COCTOUT U3 KOHEYHOro
qucaa Touek. Iyers v(f)qr = |f(0) 0 f(r)] mod 2. Torga v(f) € C*(K™),
rae C?(K*) ecTb MHOXecTBO paccTanoBoK 0 M 1 Ha HeyNOps 10YeHHBIX Mapax
Henepecekaownxca pebep rpaga K ¢ onepaunedl NOKOMIOHEHTHOTO CAOXKe-
HHUSA.

pu asuxennu Paiigemaiicrepa Ha puc. 2.6b xk v(f) nobaBrsercsa pac-
CTaHOBKAa eIMHUUBI Ha nmape o X ( Aas ¢ € « W HyAf Ha OCTAJbHBIX Ma-
pax. ATy pPacCTaHOBKY Ha3oBeM aaemenmaprot xoepanuyet é(a x ) Heyno-
pagoyenHoil napu {a,3}. I'pynna paccTaHoBok HyJell M eIMHHI Ha Mapax
{v, B} c onepanuei NOKOMIOHEHTHOrO ClIOXKeHUs o6o3navaeTcs yepes C1(K™).
Utax, N({f:}) € C'(K*). Onpegenum orobpaxenue §: C1(K*) — C*(K*),
OTHOWeHKe KoromonorudsocTH Ha CZ(I(*), deymepuyro apynny xoz2omono-
euti H*(K*) = C*(K*)/§(C*(K*)) u npenamcmeue Ban Kamnena v(K) =
[v(f)] € H3(K™*), xax u B JOKa3aTeJlbCTBe NPeAbIAYIIell TeopeMEl.

Jlns 3agaHEHIX oTo6paxenui fo, fi: K — R? obiero noioxeHus paccMo-
TPHM NPOU3BOALHYIO romoronuo f;: I{ — R? obuwero nonoxenns. Ha ka-
K JIoH nape {a, S} nocraBuM 4ucio (M0 MOLYJI0 2) MOMEHTOB ¢, IJA KOTOPKIX
fi(a) € fi(B). Hony4enuyio paccraHoBKy HyJed u efnHuu Ha mapax {v, (5}
o6osnayuM uepes N({f;}) (saMerum, uro B [11, §2] paccranoska N ({f:})
olnpefleneHa HempaBuabHo). Jlerko npoBeputs, uto v(fo) — v(f1) = §N({f:}).
3HayuT, v(K) He 3aBHCUT OT f, M MODTOMY ABJAETCA NMPENATCTBHEM K BJO-
)Kumoctu rpada K B mIOCKOCTB.

WUmnankauus (K) = (P) 6naa goxasana Kasumupom Kyparosckum B
1930r. (cM. nmpocroe gokasaTeabCTBO B [7]). [JOKa3aTelbCTBO MMINMKALUK
(v) = (K) ocraBaseM 4nTaTeNO B KauecTBe 3aja4l. [[paMoe JOKa3aTedbCTBO
umnaukanui (v) = (P) n (K) = (v) cm. B [13]. a

7. a) IlocTpoitre npensrcrere Ban Kamnena V(K') ¢ neauimMu kosdbduumeHTaMH.

b) ocrpoitre npenstcrene Ban Kammena v( /) k BaoxkuMocty n-nomaapa K B R2™ n
AOKaXHUTe, 9TO N-0CTOB (2n + 2)-CHMILIeKCa He BIOXHM B R2™,

§3. B HANPABJEHUU LLITUDENA U YUTHH

HanoMHuM omnpenenenue yToJlleHHs H JByMepHOro MHOroo6pa3us, HC-
noiab3yeMele B 3ToM naparpade. [Jas rpada K paccMoTpiM obbegnHeHHe
OACKOB, YHCJIO KOTOPBHIX paBHO 4ucAy BeplunH rpada . Ha kaxxgoMm Takom
AUCKe BBeJeM OpPHeHTalHIO (WIH, YTO TO XKe CaMoe, BAOKHM DTH JUCKH B
IVIOCKOCTD ¢ (pUKCHpOBanHOH opueHTaunei). Torga rpauudusie OKpYyKHOCTH
JUCKOB TOXe OyIyT opHeHTHpoBaHbl. Ha ka)XZ0# Takoli rpaHHYHON OKDY K-
HOCTH OTMETHM HellepeceKaloliuecsi OTPe3KH, OTBeYalollde BLIXOAAIIHAM H3
COOTBEeTCTBYIOLIel BeplIHHBL pebpaM. [das kaxgoro pebpa rpada K coean-
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HUM (He 06A3aTeNbHO B NIOCKOCTH) COOTBETCTBYIOLIME eMy JBa OTPE3Ka JieH-
TOYKOH. DTa JeHTOYKA HA3LIBAETCA NEPEKPYUENHOU, eCld CTPelKH Ha JABYX
ee NPOTHBONOJOXKHBIX KOHIAX, JexalluX B AUCKaX, coBnajaloT. JlenTouka
HA3bIBAETCA HENEPEKPYUEHHOU, eClIH DTH CTPEIKH NpoTHBononoxHel. IlycTe
N — o6besuHenue NOCTPOEHHBIX JIMCKOB U JeHTo4eK. Tonojornieckas napa
(N, K), cocrosiutas u3 N u rpada K, ecTecTBeHHO B/OKeHHOro B [N, Ha3bl-
BaeTcA ymoauwenuenm rpada K. MHorga mas KpaTKOCTH MBI OyJeM Ha3blBaThb
yToJLIeHeM noBepXHOCTb N. [[Ba yToaleHus ofHoro rpada K sxeusaqenm-
Mbl, €CJIH MO#HO U3MEHHTb OPHeHTANUU Ha HX AUCKAX TaK, YTOGHI

1) AeHTOYKH B ABYX yTOJIIEHUAX, COOTBETCTBYIOUINE OJHOMY H TOMY XKe
pebpy rpada K, 6b111 6b1 0fHOBPEMEHHO NepeKpy4eHbl WIH HeT, H

2) nas mo6oit BeplinH Tpada K Hemepecekalollecs OTPe3KH Ha CPaHUY-
HOH OKPY#KHOCTH COOTBeTCTBYIOLIEro AHCKA HIYT B OJHHAKOBOM {OpU-
€HTHPOBAHHOM) TIOPAIKE.

3akjaeus Bce TpaHHYHBIE OKPYKHOCTH YTONEHUA AUCKaMK, MOAYVIHUM 34-
MEHYMOE 2-MH02006pazue. YToNlIeHHE HA3BIBACTCH MPUAH2YAAYUET COOTBET-
CTBYIOILETO 2-MHOroo6pasuf, ecid KaxX/gafd CpaHUYHAd OKPYXXHOCTh 3TOrO
YTOJIIEHHs MPOXOAUT POBHO [0 TpeM JeHTOYKaM, POBHO MO TpeM JAHCKAM
U IpH 5TOM KaXKIYIO JEHTOYKY H KaxKAbIH THCK NepecekaeT PpOBHO 10 OJHOMY
oTpesky. Ka:k joe 3aMKHyTOe OplleHTHPYeMOe CBA3HOe 2-MHOroo6pasie SKBH-
BaleHTHO (MBI HE YTOYHAEM, B KaKOM CMBICIE) cepe ¢ ¢ pyYKaMu. 31ech § —
HEKOTOpPOe YHCIO0, OJHO3HAYHO onpejielifeMoe 0 MOBEPXHOCTH H Ha3hIBaeMoe
ee podom.

A. OPUEHTHUPYEMOCTbD

YToulleH e Ha3bIBAGTCA OPUEHMUPYEMbLM, ECIN OHO DKBUBAJEHTHO YTOJ-
ILEHUIO, He UMeIoleMy MepeKpy4YeHHBIX JeHTO4YeK. 3aMKHYToe 2-MHOroo6pa-
3He, NOJYYeHHOE U3 HEKOTOPOH TPHAHTYAALNH, HA3KBACTCA OPUERMUDYEMbLM,
€C/IM 3Ta TPUAHTYJIALUA opHeHTHpYeMa. IIpH moMoly nepexosa K ABOHCTBEH-
HOMY KJeTOYHOMY pa3bHeHHI0 IOKAa3bIBAETCA, YTO ITO ONpefeleHHe paBHO-
CHNBHO CTAaHJAAPTHOMY: MOXKHO BBECTH OPHEHTAUNIO Ha BCeX 2-CHMILIEKCAX
TPHAHTYAALMI (B OOBIYHOM CMBICJAE), TaK YTO OPHEHTAUNH COCeIHHX 2-CHM-
MLIeKCOB cOr/1acoBaHul. OpHEHTHPYEMOCTh He 3aBHCHT OT TPUAHTYIAUIH (KTO
He X04eT ITOr0 JOKAa3bIBaTh, MOXET CYUTATh, YTO HHUXKe Be3fe pacCMaTpUBa-
IoTcH 2-MHOroo6pasusd ¢ PUKCHPOBAHHON TPHAHTYAALHEN).

1. YToumiuenue okpyxuocTy Ha puc. 3.1 (et Mébuyca) HeopnenTupyemo.

2. l'omeoMopdHEE rpad B UMEIOT OHHAKOBOE KOJUIECTBO (OpHEHTHPYEMEIX) yToJlie-
HHUI ¢ TOYHOCTBIO [0 3KBHBANEHTHOCTH.

3. Cxoabko (OpueHTHPYEMBX) YTOMIIEHHH C TOYHOCTHIO JO DKBHBAJNEHTHOCTH Y
a) OKpyXkHOCTH, b) Tpuoga, c) kpecra, d) n-oza, €) BocbMmepkH, [) 6ykBu O?
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S!CcN StvS'c N OCN

Puc. 3.1. Puc. 3.2.

[IpouniiocTpupyeM MeTO[ TeOpHH NpeniTCTBHH Ha NpHMepe NONYYeHHA
KPATEPHA OPHEHTHPYEMOCTH YTOJILEeHHA. DTOT KPUTEPHHl ABJATCH NO CYTH
JUIlb MepedopMyIHPOBKOH ONpeleleHHs OPUEHTHPYEMOCTH Ha aiarebpandve-
ckuil #3uK. KpoMe Toro, cyuiecTByeT Gosee poCTON KPHTEPHil OPUHEHTHPYe-
MocTH (3aga4a 5). [losToMy NpUBOAUMBI KPUTEPUH OPHEHTHPYEMOCTH YTOJ-
LUIeHUA BaKeH He caM IO cebe, a MMEHHO KaK UJJIIOCTPallUi MeTOoJa TeOpHH
npenarcTsui. W ges moka3aTeabCTBa 3TOr0 KPHTEPUA HY/KHa IIPH KJIacCHPH-
Kauuu yTonumennu (3aga4yu 8 u 9).

TEOPEMA. Ymoawenue (N, K) (uau dsymeproe mnozoobpazue N) opu-
enmupyemo mozda u moavko moada, xozda €20 nepebiii xaacc UImudeas -
Yumnu wi(N, K) € HYK) (uau wy(N) € HY(N)) uyaeeoi.

BuluMCAEHHE. HY(K) = 2Z-V+C (HY(N) = 22 = 227X, 2de g u x —
pod u atlweposa Tapaxmepucmura noseprnocmu N, coomeemcemeenno).

Onpegerenne H'(K), wi(N, K), H'(N), wi(N), HY(N) un gokasateis-
crBo. PaccMoTpuM cHavana cayyal yrtoainenud. Boasmem HaGop opueHTa-
LU 0 Ha ANCKaX fJaHHOro yroamienus N. Ha kaxjaom peGpe rpada K mno-
CTABHUM 1, eC/IK COOTBETCTBYIOWIASA JEHTOYKA epekpyyeHa, it 0 B IPOTHBHOM
cay4dae. [lonydeHHyo pacCTaHOBKY Ha30BeM npenamcmeyioweti 1 o603Ha KM
w(o0): ecin w(o) = 0, To yroaumenue N opuerTupyemo. Kounedno, w(o) 3aBu-
CHT TakxXe oT yroaienus (N, K), Ho Mbl He YKa3bsIBaeM 3TO B 0003HAYEHHAX.
MHo:kecTBO BceX paCCTAHOBOK HyJel u equHul Ha pebpax rpacda K c onepa-
1Heil MOKOMIOHEHTHOTO CIOXKEHUA 0603Ha4uM Hepes ZE. Paccranoku MoxHO
CKAaAbIBaTh: JIf 3TOCO NPOCTO CKJIAIbIBAIOTCA YHCIA, CTOALIME Ha KaXKIOM
pebpe (Takoe CIOXKEHHe Ha3bIBAECTCA NOKOMNOHEHTTIHBIM).
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Pasnnune Mex gy HabopaMH OpUeHTauuil o U o' MOXKHO H3MepATH (U 3a-
faBaTh) Tak. Ha kaxgo#t Bepuune rpada K noctaBum 0, eciu opueHTalUlu
COOTBETCTBYIOLIEr0 AHCKa B 0 I B 0/ cOBNajaloT, 1 1 B IPOTHBHOM Cly4ae.
[lony4ennyo paccTaHOBKY Ha3oBeM padauuarouet u obosnadum d(o,0'): ec-
au d(o,0') = 0, To 0 = ¢ (u Haobopot). ['pynny Bcex paccranoBok 0 u 1
Ha BepliMHaX rpada K ¢ onepauueil NOKOMIOHEHTHOI'O CIOXKeHHA 0603Ha1Y UM
yepe3 Zé/.

Ecau w(o) # 0, To 0 He omnpesensieT OpHEHTAUNUN YTOMIIEHHS, HO elle He
BCE MOTEPAHO: MOMNKHO MONBITATHLCA H3MEHHUThL 0, TaK YTOGHI NPENATCTBYIO-
as pacCTaHOBKa cTaja HyJaeBoli. BuiscHUM, Kak w(0) 3aBucHT oT o. [lpu
H3MEHEHHH OpPUEeHTAUHH OJHOTO AHCKA, COOTBETCTBYIOLIErO BeplINHE @, K
w(o) npubaBisercs paccTaHOBKa 1 Ha pebpax, BHIXOAAWMX H3 a, 1 0 Ha
BCeX OCTaJbHBIX pebpax. JTa pacCTAHOBKA HA3BIBAETCHA IMEMEHMAPHOU KO-
2panuyell sepwunbl a ¥ 0603HavaeTcs da. Kaxqou BeplinHe @ OTBeYaeT «Xa-
PaKTepHCTHYEeCKas» PACCTaHOBKa ¢ € Zy eIWHWIL B BepiliUHe ¢ U HyIf B
OCTaNbHHX BepuidHax. Oupegenum oTobpaxeHue &: Zg — Z2E dopmyJoi
8(ay + ...+ ax) = ba; + ...+ dax. Toraa w(o) —w(o’) = dd(o, 0').

HasoBeMm paccTanoBkn wy,wy € ZY xozomonoeuunvimu, ecnu wy —wy = 59
xns Hekotoporo € ZY. Tpynna H'(K) = ZZ/§(ZY) paccranosok ¢ TouHo-
CTBIO K0 KOT'OMOJOTHYHOCTH HA3bIBAETCH 00HOMEPHOU 2pynnoti Ko20mo.402ull
epaga K c xosdduyuenmamu 6 Zo. s popmynn w(o) —w(o’) = §d(o, o) cae-
AyeT, 9To nepeviii naace lmugean — Yumnu wy (N, K) = [w(o)] € H'(K) ne
3aBUCHUT OT 0. 3HauuT, w; (N, K) aBagerca npensiTcTBHEM K OpHEHTHPYEMO-
ctu yroawenus (N, K). Tak xak d{o, 0') MoxeT npuHuMaTh ar0boe 3HaYeHIe
w3 rpynnst §(ZY), To B caydae w(o) € 6(Z¥) MOXKHO TaK M3MEHHTb 0 Ha 0,
YTO6H Moy yua0ch w(0') = 0. 3HauuT, wy(N) ABALETCA NOAHbIM NPENATCTBI-
eM K ODHEHTHPYEMOCTH yToJuleHus V.

KpuTepuii opreHTHpPyeMOCTH MHOr0OGpa3uil MOAy4aeTCA aHaloOru4Ho. B
9TOM clIy4ae AIf OPensTCTBYIOLIEH PacCTAHOBKH w(0) CyMMa 4Hcen Ha Tpex
pebpax, o6pa3yoLHX I'PaHHLY HEKOTOPOro HPUKJIEEHHOro AHCKa, PaBHA HY-
Jo. PaccTaHOBKE ¢ TakKMM yclioBHeM 06pa3yioT NOACPYNIY OOHOMEPHBIZ KO-
yuxaos Z'(N) < ZE. Mposepsercs, uto §(ZY) C Z'(N). Hepsvui raacc

MImugeas - Yumuu w(N) = [w(o)] noayyaeTcs iexauum B odnomeproii
epynne xozomoao2ut 2-maoroobpazna N (c koadpduunentamu B Zo) HI(N) =
= ZY(N)/8(zY). 0

Jlna Muoroo6pazus N kaacc [w(o)] € CY(N)/§(ZY) = H'(K) Tawxe apas-
eTcs (IONHBIM) NPENATCTBHEM K OPDHEHTHPYEMOCTH, HO OH JEXHUT B Lpynie
HY(K), koTopas cINLIKOM BelHKa M TOMOJOrWYeCKH He HHBADHAHTHA, T.e.
3aBUCHT OT rpacga I{, a He oT MHOroo6pasus V.

4. I'pynna H' () 3aBHCHT TOMbKO OT TONOJOIMYECKOro THIa rpada I, T.e. ojHOMep-
HBl€ I'PYNIH KO'OMOJOTUH IOMeOMOPGhHLIX rpadoB H3OMOPQHHI.
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5. Caegysoume ycioBua Ha yTouauienue (N, K') paBHOCUIbHE OPHEHTHPYEMOCTH:

H) nepeuniti xaacc lmugeas - Yumnu wi(N, K): Hi(K) = Z; nynesoii,

M) (N, K) He copepXHUT MoAyTONLIEHHS, roMeoMopdHOro usobpaxeHHomy Ha puc. 3.1
mucty Mébuyca.

3aecy Hi(K) — muoxectso moarpados rpada K, y KOTOPHIX cTeneHb KaX 0N BepILM-
HBl 9eTHa (HMIH, ITO TO XKe caMoe, MHOKECTBO TakHX paccTaHoBok 0 u 1 Ha pe6pax rpada
K, wro aas mobol BeplMHH @ 4MCIO | Ha pe6paX, BHXOAAL(MX W3 BEPLIMHH @, YETHO).
Onepanus ciMMeTPHYECKOM Pa3sHOCTH (HJH, YTO TO XK€ CaMoe, [IOKOMIIOHEHTHON CYMMBI 110
MOJyJiO 2} peBpaliaeT 3TO MHOKECTBO B abeleBy I'DYIITy U B JUHEHHOE MPOCTPAHCTBO HAJ
Z. as moboro noarpada g € Hi(K) cymma w(o) - g 3HadeHm w(o) mo Bcem pebpam nog-
rpada g He 3aBUCHT OT HaGopa opueHTaumil o. [loaTomy dopmyna wy (N, K){g) = w(o) - g
KOPPEKTHO 3afaeT JuHeinyio ¢ynkinno wi(N,K): Hi(K) - Z,. Yromuenus (N,K) u
(N',K') 20meomopdnsl, ecmt oT OfHOrO MOKHO MePeHTH K APYFOMY OMEPaLMAMH OJHO-
BpPEMEHHOI0 ToApa3feleHns pebpa rpadga U COOTBETCTBYIOLLEN JEHTOYKH YTOMUEHUA HIM
o6patanmu. Ecmn L — moarpad rpada I, To yromuenue N rpada K coaepX HT yToalleHUe
rpacda L, HasuBaeMoe nodymoaujenues yTomuerua N. Ykasanue k fokasaterscrsy H&M:
HecaMmoTlepeceKalouecs MKIL o6pa3yioT 6asuc B JuHenHom npocrpaicTse Hy(K') Hag Zo.

6.a) Hi(K)=ZEV+C = HY(K).
b) Oto6paxenne ¢: H'(K) = (H\(K))", sagannoe ¢popmyron ¢[v](h) = v-h xoppekT-
HO OIpejeNieHo, ABIAETCA H30MOPQPU3MOM M NEPEBOAMT w B wi (cM. 3aja4y 5).

7. Xas rpada K o6osua<um wepes ST (K) (T?(K)) mHoxecTBo opueHTHPYeMHIX (BCex)
yromuenuit (N, [{) ¢ TOYHOCTBIO 10 SKBHBAJEHTHOCTH. [{18 CBA3HOro cneyuaabrozo (T.e.
MMEIOIIEro TOMbKO BepUIMHH cTemenn 3) rpada |[ST?(K)| = 2V 7! u [T*(K)| = 2% (370
HeBEPHO 6€3 NpeAIONIoKEHHA O CIEUMATLHOCTH — CM. 3aJady 3).

8. las ceasuoro rpada I (He roMeoMopdHOro ToYKe, OKPYXKHOCTH MIM OTPe3Ky) ¢ V
BeplnHamu cTerteHell ki,..., kv a) |ST?(K)| = %(kl =1} (kv = )N

b) nepanit kxacc HlTudens — Yutun onpegenser mupapuant wy: T2(K) — H'(K).

¢) IT2(K)| = 2BV (ky — ). (kv — 1)}, rge E = %(k1 ot ky).

9. lna rpada I paccMoTpuM 06beqUHEHHE TPEXMEPHHX LIapOB, YMCJI0 KOTOPHIX PAaBHO
V. Ha kax oM TakoM Liape BBejeM OpPHEHTALMIO (HIH, ITO TO XK€ CaMoe, BAOKHM 5TH IUaphl
B HPOCTPAHCTBO ¢ (BPUKCHPOBaHHOHM opueHTauHen). Torga rpaHudHne chepH IUCKOB TOXKe
GyayT opueHTHpOBaHH. Ha KaXx ol Takoél rpaHH4HOM cepe 0OTMETHM HellepeceKalolHecs
ABYMEpPHHE JUCKH, OTBEYalOLMe BRXOAALUM U3 COOTBETCTBYIOLEH BeplIHHH peGpam. [Jan
Kaxjoro pebpa rpada K coegunuMm (He 0643aTESbHO B TPEXMEPHOM MPOCTPAHCTBE) COOT-
BeTCTBYIOLIME eMy JBa JUCKa TPpy6KoH. DTa Tpybka Ha3HBAeTCA NEPEXPYNERNOL, €CIH OPH-
€HTAllM! Ha ABYX ee MPOTHBOMOJOXHHEIX OCHOBAHHUAX, JeXaLX B Liapax, copnajanT. Tpy6-
Ka HA3HBAETCA HENEPEKPYNENNOL, €CTH ITH OPUEHTALMM MPOTUBOMNONOKHH. Ilycth N —
o6beJHHEHNEe MOCTPOEHHHX 1apoB U Tpy6ok. Tomonormyeckan napa (N, K'), cocTodian u3
N u rpada K, ecrecTBeHHo BioxeHHoro B N, HasniBaeTca 3-ymoawenuem rpada IV. [Ipa 3-
yTomuenus rpada K sxeueasenmub, M MOXKHO H3MEHUTL OPHEHTALIMH HAa UX JUCKAX TakK,
4TO6GH TPYOKU B JABYX YTOMUEHHAX, COOTBETCTBYIOLIHE OAHOMY H TOoMy Xe pebGpy rpada
K, 6nmn 6M 0AHOBpEMEHHO mepeKpy4eHsl wim HeT. O6o3maunM 4epes T°(K) MHOXKecTBO
3-yTomuenmit rpada K ¢ TouHocThio A0 dKkBuBaleHTHOCTH. Torga wi: TO(K) = H'(K)
ABJACTCA B3aUMHO OJHO3HAYHHM OTOGPaKEHHEM HA.

10. Kakue u3 yromuenun 3aga4d 3e, 3f BIOKUMH B ILIOCKOCTb?

11. [TonsiTee yTOMUEHMA BOZHHMKIO NMPH UCCAEJOBAHUH BJIOXKHMOCTH rpada B ILIOCKOCTH
u B noBepxHocTHu (cp. §2). JeiicTBuTensHO, Korga rpad BAOXKEH B INIOCKOCThb (WIH B MOBEPX-




Teopusa npenATCTBHH JJA HATYHHAIOLIHX 173

HOCTB), JIEFKO BHGPATh OKPECTHOCTb 3TOro rpada, ABIMOUYIOCS ero yroitesueM. Ecu
AaHO oTo6pakeHue oblero mofioxeHua rpaga K B MIOCKOCTB, TO aHAIOTHYHO MOXHO IO~
CTpOUTh OpHEHTUpyeMoe yToilleHue rpacda K, cooTBeTCTByIOllee ITOMY OTOOpaxeHHIO.
Tak kak m060i rpad HMeeT KOHeHYHOe MMCJO yTOMUeHUR {3ajata 8), TO BONPOC O BIOKH-
MOCTH I'padOB B IIOCKOCTH CBOJITCH K BOTIPOCY O BAOKHUMOCTH OPHEHTHPYEMBIX Y TOMILEHHH
B ILIOCKOCTb.

Caenyouue ycaopusa Ha yromuenue (N, ') paBHOCWIBHEL:

P) N BioxkuMO B ILIOCKOCTB,

E)V~FE+S =2,raze Vu E — komdecrsa BepiunH u pebep rpada K, a S — uucio
FPaHUYHBIX OKPYKHOCTeH yToiueHus N,

S) (N, K) He coaepXuT oAy TOMUEHHH, FOMeOMOPdHHX H306paXKeHHbIM Ha puc. 3.2.

12. ChopMyaupyiiTe M pelniTe aHaJlOrH 3aja4u 11 AJs BIOKEHMI B IOBEPXHOCTH (aHa-
JIOr KpUTepua S ~—— TONBKO A CHENMATLHHX PadoB M BIOXKEHHH B Top H aucT Mébuyca).

B. [TIOCTPOEHHE EAWHUYHBIX KACATEJbHBIX BEKTOPHBIX NMOJEHR

Te, kxTO He 3HAIOT, YTO TaKoe N-MepHOe MHOroob6pa3ue, MOI'YT CYUTATD,
4T0 n = 2. EdunuunbiM Kacameabrbli 6EKXMOPHbIM NLOAEM HA NOIMHOXKECTBE
K raagkoro mHoroo6pasus N HasbiBaeTCs HelpepbIBHOE CEMEHCTBO eTHHUY-
HEIX KacaTelbHHIX K N BEKTOPOB B TOYKaX MOAMHOXKecTBa K, IMajKo 3aBH-
camux ot Touku r € K. Mccaegopanne BeKTOPHBIX TOJel ObLIO Ha4aTO AHPH
[lyankape B kayecTBeHHOH Teopuu AnuddepeHUHaIbHEX YpaBHeHUH. B aToM
naparpade, ciesya ugesm Xaiinua Xonda, Mbl IOCTPOMM NPENATCTBHE K CY-
UIECTBOBAHUIO €IHHUYHOrO (<> HEeHYJIeBOrO) KacaTelbHOr'O BEKTOPHOrO MONA
Ha JAHHOM I3/ KOM 3aMKHYTOM MHOroo6pa3ui. CioBo «nofe» 6y1eT o3HAYaTh
«eIHHUYHOE KacaTelbHOe BEKTOPHOE 10Jes.

TEOPEMA OUJAEPA — [IYAHKAPE. Cpedu cep ¢ pyuxamu moabko mop
uMeem eJUHUNHOE KACAMEALHOE 6EKTMOPHOE NOJAE.

Ha6pocok goka3arerscTBa. [locTpoeHue noas Ha Tope ocTaBlisieM YHTaTe-
110 B KadecTBe ynpaskHenus. JokaxeM, 4To Ha cepe S? He cymwecTByeT noad
(cayuait cep ¢ ¢ > 2 pydkaMu paccMaTpuBaeTCs aHaJdoruyHo). PaccMoTpum
Ha cdepe rpad S! ¢ apyms sepiuunamu (puc. 3.3). [locTpoum noae Ha MHOXe-
crBe S° oTux aByx BepmnH. OYeBHAHO, YTO DTO MOXKHO CleNaTh, IPHYEM OJ-
HO3HAYHO (C TOYHOCTHIO O HEMPEpHIBHOH AepopMaldil B K1acce eIMHUTHBIX
KacaTelbHBIX BEKTOPHBIX noseii). [TosToMy cyijecTBoBanue noas Ha S? pasHo-
CHABHO PO IOJKUMOCTH NocTpoerHoro noas ¢ SO na §2. Maayio okpecTHOCTD
KaXAOoro U3 ABYyX pebep rpacpa S' MOKHO pacCMAaTpHBATh KaK 4acCTh MIOC-
koctH. [losTomy nose ma S° npogomxaerca go noas wa S (geiicTBuTenbHO,
noJe Ha pebpe eCTh TO Ke caMoe, YTO OToOpakeHue pe6pa B OKPYIKHOCTD:
KaXX JOMY BEKTODY CONOCTABAAETCA TOYKa Ha OKPYKHOCTH C HalpaBleHHeM
3TOr0 BEeKTOpPa; A1060e 0To6payKenne IPpaHUlbl OTPE3Ka B OKPYKHOCTh IPO-
JOJXKATCA Ha OTPe30K). 3aMeTHM, HTO TaKoe NpOJOJKeHHe HeoXHO3IHAYHO.
O603Ha4uM noayyeHHoe noJje Ha S yepes v. Manylo OKpPeCTHOCTH KaXJOH U3
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Puc. 3.3.

ABYX Toaycdep, Ha KOTOpble JaHHAf OKPYKHOCTb pa3buBaeT cdepy, MOXKHO
pPacCMaTpUBATh KaK YaCTh NIOCKOCTH. AHAJIOTUYHO paccyXKjasf O NPoJoJKe-
HUM MOJs ¢ TpaHuib JA noaycdepbl A Ha camy noaycdepy A, IPUXOIUM K
3ajade O Npofoixenun oTobpaxenus A — S! na A. Iocaesnee npomon-
XKeHne BO3MOXKHO TOrJa H TOAbKO TOTJa, KOrJa CTeneHb £ (v) 0To6paKeHUs
A — S! pasha nymo. [Tonoxum e(v) = eca, (v) +€a_(v). flcho, 4To gas no-
as v', onpejeneHHoro Ha éceti cdepe, e(v’') = 0. Jas noas v, n306paskKeHHOro
Ha puc. 3.3, e(v) = 1 + 1 = 2 (pasbepurech, noyeMy He 1 — 1 = 0!). Pasxu-
Yue Mex Ay noaamu v i v’ Ha S!, coBnagaowumu Ha S, MOXHO UIMepATH (u
3aJaBaTh) napoii ducen (d;,d.): yacao dy paBHO YMCAy 060POTOB BEKTOPa
NpU ABHXKEHIH OT Havaaa pe6pa ai K ero KoHuy (mpu 3ToM GepeTcs BEKTOp
nepBoro moff) u o6paTHo (npu 3ToM GepeTcs BeKTOp BToporo noas). fAcHo,
4To €a4 (V) = €a, (v) £ dy £ d_. [TooTomy e(v) = e(v') — nporusopeyne. O

TeEOPEMA XoNdA. Ha opuenmupyemon n-mnoz2006pasuu N cywecmsy-
em eJuHUUHOE KacameabHOe 6EXMOPHOE Nnote mozda u moabko mozda, xkozda
xaacc Jtaepa e(N) € H*(N,Z) nyaesoii.

BLIMUCIEHUE. Ecau N cea3no u umeem nenycmoi xpat, mo H*(N,Z) =
20 ue(N)=0. Ecau N ces3no u 3amxuymo, mo H*(N,Z) 2 Z u e(N) =
=X =12-2g, 2de x u g — slaepoea rapaxmepucmura u pod MHO2006PAIUA
N (smopoe pasencmeo umeem cmbica U CNPA6€dAU60 MOALKO Jiua n = 2).
Aaaee, e(N¥+1) = 0 u e(S%) = 2.

Onpeaenenne H™(N,Z), e(N) n gorasareabcTBo. PaccMOTpUM TOABKO
caydaih n = 2 (oOuMil ciyvail paccMaTpuBaeTCi aHaJOrM4HO). BosbMem He-
KOTopyio TpuaHryasuuio I’ Mmuoroo6pasus N. [focTpouM mose Ha MHOXeCTBe
T° ee Bepunn. O4eBHHO, YTO PTO MOXKHO CIefaTh, MPHYEM OTHOBHAYHO (C
TOYHOCTBIO O HelpepbIBHON JedopMalliii B KJacce €TMHUYHBIX KacaTelb-
HBIX BeKTOpPHBbIX modleii). [losToMy cyuwecrBoBanue moas Ha N paBHOCHUABHO
IPOJOJKUMOCTH NocTpoenHoro noas ¢ T ga N.
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Tenepb npogomxuM nocTpoernoe note ¢ TO na obbegunenume T pebep
Tpuanryaauun 1. Jlio6oe pebpo TpuaHTyAANUH HMeeT Malylo OKPECTHOCTb,
nuddeomopduyo miockocTH. [loaToMy moJie Ha M0 AMHOXKECTBE 3TOH OKpeCT-
HOCTH (MM, YTO TO XKe CaMoe, Ha [OJAMHOXeCTBe MJIOCKOCTH) OTOXJeCTBAS-
eTcs ¢ oToGpaKeHHeM 3ToH YacTu (B JaHHOM clydae, pebpa) B OKPY>KHOCTb:
KaXXOMY BEKTOpY COMNOCTaBJIfeTCcHA TOYKa Ha OKPYXKHOCTH C HallpaBieHHeM
3TOro BekTopa. Jlinb6oe oTob6pakeHne IPaHUILI OTPE3Ka B OKPYXKHOCTb [1PO-
JOMKATCA Ha OTPE30K, IOITOMY NMOCTPOEHHOE NoJe MOKHO MPOAOIKATL ¢ T0
na T!. 3ameTuM, 4To TaKoe NpPOLONKEHHE HEONHOIHAYHO.

Iycts Teneps Ha T 3agano nose v. llonpo6yeM npogosxuTh ero Ha N.
AHaJOrMYHO paccyXxjafd O NPOAOJKeHHH NOAA C TpaHuubl OA rpaHu A Ha
caMy rpaHb A, IPUXOAUM K 3ajade O NPOJOJKeHHH oTobpaxenua A — St
Ha A. [Tocaegnee npogoaKeHne BO3ZMOXKHO TOTJa H TOXLKO TOMLa, KOr4a CTe-
nenb oTo6paxenus 0A — S! pasna Hyno. Bui6epeM OpHeHTalUI0 Ha MHOTO-
o6pasuu N n okpyxsocTu S!. [locTaBuM Ha Ka)KAOl rpaHM TPHAHTYIAILNKH
T crenenb ykazannoro oto6paxenns A — Sl. [lonydenHyo pacCTaHOBKY
OeJHX YHCeNd Ha rpaHAX TpHaHryasuun T HaszoBeM npensmcmsyowel u 060-
3HaYuM 4epe3 £(v): noxe v npogoJkaercd Ha N TOrZa u TOJbKO TOTAa, KOrAa
e(v) = 0. I'pynny Bcex pacCTaHOBOK LeENLIX YHCEN Ha TpaHAX TPHAHTYIALUU
T c onepaluell NIOKOMIOHEHTHOTO CAOXKEHHS 0603HA4YUM Hepes ZF, rae F —
KOJIM4eCTBO r'paHell TpuaHryasuun 7.

Pasnuune mexay noasmu v u v’ wa T!, coBnagatownmu Ha TO, MOXKHO
H3MepATh (M 3akaBaTh) Tak. Ha kax oM pebpe Tpuanryisuuu T nocTaBuMm
YHCJIO MOBOPOTOB BeKTOPa NPH [BHXKEHHH OT Hadala pebpa € K ero KOHLY
(npu aTOM Gepercs BeKTOp mepBOro noid) m o6paTHo (npu 3ToM Gepercs
BeKTOp BTOporo nois). [lonydeHnyo paccTaHOBKY Ha3oBeM pasauuawujet
o6o3naqum d(v,v’): ecan d(v,v’) = 0, To mose v MOXKHO HENPEPHIBHO Mpoje-
$opMHEPOBATH B Kiacce efHHUYHBIX KacaTelbHbIX BEKTOPHEIX NOJell B noJe v’
(o6paTHOe TakXke cnpaBelinBo). ['pynny Bcex pacCTaHOBOK LeNbIX YHCEN Ha
pebpax TpuaHryaaunun 1 c omepalined MOKOMIOHEHTHOrO CAOXKEHHA 0603HA-
guM yepes ZE, rae E — konudecTso pebep Tpuanryasuuu T.

Ecau €(v) # 0, To v He npogonxaeTca Ha T2, HO ellle He Bce MOTEPAHO:
MOXKHO MONBITATHLCA U3MEHUTHb Node v Ha T'!, Tak 4TO6LI MpenATCTBYIOLIaA
Kollenp CTafla PaBHOH Hymo. [as >Toro BBIACHMM, Kak £(v) 3aBHCHT OT v.
[Ipn namenenun nons Ha ogHOM pebpe e «Ha OfHH 060poT» K £(v) npubaBs-
eTcd paccTaHoBKa +1 ¥ —1 Ha ABYX OPHUMBIKAIOWIHX K € rpaHAx (BbI6Op 3HAKA
olnipefe/ifieTcs OPHeHTAaUHAME) 1 0 Ha BceX OCTAAbHBIX I'paHAX. ITa paccra-
HOBKa HAa3bIBAeTCi ddeMenmapnotl kozpanuyeti pedpa e u obosHadaeTcs de.
KaxaoMy pe6py e oTBedaeT «xapaKTepHCTHYeCKaf» paccTaHoBKa e € ZF
elMHUIB Ha pebpe e W HYJA Ha OCTalbHLIX pebpax. Onpeseaum oTobpaxe-
nue 6: ZF¥ — ZF dopMmyaoit §(nyay +. . .+ ngag) = n1day +. ..+ niday. Torga
e(v) —e(v') = dd(v, v').
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HasoseMm paccTaHoBKY €1,£9 € ZF xozomoaozuunbimu, ecau €, — £, = 6K
ana gekotoporo 2 € ZE. Tpynna H?(N,Z) = Z¥/5(ZF) paccranosok ¢ Tou-
HOCTBIO O KOTOMOJIOTHYHOCTH HAa3LIBAETCA d8yMmepHol 2pynnoti Kozomoso2uti
nosepznocmu N ¢ xospPuyuenmanmu 6 Z. Us popmyani €(v) —¢(v’) = dd(v, v')
crefyet, 4To Kaacc Jiaepa e(N) = [g(v)] € H?(N,Z) He 3aBACUT OT v. 3Ha-
4uT, e(N) ABAseTCAs NpeNaTCTBHEM K cyulecTBoBaHuwo noias Ha N. Hesasu-
CHMOCTb KJacca Juiepa oT T Mbl OCTaBAfeM YHUTATENO B Ka4eCTBE 32 Ja4u.
Tak kak d(v,v') MOXeT NpHHHMAThH 11060€ 3Hadenue u3 rpynnsl §(ZF), To B
cryyae £(v) € §(ZF) MoxHO HaMeHuTh v Ha v/, YTO6K moxyuniock £(v') = 0.
ITO NOKa3KIBAET YaCTh «TOrJar. ' O

13. Onpegenute n-ti xaacc Mmugear - Yumuu wn(N) € H*(N) kak nofHoe npenar-
CTBHe K TMOCTPOCHHIO eAMHHYHOrO KacaTeJbHOT'O BEKTOPHOI'O IOJNA HAa HEOPUEHTHPYEMOM
n-mHoroo6pasun N. Buruucanre ero gua n = 2.

C. [IOCTPOEHUE OPTOHOPMUPOBAHHBIX CUCTEM BEKTOPHBIX NOJEH

Yyenuk Xonda Iayaps llltudens paccMoTped 3agady O NIOCTPOEHHH Na-
pbl, Mpotiku U T.[. OPMOHOPMUPOSAKHLIZ KACATENbHBIX BEKTOPHBIX HoJeil
Ha JaHHOM MHOroo6pa3nu (BBHAY KAHOHHYHOCTH [pOLecca OpTOroHa’Iu3a-
uuu I'pama — HIMugTa OPpTOHOPMHPOBAHHOCTL MOXKHO 3aMEHHTh Ha JHHE-
HYIO HE3aBUCHMOCTH). Pa3BuBas ugen Xomda, okoro 1934r. oH mpuien
onpejeleHHI0 XapaKTepUCTHIeCKHX KIaccoB (OKOHYaTeabHad (popMatu3alns
6bl1a 3aBeputeda Hopmanom Cruspogom). Jlo6onsiTHo, yTo llTHdeas Ha-
qaJ C YaCTHOr O CAy4as OPHEHTHPYEMBIX 3-MHOroo6pas3uil U MbITAACA NOCTPO-
HTb NPUMep TakKoro MHOroo6pa3us, Ha KOTOPOM He CYILIECTBYeT mapul (&
TPOMKH) OPTOHOPMHPOBAHHBIX KAaCaTelbHHIX BEKTOPHBIX MOJel. 3aTeM, Hc-
IOAb3YA CBOIO TEOPHIO, OH JOKa3afk, YTO TAKOTO MHOroo6pasus Het. [lozxe
6BL10 PO e aHO MHOT'O APYTCHX KOHKPEeTHHIX BRIMUCAEHHH, JAIOLUX UHTepec-
Hble CAeACTBHA (HalpHMep, HeCYLeCTBOBaHHe anrebp c gereHueM Ha R™ mis
n # 2F).

Hepea Z(;) o603nayuM rpynny Z aaa 4eTHOro i u Zj AAs HEYETHOrO i.

TeoPEMA UlTU®ENA. Ha 3-muozoobpaszuu N cyuecmeyem napa opmo-
HOPMUPOSAHHBIL KACAMEALHBIT G6EKTMOPHLIL nodeli mo2da ¥ Moabko moz2oa,
xo2da eémopoi xaacc [Imugeas - Yumnu wo(N) € H2(N) nyaesot.

BBLIYUCAEHUE. wy(N) = 0 das opuenmupyemozo 3-snoz006pasus N .

Ha6pocox onpegerenus wy(N), H*(N) u goxasarensctsa. Tpuanrynupy-
em N. llocTpoum napy BeKTOPHBIX NoJel Ha HyabMepHoM octoBe. [las npo-
JOMKeHUs mapsbl Nojeill Ha pebpo MOKpPOeM ero OHOIN KapToil, TOIa KaxK Ao
nape BEKTOPOB B TOYKe T Ha 3TOM pe6pe CONOCTaBHTCA Napa BeKTOpoB B R3,
a BCceMy CHMILIeKCy oToGpakeHHe pebpa B V32 (HIPOCTPaHCTBO OPTOHOPMH-
poBaiHbix 2-penepos B R3). Ua ceasnocTH mpocTpancTea Vi, clegyeT, 4TO
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NOCTPOEHHAA Mapa BEKTOPHHIX MOJell NpojomkaeTcs Ha 1-ocTos. OTo6paxe-
Hue rpaHuisl JA rpaiu A B V32 CTaBUT eMy B COOTBETCTBHE DIEMEHT H3
m1(Va,2) & Z,. Takum 06pa3om, 3aJaHHIO AP W OPTOHOPMUPOBAHHKIX BeK-
TOPHHIX NOJed Ha 1-0CTOBE COOTBETCTBYeT NPENATCTBYIOIafs PacCTaHOBKA
€(w) HyJell M efuHAL HA rpaHaX. B HalleM ciydae gaf npensTCTBYIOWEH pac-
CTaHOBKH €(w) CyMMa 4Ymcel Ha IpaHAX JI060T0 3-CHMIJEKCa PaBHa HYJIO.
Pacc'ra,uoaxn C TaKMM YCJIOBHEM O6DPa3yloT MOACPYNIY J6YMEPHHIZ KOUUKAOS
ZX(T) < Manee aHanOrM4HO NpeAIAylLIEMY OnpeleiseTci 0To6pa KeHHe
§: 28 - Z% u fokasmBaeTcs, uro 8(ZF) C Z*(T) u 4o emopot xaacc Mmu-
¢e./m - .}’umuu wy(N) = [e(w)] € H}(N) = Z*(T)/8(ZE) pasen nymio Torga n
TOJABKO TOrJa, KOF4a W MOXHO IPOJOMKUTE Ha 2-0cToB. [lape w opTOHOpMH-
POBAaHHBIX BEKTOPHHIX MOKeH Ha 2-OCTOBe BCErja MOXHO NPOJONKHTH Ha BCE
MHoroo6pasue N, nockoabky ma(Vaz) = m2(S03) = m(RP3) = my(S3) = 0.
a

TEOPEMA. Ecau na n-mnozoo6pa3uu N cywecmeyem k opmoHopmupo-
BANNBIT KacameabHbiz eexmopnbiz noaet (1 < k < n), mo (n—k +1)-i xaacc
HImugeas - Yumnu

Wo_ks1(N) € H YN, Z,_y))

REAKETNCA HYAEEBLM.

[IPUMEP BuIYUCAEHUA. w;(RP") = C} mod 2, 2de wi(N) € H*(N,Z,) —
npueedenue no modyao 2 npenamcmeus Wi(N) (xomopoe aeeve 6biuucas-
emcas).

Ha6pocok onpegenenus H"‘k“(N,Z(n_k)), Wo-k4+1(N) 1 ZoxasaTensb-
cTBa. AHAJIOTHYHO npelnyiemy, u3 cooTHowenuit m;(Vog) = 0 fng ¢ < n—k,
ciegyeT, 4To k moseil GecnpenaTCTBeHHO CTpoATcs Ha (n — k)-ocroBe. Ilo-
CKOMBKY Tn—k(Vak) = Z(n—k) 418 1 < k < n, TO NPH NPOJOMKEHHH MONA
Ha (n — k + 1)-ocToB nospaserca npenarcrsue W,_xyy € H* *T1(N, Zn_yy)
(kOTOpOe yXKe He ABAACTCA NOAHKIM).

14. a) OnpegenuTe oMMCaHHLIM BHIlle CIOCO60M w) U MOKAXKTE, YTO 3TO ONpejejeHHe
COBIajaeT C Moly4YeHHHM B §3.A.

b) B 1942r. Jles Cemenosuy4 [IonTparun nmpuayMan HOBHE XapaKTepUCTHYECKHe KIac-
cul. Bragumup A6pamoBuy Poxaus mokasai, ITo 3TH KAacCH €CTECTBEHHO [OABAAIOTCA PU
NOCTPOEHHH CHCTEMH KaCaTeAbHBIX BEKTOPHHX MOJEH, HEKOTOPHE GUKCHPOBAHHEIE ITOACH-
CTeMBl KOTOPOH MMEIOT PaHT, He MEHBILIHIT 3aaHHOr0 PaHra JAMAA KaXA0OH M3 3TUX QUKCHPO-
BAHHHX MOJCHCTeM (0606wwenne 3agaun HlTudenn). B gamsHeiinemM 0Ka3anock, 1TO KIACCH,
paccmoTpersbie [IoRTpArnHEM, 3aBuCHME (MH He yTO'uHfAeM, B KAKOM CMHCJE) MEXIY CO-
6oit u ¢ knaccamu lltudens — Yuruu. [TosToMy cpefu Bcex 3THX KNAaCCOB BH ACJEHH KAGCCHI
[Tonmpazuna, o6pasyoume «MaKCUMalbHYI0 HE3ABHCHMYIO CUCTEMY?.

Onpegemnre j-it knacc Houtparuna p;j(N) € H¥(N,Z) xak mpenaTcTBhe K HOCTPo-
€HMIO CHCTEMH H3 1 — 2j + 2 BeKTOPOB, MMeolLeH paHr He Menee n — 2j + 1 B KaxJo#n
TouKe.
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D. [TorPy3auMoCTb U BJIOXKUMOCTH MHOTOOBPA3UNI

I'nagkoe oTo6paxenue f: N — R™ ramagkoro MHOroo6pasus N Ha3hlBa-
eTcH nozpyixcenuem, ecau df (z) # 0 gas moboi Touikn x € N. [lorpyxenue
f: N — R™ nHa3uBaeTcs 6q0xcenuem, eclii oHO nHbeKTHBHO. [lo coobGpake-
HEAM OGIIEro MOJOXeHHS, J11060e n-MHOroo6pasue BKIabiBaeTca B R*"*! n
norpyxaetca B R*™. B 1935r. Xond pacckasan o peayipTatax LlTuders
Ha MexayHapoauoil Tomosoruyieckoi KoHgepenuuu B Mockse. Tam BulAcHH-
J0Ch, 4TO Xacciaep YUTHYU okodo 1934 r. TOXe eCTeCTBEHHO NpPHUIET K ompeje-
JIEHUIO XapakTepPHCTUYECKUX KJIaCCOB, U3y4Yad BIOXKHMOCThH H HOCPY3UMOCTb
n-MHOroo6pasuit B R™ c m < 2n+ 1 u m < 2n, cooTBercTBeHHo. Mcnoanays
CBOIO TeOpHI0, YHTHH [OKa3ali BAOXKHMOCTb n-MHOroo6pasuit B R?", ux no-
rpyauMocTh B R2"~!, a Taxke HeBIOXHMOCTb U HENOr Py3UMOCTb HEKOTOPHIX
NPOEKTHBHHX NpOoCcTPaHCTB. [lo3xke GHLIO POJeNaHO MHOTO APYTUX KOHKPET-
HBIX BRIYHCJEHHKH, JAIOUIMX HHTEpPeCHkie ClAeJCTBHA.

TEOPEMA YUTHU. Ecau n-mmozoobpazue N nozpysumo ¢ R™, mo
(m — n +1)-d nopsaabnoiti kaacc HImudeas - Yumuu

Winens1(N) € H™ YN, L))
RKEARAEMCA HYAEBHIM.

K ,
[IPUMEPLI BBIYUCAEHUHA. 3 C¥~ip;(RP") = 0, 2de k > 1 u w;(N) €
- Z=0 -—
€ H'(N,Z;) — npueedenue no modyao 2 npenamcmesus W;(N). Ecau g
MENDUWE KOAUUECTNEA edunLY 6 J60UNHOU 3ANUCU YUCAA N, MO Wn—q(N) = 0.

Ha6pocox onpegerenus H™ "+1(N, Z(m_n)), Wi —ns1 (N) un gorasarenn-
crBa. Ecir N norpysumo B R?”~!, ro mis xomnosunuu N — R?"~! c R?"
NOTPYXEHHA ¥ BKJIIOYEHHA CYIUECTBYeT eJHHUYHOE HOPMAAbHOE BEKTOpHOE
nose. AnanoruvHo TeopeMe Xoma MOXKHO ONPENeNHTb HOPMAAbKBIL KaaCC
Jiiwepa €(N, f) € H™(N,Z) kak npenaTcTBHe K NOCTPOEHHIO eIHHHYHOTO
HOpPMaJIbHOTO BEKTOPHOrO mofsf Aas norpyxenns f: N — R?" Urak, ecan
N norpyxaetcs B R2"~1 1o &(N, f) = 0 ana nexomopozo oToGpaxenus f, a
HMeHHO, Jis komnosuunu f: N — R?~1 ¢ R?" (cM., BupoueM, 3aga4y 16a).
Anajornyso gas komnosunuu f: N — R?~! 5 RM porpyxeHns n BKIO4e-
HUA PABHO HYO Zy-NPENnATCTBUE K MOCTPOeHHI0 M —2n+1 OpTOHOPMHUPOBaH-
HHIX HOPMaJbHBIX BEKTODHLIX [10/Iell, HA3LIBAEMOE T-M HOPMAALHIM KAACCOM
lImugeas - Yumnu w,(N, f) € H*(N). Ananorudso, eciu N norpyaumo B
R™, To gna komnosunun f: N — R™ — RM norpyxenus u BKIOYeHHSA
PaBHO HYJIO NPenATCTBHE K MOCTPOEHUI0 M — m JMHEeHHO He3aBUCHMBIX HOP-
MaJIbHBIX BEKTOPHEIX NOJIEH, Ha3kIBaeMoe (M — 1+ 1)-M HOPMAALHBIM KAACCOM
MlImugeas - Yumnu Wy 1 (N, f) € H™ (N, Z(y—n))- Ocranocs goka-
3aTb He3aBUCUMOCTD Wiy _pi1 (N, f) oT f. Knacc Wi,_ny1 (N, f) coxpansercs
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npu komnosuuur f: N — RM ¢ Bkmovennem RM ¢ RM IOCKOJIBKY T'O-
MOMODP®U3M BKMIOYEHUA Tm—n(VM—n,M-m) = Tm—n(VMr—n M'—m) ABISETCA
u3oMoppuamMoM npu M > m + 2. BosbMeM Tenepb IBa pasHbIX NOTPYKEHHS
f_,g:N =2 R™ Tak Kak TQ vy = TPy, = m, TO Vs D m = YV, ®m, K
Wm—n+1(N1 f) = Wm—n+l (N, g) O

3ameTuM, YTO JOKA3aTEALCTBO JeMMBbl 1 Ha c. 178 [5] HenoaHo: Joka3aHo,
4To Ki1accH lHlTugens — YuTHH cTabUIbHO JKBABAJEHTHRIX PACCAOCHHH OLHO-
BpPEMEHHO PaBHHI HYJIO, a He TO, YTO OHK CoBnajaioT. B fokaszareabcTse Teo-
peMbl YHTHH (paKTHUYECKH CTPOHTCA NPENATCTBHE K CYyIIeCTBOBAHUIO TAKOI'O
paccroenus v Hag N, yto v @7 = m. Ha oToil ujee ocHoBaHa (pOPMYIHPOBKA
TeopeMbl CMeina — XHpina 0 KIaCCHPUKAUUN TTOTPYKEHHH.

15. Ananoru4Ho HOpMambHHM KiaaccaM lllTudens - YUTHH Hopmasvrbie xaacces [Town-
MPpR2UNG NPENATCTBYIOT NOIPY3UMOCTM: €CIU OPUEHTHpyeMoe n-MmuHorootpasue N norpy-

3umo B R™, To k-t nopmasvnuiti xaacc Mowmpazuna g*(N) € H**(N,Z) nynepoit ans
2k > m—n. '

16. Iycrs f, f': N = R™ — gBa norpyxeHusa n-msoroo6pasua N, HaxojpAluuecs B
oflieM ITOJOXKEeHUH.

a) Ecin N opuenTupyemo ¥ m = 2n, To f(N)N f'(N) ecTh Kone4droe 4HCIO TO4EK CO
3HaKaMM, CyMMa KOTOpHX paBHa O u pasHa &(NV, f).

b) Ecau f, f' — Baoxerua, To f~'(f(N)Nf'(N)) ecTs noamuoroo6pasue MHoroo6pasus
N, romonoruyecknii kinace koroporo pasen 0 u ABoiicTBeHeH no Ilyankape K Wm—n(N).

¢) Toraa f~'(fF(N)N f(N)) u Z(f) = Cl{z € N : |f~*(f(z))| > 2} ecTs norpyxenmsie
noAgMHOroo6pasua MHoroo6pasua N, npHdeM roMoJlorMYeCKMM KiacC fepBoro pased 0, a
BTOporo — JABoHCTBeHeH 1o [lyaHkape K ®Wm—n(N) (u He 3aBucuT oT f).

17. a) Eciu n-muoroo6pasue N proxumo B R™, 10 Wm—n{N) = 0.
b} Eciu x Tomy xe N OpHEHTHpYeMO M ™M — i YETHO, TO P(m—n)/2(N) = 0 (cM. 3aga-
qy 14b).
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