Received: 7 August 2019

DOI: 10.1002/mma.6057

RESEARCH ARTICLE

WILEY

Fractional magnetic Schrodinger-Kirchhoff problems with
convolution and critical nonlinearities

Sihua Liang!? | Dusan D. Repovs3*

1College of Mathematics, Changchun
Normal University, Changchun, 130032,
China

2College of Mathematics and Computer
Science, Fujian Normal University,
Qishan Campus, Fuzhou, 350117, China

3Department of Mathematics, University
of Ljubljana, Ljubljana, 1000, Slovenia

“Institute of Mathematics, Physics, and
Mechanics, Ljubljana, 1000, Slovenia

5College of Mathematics System Science,
Shandong University of Science
Technology, Qingdao, 266590, China

Correspondence

Binlin Zhang, College of Mathematics
System Science, Shandong University
of Science Technology, Qingdao 266590,
China.

Email: zhangbinlin2012@163.com

Communicated by: S. Wolfgang

Funding information

National Natural Science Foundation of
China, Grant/Award Number: 11871199;
Education Department of Jilin Province,
Grant/Award Number: JJKH20170648KJ;
Heilongjiang Province Postdoctoral
Startup Foundation, Grant/Award
Number: LBH-Q18109; China
Postdoctoral Science Foundation,
Grant/Award Number: 2019M662220;
Javna Agencija za Raziskovalno Dejavnost
RS, Grant/Award Number: No. P1-0292,
N1-0114, N1-0083, N1-0064 and J1-813;
Natural Science Foundation of
Changchun Normal University,
Grant/Award Number: 2017-09

| Binlin Zhang?

In this paper, we are concerned with the existence and multiplicity of solutions
for the fractional Choquard-type Schrodinger-Kirchhoff equations with electro-
magnetic fields and critical nonlinearity:

eXM([ul2 (=AY u + Veou = (Ix|™ + F(lul>) f(Jul*)u + [ul>?u, x € RV,
u(x) » 0, as |x| - oo,

where (—A)), is the fractional magnetic operator with 0 < s < 1, 27 = 2N /(N —
2s), « < min{N,4s}, M : RY — RY is a continuous function, A : RN - RN g
the magnetic potential, F(Ju|) = /Olul f()dt, and € > 0 is a positive parameter.
The electric potential V' € C(RN, Rg) satisfies V(x) = 0 in some region of RY,
which means that this is the critical frequency case. We first prove the (PS),
condition, by using the fractional version of the concentration compactness
principle. Then, applying also the mountain pass theorem and the genus theory,
we obtain the existence and multiplicity of semiclassical states for the above
problem. The main feature of our problems is that the Kirchhoff term M can
vanish at zero.
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1 | INTRODUCTION AND MAIN RESULTS

In this paper, we consider the fractional Choquard-Kirchhoff-type problem with electromagnetic fields and critical

nonlinearity:

{ eXM([ul2 D(=AYu + Veou = (K, * F(|ul?) f(ul?u+ ul*>u,

u(x) - 0,

N
x eRY, (1.1)

|x| = oo,
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where € > 0 is a positive parameter, N > 2s, 0 < s < 1, 2¥ = 2N /(N — 2s) is the critical Sobolev exponent, V € C(RN, R()*)
is an electric potential, K,(x) = |x|™%, @ < min{N, 4s}, A € C(RN,RN) is a magnetic potential, and

_ OmACE) V10
[”]f,A:// lucx) —e u@y)| dxdy.
R2N

|X— y|N+Zs

If A is a smooth function, the fractional operator (—A)?, which up to normalization constants can be defined on smooth
functions u as

U(x) — eOIACE
| X — y|N+23

u(y)dy, x e RV,

(=AY, u(x) :=2lim
0 JRMB, ()
has recently been introduced in d'Avenia and Squassina.! Hereafter, B, (x) denotes the ball of RN centered at x € RN and
of radius € > 0. For details on fractional magnetic operators, we refer to d'Avenia and Squassina,! and for the physical
background, we refer to previous studies.>*
This paper was motivated by some works concerning the magnetic Schrédinger equation

—(Vu —iA?u+ Veu = fx, [uDu, 1.2)
which have appeared in recent years (see other works>®) and have extensively studied 1.2, when the above magnetic
—(Vu —iA)*u = —Au + 2iA(x) - Vu + JA®)|*u + iudivA(x).

As stated in Squassina and Volzone,'® up to correcting the operator by the factor (1 —s), it follows that (—A)S, u converges
to —(Vu — iA)’uass — 1.

Thus, up to normalization, the nonlocal case can be seen as an approximation of the local one. The motivation for its
introduction was described in the literature®'? and relies essentially on the Lévy-Khintchine formula for the generator of
a general Lévy process. If the magnetic field A = 0, the operator (—A)fqé can be reduced to the fractional Laplacian operator

(—A)*, which may be viewed as the infinitesimal generator of a Lévy stable diffusion processes.!! This operator arises in
the description of various phenomena in applied sciences, such as phase transitions, materials science, conservation laws,
minimal surfaces, water waves, optimization, and plasma physics, see Di Nezza et al'? and references therein.

The study of fractional and nonlocal operators of elliptic type has recently attracted a lot of attention. For the cases
in which bounded domains and the entire space are involved, we refer the readers, eg, to previous works'3*® and the
references therein. When the interaction between the particles is considered, ie, when the nonlinear term f(u) is of type
(Kq * |ulP)|u|P~2u, this type of problem is usually called the Choquard-type equation and has been investigated by many
authors, see, eg, other studies.??!

Another strong motivation for studying problem (1.1) is the significant feature of Kirchhoff-type problems. More
precisely, in 1883 Kirchhoff proposed the following model

ou
ox

A 2L J,

p— —

ot?

%u Po + Y L
ox?

2
dx) Pu_ (1.3)

as a generalization of the well-known D'Alembert’'s wave equation for free vibrations of elastic strings. Here, L is the length
of the string, A is the area of the cross section, Y is the Young modulus of the material, p is the mass density, and p,, is
the initial tension. Essentially, Kirchhoff's model takes into account the changes in the length of the string produced by
transverse vibrations. For recent results in this direction, we refer the reader, eg, to previous studies.?>23
Recently, Fiscella and Valdinoci®* first deduced a stationary fractional Kirchhoff model which considered the non-
local aspect of the tension arising from nonlocal measurements of the fractional length of the string (see Fiscella and
Valdinoci,?* appendix for more details). More precisely, the following Kirchhoff-type problem involving critical exponent
was studied in Fiscella and Valdinoci?*:
{M([u]g)(—A)Su =AfGu)+ [ul>2u  in Q (14)
u=0 in RM\Q. ’
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where Q is an open bounded domain in RY. By using the mountain pass theorem and the concentration compactness
principle, together with a truncation technique, the existence of nonnegative solutions for problem (1.4) was obtained.

Here, we point out that M(0) > 0 in (1.4), this is called the nondegenerate case. Otherwise, the problem is called
degenerate if M(0) = 0. In recent years, there has been a lot of interest in studying fractional Kirchhoff-type problems, here
we just list some references, eg, see the literature!®2>26 for recent results on the nondegenerate case, previous works?!-27-30
for recent results on the degenerate case, and other studies®!* for discussions of both cases.

Next, let us mention some enlightening works related to problem (1.1). Mingqi et al3! first studied the following
Schrodinger-Kirchhoff-type equation involving the fractional p-Laplacian and the magnetic operator

M([ul )(-A¥u+V@u = f(x, |luhu in RN, (1.5)

where the right-hand term in (1.5) satisfies the subcritical growth. By using variational methods, they obtained several

existence results for problem (1.5). Using similar methods, for M(t) = a + bt with a € R} and b € R*, Wang and Xiang?!

proved the existence of two solutions and infinitely many solutions for fractional Schréodinger-Choquard-Kirchhoff-type

equations with external magnetic operator and critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality.
Binlin et al3* first considered the following singularly perturbed fractional Schrédinger equations:

gZS(—A);gu +Veou = £, [uhu+ Keo)|u*>2u in RV, (1.6)

where V(x) satisfies some assumptions. By using variational methods, they proved the existence of solutions u, which
tends to the trivial solution as € — 0. Moreover, they proved the existence of infinite many solutions and sign-changing
solutions for problem (1.6) without magnetic field under some additional assumptions.

Subsequently, Liang et al®® investigated the existence and multiplicity of solutions for problem (1.1) without
Choquard-type term in the non-degenerate Kirchhoff case. Very recently, by employing variational methods, Ambrosio®
obtained the existence and concentration of nontrivial solutions for a singularly perturbed fractional Choquard problem
with a subcritical nonlinearity and an external magnetic field.

Inspired by the above works, in particular the literature,?>313436 we consider in this article the existence and multiplicity
of solutions for the fractional Choquard-type problems with electromagnetic fields and critical nonlinearity in the possibly
degenerate Kirchhoff context. It is worthwhile to remark that in the arguments developed in other studies,*3¢ one of the
key points is to prove the (PS). condition. Here, we use the fractional version of Lions’ second concentration compactness
principle and concentration compactness principle at infinity to prove that the (PS). condition holds, which is different
from methods used in previous works.3436

In fact, the appearance of the magnetic field also brings additional difficulties into the study of our problem, eg, the
effects of the magnetic fields on the linear spectral sets and on the solution structure, and the possible interactions between
the magnetic fields and the linear potentials. Therefore, we need to develop new techniques to conquer difficulties induced
by these new features as well as the possibly degenerate nature of the Kirchhoff coefficient.

Suppose that functions V(x), M(¢) and f(t) satisfy the following conditions:

(V) V(x) € C(RN,R), min,p~xV(x) = 0 and there is 7o > 0 such that the set Vo = {x € R : V(x) < 10} has finite
Lebesgue measure.
(M) (M,) there exists ¢ € (1,25 /2) satisfying cM(t) > M(t)t for all t > 0, where M(t) = /Ot M(s)ds;
(M,) there exists m; > 0 such that M(t) > myt°~! for all t € R* and M(0) = 0.
(F) (f) f € CR*,R);
(f,) there exist ¢y > 0 and max{ec,2} < p < 2} such that | f(¢)| < coltlj%l;
(f;) there exist 26 < u < 2§ such that 0 < uF(f) < f(t)t for all t € R*, where F(t) = /Ot f(s)ds.

The following is our first main result, the existence theorem for problem (1.1).

Theorem 1. Let the conditions (V), (M) and (F) be satisfied. Then for any k > 0, there is £ > 0 such that if 0 < € < &,
then problem (1.1) has at least one solution u. satisfying

_ 2 2 . 2%
e [ [ DO gy (1LY [ e e, an
40 R2N [x — y|o 20 2% ) Jrw
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L2 ) a2+ (5 - / Vel Pdx < ke (1.8)
200 u 2 u RN

Moreover, u, > 0inEase — 0.
The following is our second main result, the multiplicity theorem for problem (1.1).

Theorem 2. Let the conditions (V), (M) and (F) be satisfied. Then for any m € N and k > 0, there is &, > 0 such that
if 0 < € < Epg, then problem (1.1) has at least m pairs of solutions u;, u. —;, i = 1,2, ..., m which satisfy estimates (1.7)
and (1.8). Moreover, u.; > 0inEase —» 0,i=1,2, ..., m.

2 | FUNCTIONAL SETTING

In this paper, we will use Banach space E defined by
E= {u € Hy(RY,C) : / Vo) |ul2dx < oo}
RN

with the norm

llulle := <[u]§A+/RNV(x)Iu|2dx>Z,

where V is nonnegative, H5 (RV, C) is the fractional Sobolev space defined by
HY®RN,C) = {ue L*R",C) : [u]sa <o},

where s € (0,1) and [u]; 4 denotes the so-called Gagliardo semi-norm, that is

: X+y 1/2
Jueo) — ¢ )P
[tlsa = (/ /R ooy

and H3 (RN, C) is endowed with the norm

1
lullge v oy = ([l 4 + NullZ,) 2

By assumption (V), we know that the embedding EHZ(RN , C) is continuous. Note that the norm || - ||g is equivalent to the
norm || - || defined by

lulle == <[u]§A +6'25/RNV(x)|u|2dx>2,

for each € > 0. It is obvious that for each 6 € [2,2}], there is ¢y > 0, independent of 0 < € < 1, such that
lulg < collulle < collulle. (2.1)

Hereafter, we shortly denote by || - ||, the norm of Lebesgue space L"(Q2) with v > 1.
We first recall the following embedding theorem:

Proposition 1. (see dAvenia and Squassina’, lemma 3.5). Let A € C(RN,RN). Then the embedding
HY(RN,C)> LY(RN, ©),
is continuous for any 0 € [2,2%]. Moreover, the embedding

H,(RY,C) > Ly (RY,C)
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is compact for any 6 € [1,2).
We will use the following diamagnetic inequality:

Lemma 1. (see lemma 3.5, lemma 3.3). For every u € HZ(RN, O©),
lu| € HS@RM).

More precisely,
[ulls < [ulsa-

By Di Nezza et al,'? proposition 3.6, we have

[uls = [1(=A)% |2

ue) —u®P A2
//ém [x — y|N+2s dy—/RNK A)2u(x)|dx.

/ (w(x) — u(y))(wx) — v(y)) dxdy — / (—AY ) - (—A) v0o)dx
RN |x — y|N+2s RN .

To obtain the solution of problem (1.1), we will use the following equivalent form

for any u € H5(RY), ie,

Thus,

-2s — =2 Fu®) 2 —2517,12:-2 N
{M([u] DA U+ eIV U = €7 fpy B2 dyf (uu+ e ul* P, x R (22)
u(x) - 0, as [x| = oo,

for e — 0. The energy functional J, : E — R associated with problem (2.2)

= L L2 S Fue)PF(um) . e »
g = 30 (1) + - [ veonpae- 2 [ FEGOEEOD gy £ [ jupias

is well defined. Under the assumptions, it is easy to check that as shown in the literature,>”38 J, € C'(E, R) and its critical
points are weak solutions of problem (2.2).
By condition (f,), we have
F(lul®) < C(Jul?® + |ulP), forall u € Hy (RN, C).
Note that, by the Hardy-Littlewood-Sobolev inequality, the integral

[/ FQuOPF@umP) 4 o
RN lx — yl*

is well defined if F(|u|?) € L"(RN) for some r > 1 satisfying

+= =2,

SN
Zl=

that is ¥ = 2N/(2N — a). Actually, by @ < min{N, 4s}, it follows that 2 < 2r < 2}. Moreover, from 2 < pr < 2}, we can
deduce

/ [F(Ju|®)|"dx < 2™71C” </ |u|2’dx+/ |u|P’dx> (2.3)
RN RN RN

<271 (Coyllull® + ChyllulP") - forall u e Hi(RY,C). (2.4)
By a standard argument, one can show that J.(u) is of class C! and

M ([ul?,) Re / / () = XA Uy = G )

|x — y|N+2s

(Jiw),v) =

+e *Re / V(x)uvdx — e *Re / (K, * F(lul») f(|ul®ubdx — e > Re [ |u|>*uvdx,
RN RN RN
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for all u,v € E. Hence, a critical point of J, is a weak solution of problem (1.1).
Now, we recall the general version of the mountain pass theorem in Rabinowitz” which will be used later.

Theorem 3. Let J be a functional on a Banach space Y and J € CX(Y,R). Let us assume that there exist £, p > 0 such
that

(i) J(u) > ¢, foreveryu € Ywith |lu|| = p;
(ii) J©)=0and J(e) < ¢ for somee € Y with |le|| > p.

Let us define" = {y € C([0,1];Y) : y(0) =0,y(1) = e} and

c= Helg max J (@)

Then there exists a sequence {uy}, C Y such that J(u,) — cand J'(u,) —» 0in Y’ (dual of Y).
By the assumptions (V), (M) and (F), one can see that J.(u) has the mountain pass geometry.

Lemma 2. Assume that conditions (V), (M) and (F) hold. Then the functional J. satisfies the conclusions (i)-(ii) of
Theorem 3.

Proof. For each € > 0, by the fractional Sobolev embedding, (M;) and (f,), we have

—2s —2s 2 2 —25
2 RN 2N |x—y|"‘ 23 RN

. mp 1 _ 2 e
in { 2,2}l —eZScnunP—z—s .
s

Je(u) 1=

o=

\Y
8

for all u € E. It follows from max{2, 0} < p that there exist small enough ¢, > 0 and a, > 0 such that J.(u) > a, >0
for all u € E with ||u||, = o,, and all £ > 0. Hence, (i) in Theorem 3 holds.
Now, we verify condition (ii) in Theorem 3. Let o € CP(RYN, C) with [|gllc = 1. By (M), we have

M) < M(1)t° forall t>1. (2.5)
Then by (f;), the following holds
Je(tpo) < M(DE + %t - —/ (K # F(|t@o2)F(|tgo|)dx — = % l‘ |<Po|2*
<P + 28 - 2 > ~ gl

and hence J.(tp,) - —o0 ast — oo, since 20 < 2. Therefore, there exists large enough ¢, such that J.(f,@,) < 0. Then
we take e = tog, and J.(e) < 0. Hence (ii) in Theorem 3 holds. The proof is thus complete. O

3 | VERIFICATION OF (PS)c CONDITION

In this section, we recall the fractional version of concentration compactness principle in the fractional Sobolev space,
see other studies®*34° for more details.

Lemma 3. (see Palatucci and Pisante®, theorem 1.5) Let @ C RN be an open subset and let {u,}, be a sequence in
H5(RN), weakly convergtng tou asn — oo and such that |u,|> — vand |(— A)z uy|> = p in the sense of measures. Then
either u, — uin L (RN) or there exist a (at most countable) set of distinct points {x;};e1 C Q and positive numbers
{Vj}jer such that

V= |u|2:+25xjvj, Vj>0.

jel
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If, in addition, Q is bounded, then there exist a positive measure i € M(RN) with suppji C Qand positive numbers
{1;}jer such that

p==A):ulP + i+ Y e 1> 0
JEI

and
2
vi < (S Tu{x )z,
where S is the best Sobolev constant, ie,

Janl(=A)2ul2dx

S= in -
e ®Y)  [o|ul%dx

b
x; € RV, 8y, are Dirac measures at x; and p;, v; are constants.

In the case Q = RN, the above principle of concentration compactness does not provide any information about the
possible loss of mass at infinity. The following result expresses this fact in quantitative terms.

Lemma 4. (see Zhang et al** lemma 3.5) Let {u,}, C H*(RN) be such that u, — u weakly converges in H(RN),
lup|* = vand |(=A)2u,|* = u weakly-+ converges in M(RY) and define

(D) Hoo = Jim TMSUP /|, ou. gy [(— )7 Un|dlx,
n—oo

(i) Voo =I%Ln§o limsupﬂxeRN:|x|>R}|un|2§dx.

n—-oo

Then the quantities v, and u., exist and satisfy the following

(i) lim sup [ [(=8)2up2dx = fpudp + pes,

n—oo

(iv) limsup fpy|un|®dx = [prdv + Voo,
n—oo
%
(V) Voo < (57MVeo)2.

The main result of this section is the following compactness result:

Lemma 5. Suppose that conditions (V), (M) and (F) hold. Let {uy}, C E be a (PS). sequence of functional J., ie,

J.(uy) = ¢ and J.(u,) - 0 in E

8so

asn — oo, where E' is the dual of E. Then for any 0 < e < 1, J, satisfies (PS). condition, forall c € <0, GoER > where

3
oo 1= (i - %) (m1S%) %, i.e. any (PS).-sequence {u,}, C E has a strongly convergent subsequence in E.

Proof. If inf,51||u|le = O, then there exists a subsequence of {u,}, (still denoted by {u, },) such that u, — 0in E as
n — oco. Thus, we assume that d := inf,>1||u||. > 0 in the sequel. By J.(u,) — c and J/(u,) — 0 in E’, there exists
C > O such that

N | =

M ([u"]iA) - M ([un]iA) [u”]iA

; <l _ l) g—ZS/ V0l Pdx + (1 - %) e—zs/ % dx G1)
2 U RN H 23 RN

+ 5‘23/ (Ky * F(lunl®) <lf(|un|2)|un|2 - 1F(Iunlz)> dx.
RN H 4

¢+ o) lttnlle = Jo(un) - %Ué(un), ) =
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It follows by (M>) and (f;) that

1 1 2 2 1 1) 2
C+ Clluglle 2 <% - ;) M ([unl;,) [unly, + <§ - ;) € S/RNV(x)|un| dx
11 (1 1)
> <% - ;) malun)?%, + <5 - ;) e ZS/RNV(X)luanx.

This, together with 2 < 20 < 2}, implies that {u, }, is bounded in E. Furthermore, we can obtain ¢ > 0 by passing to
the limit in (3.1). Hence, by diamagnetic inequality, {|u,|}, is bounded in H*(RN). Therefore for some subsequence,

there is u € E such that u, — uin E. Since 2 < p < &% < 2*and 2 < % < 2}, by Proposition 1 we get

N-2s
that |u,| — |u| strongly in L%(RN )N L%(RN ). Hence the Brézis-Lieb Lemma implies that u, — u strongly in

L%(R”, O n = (RN, C). By (f,), we have

2N 2N
[ |Fau? = Fauy " dx
RN

N g < /IR £l + o = uP?)

lunl? = |ul?

- 2N N
< & [C(l + ([un| + [ul)? )] N (Jup| + [ul)v=e [up — ufv-edx
N
2N _e 2N 2N
< CN-a22N-a (|un| + |ul) 2=« |u, — u|~v-<dx
RN

N (p—1) 2 N
+ CoN=a 22N« (|lun| + |u|)p e |Uy — U] N« dx.
RN

Using the Holder inequality, we can deduce

2N

2 2 % = 2N 2N
. |F(|un| — F(lul")| 7" dx < Cov=e 2= [|(lup| + [u]) 2= || 2y [ [un — 1l 2= || 2w
N

N (p—1) 2 N
+ Cov=a 228 || (Jup| + lu)* 2= IIL%(RN)IIIW — Ul 2= || Loy

2N 2N
< Clllup — ul ™=l 2@yy + Clllug — u| 3= || o)

- 0,

as n — oo, where C > 0 is independent of n. Thus, we obtain that F(|u,|?> — F(Ju|?) in szfhja (RM). Note that by the

Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear continuous map form Lave (RM) to L% (RM).
Then

Ko % F(lup|?) = Ko # F(ul?) in L= (RY) (3.2)

asn — oo.
For ¢ € E fixed, by (f,) with € = 1 we have

— 2N 2N a 2N 2N 2N
/ |/ Qun P ™" dx < 0323 (/ <|un||(p|>de+/ |un|<"‘”mw|de>
R~ RN R~

2N @ 2N 2N
< 5o 25 (11lual 5% Nz 01 5% sy

(p—l)ﬂ 2N
a7V, e o 01 s )
S C’
thanks to 2 < % <2fand2 < % < 27, where C > 0 denotes various constants.
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Clearly, f(|up|>)un@ — f(|u|>)up ae in RN. Hence, up to a subsequence, Re {f(|un|2)un$} weakly converges to
Re { f(|ul>)up} in L= (RN). This together with (3.2) yields that

lim Re/ (Ko % F([un|*) f (|un]*)un@dx = lim Re/ (K # F(lul) f (lul*)ugpdx (3.3)
RN n—oo RN

n—oo

for each ¢ € E.
We claim that as n — oo,

/|un|2?dx—>/ |u|? dx. (3.4)
RN RN

In order to prove this claim, we invoke Prokhorov's Theorem (see Bogachev*!, theorem 8.6.2) to conclude that there
exist y, v € M(RYN) such that

s
[(=A)zu,|> = u  (weak*-sense of measures),

lun)> — v (weak*-sense of measures),

where y and v are a nonnegative bounded measures on R". It follows by Lemma 3 that either u,, — u in legc(RN ) or
v=lu®+ Y jeifx,Vj> as n — oo, where I is a countable set, {v;}; C [0, ), {x;}; C RV,
Take ¢ € CP(RV) such that0 < ¢ < 1;¢ = 1in B(x;,p), ¢(x) = 0 in RN\B(x;,2p). For any p > 0, define

b, = ¢ ("‘p"’ ) where j € I. It follows that
/ / [t (), () — un(»)p,(¥)|? dxd
. Ix — y|N+2s y
|un(x)_un(y')|2¢,2;(y) [, (xX) — & ,(M)|*|un(x)|?
3.5
S2/ /Rzzv |x — y|N+2s //Rm |x — y|N+2s dxdy (3.5)

4n(0) = un() 2 16,(0) = &, (W)
S2/ /R BT ”/ /R ooy

Similar to the proof of Zhang and Zhang,*?, lemma 3.4 we can show that

2 2
/ / |¢ﬂ(x) ¢'p(y)| |un(x)| dxdy S Cp—ZS/ |un(x)|2dx + CK_N, (36)
RN B(x;.Kp)

|X y|N+2S

where K > 4. Since {u,}, is bounded in E, it follows from (3.5) and (3.6) that {u,¢,}, is bounded in E. Then
(JL(un), ung,) — 0, which implies

HO—NASE) 2
[un] // [un(x) — un(y)| ¢p(y)dxdy+ 8_23/ V(x)lunlqup(x)dx
R~ RN

|x — y|N+2s

_ iC—p)ACE) _
- ke { M () / (Un(x) — (YO 0) = 0D dy} 37)
RN

|x — y|N+2s

_ZS/R |un|2;¢l’dx+5_2s/R ]Ca * F(lunlz))f(|un|2)|un|2¢pdx+On(l)'
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Note that by (M;) and diamagnetic inequality, the following holds

PX—V-AEE) 2
[un] // [, (x) = un(y)| ¢p(Y)dxdy
RN

|x — y|N+2s

ln@) — €SP 2h0) -\
= ’"1(/ /Rm =y ey
14009 = I Pbp0) | ”
= ml(/ Jo >

unG] = [unW1>$p(»)
//]RZN |x — y|N+2s dxdy — /RNd’pdﬂa

/ b, du — u({x})
RN

as p — 0. Note that the Holder inequality implies

() — €AY () () (e, (%) — ¢
[un]
RV |x y|N+23

<c / / |n () — 540, ()] - 1,00 — b, (W] - [Un)] dxdy (3.8)
RZN

|x y|N+2s

SC<// |un ()12 ,(x) — ¢p(y)|2dxd >
R2N |x_ y|N+2S

Similar to the proof Zhang and Zhang,*?, lemma 3.4 we can show that

2 _ 2
lim lim// [un ()], (%) — (W) dxdy = 0. (3.9)
R2N

p—0n—-oo |x — y|N+23

It is easy to verify that

asn — oo and

1/2

It follows from

n—oo

lim lc s F(|un]®) f (1tbn]®) |l ¢,,dx=/RNlca*F(|u|2)>f(|u|2)|u|2¢,,dx

and
hm/ Ko x F(ul®) f(ul®)|ul*¢p,dx =0
that
fim fim /]R K Pt ) (it ity = O,

p—0n—-oo

Since ¢, has compact support, letting n — co in (3.7), we can deduce from (3.8)-(3.9) and the diamagnetic inequality
that

2 _
my(u({x; )" < e v,
Combining this fact with Lemma 3, we obtain
40

2520 %
vj 2 me” STV

This result implies that
2* ZSZ*

(I) Vj =0 or (II) Vj Z (m152o') 2.?_4“52:‘4” .




LIANG ET AL. Wl L EY 2483

To obtain the possible concentration of mass at infinity, we similarly define a cut off function ¢z € C°(RY) such that
¢r(x) = 0on |x|] < Rand ¢g(x) = 1 on |x| > R+ 1. We can verify that {u,¢g}, is bounded in E, hence (J/(uy), undpr) —
0, as n — oo, which implies

_ A 2
M([un]sz,A)//RZN lun(x) — ™7 un(y)| ¢R(y)dxdy+s‘ZS/RNV(x)lun|2¢R(x)dx

|x — y|N+2s

ke { M (1) / (Un ) = €U, ()t O PR X) = $rOD) dy} (3.10)
R2N

|X — y|N+2s

+e® /}R Nlunlzé‘ T /R Ko F(lun)®) £ (1un]®)|tn]* pr0)dx + 04(1).

It is easy to verify that

_ 2
lim sup limsup / / 1] = [n DI PR o
RZN

R—oo n—o00 |x - y|N+2S

and

_ A -
re {M (L2, / IRm(un(x) A () PR ) = Br0D) dy}'

|x — y|N+23

|1n () 12| (x) — pr()[2 12
. C(/ Jou R > |

2 _ 2
limsup lim sup// |un(X)|*|Ppr(x) — Pr()| dxdy

R— oo n—oo |x - y|N+zs

2 _ _ _ 2
 limsup lim sup / / a1 = ) = (= eI
R2N

R—o0 n—oo |x - y|N+23

Note that

Similar to the proof of Zhang and Zhang,*?, lemma 3.4 we can show that

211 - (1 — 2
limsup limsup / / ORI = br6) = (L= O
R2N

R—>oo n—oo |x - y|N+ZS

It follows from the fact that (M;), Lemma 1 and Lemma 4 that

_ AR 2
lim sup limsupM([un]gA)// [un(x) — e un(y)| ¢R(y)dxdy
RN

R—o0 n—oo |x - y|N+2S
. X+y 20
1 () — A0
> imsup timsup [ [ 19 Du PP )
R-o0 n—oo RaN |x - Y|N+28
2 20
up,xX)| — |u
> lim sup limsupm1<// [lun( )|| | Yil(\fi)lsl ¢R(y)dxdy> = miue.
R—o00 n—oo 2N X =Yy

It is easy to see that

lim lim / Ko % F(lunl®) f (1unl ) |* pr(0)dx = 0.
RN

R— 00 n—0

By Lemma 4 and letting R — oo in (3.10), we obtain

4o

2520 %
Voo = M1EXSVE .
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This result implies that

% £
25 2524

(III) ve =0 or AV) Voo = (mS2) 5 g2,

Next, we claim that (II) and (IV) cannot occur. If the case (IV) holds for some j € I, then by Lemma 4, (M) and (H), we
have

c= lim <Jf(un) - l(-’é(un), un))
n—oo H
1 1 1 1 _2s
> <£ - ;> M ([unlsn) [unlsq + <5 - ;> e /RNV(x)lunde

+ <1 - %) e‘”/ |un|2?dx+e-2S/ (Ka * Funl®) <1f(|un|2>|un|2 - 1F(|un|2>> dx
7 RN RN 7 4

> l_l* 6—23/ ] dx > l_l* ey,
7 RN uoo2

2? 4sc. 8so

1 1 T T ;
> <_ — _> (M S9) %4 g% = gpg i,
U

3

11 : D .
where ¢) = (— - ;) (m,S°)%-% , which is impossible.
U

Consequently, ij= 0 for all j € I. Similarly, we can prove that (II) cannot occur for any j. Thus,

/|u,,|2?dx_>/ |u|? dx. (3.11)
RN RN

The Brézis-Lieb Lemma implies that

lim / lu, — u|*dx = 0.
n—oo RN
Therefore, we get
u, - u in LERY) as n- .

By the weak lower semicontinuity of the norm, conditon (m;) and the Brézis-Lieb lemma, we have
O lttnlle = (L) tn) = M ([t 2) [t + €7 /R VO lun P
- E_ZS/ |un|2§dx_ £_23’/ K, * F(lunlz)f(|un|2)|un|2dx
RN RN
> my ([un]2 — [ul}) +&7% /R VO(lunl® = [ul?)dx + M ([ul} ) [ulZ,

+'€_2S/]R V(x)lulzdx—tfzs/]R IMIZ:dX—E_ZS/R Ko # F(Jul) f (ul®)|ul>dx

> min{my, 1} min{||u, — ull?°, [, — ullZ} + o@)||ul|,.

Here, we use the fact that J/(u) = 0. Thanks to 2 < 26, we have proved that {u, }, strongly converges to u in E. Hence
the proof is complete. O

4 | PROOFS OF MAIN THEOREMS

In this section, we will prove our main results. We shall first establish Theorem 1.
Note thatJ, (1) does not satisfy (PS). condition for any ¢ > 0. Thus, in the sequel we will find a special finite-dimensional
subspace by which we construct sufficiently small minimax levels.

Recall that the assumption (V) implies that there is x, € RN such that V(x;) = min,.gxV(x) = 0. Without loss of
generality we can assume from now on that x; = 0.
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Proposition 2. (see Binlin et al®*, theorem 3.2) For any q € (2,2}), we have

|p(x) — <l>(y)l2 ) -
mf{//RZN |x — y|N+2s dxdy : ¢ € Cg (RN),|¢|q=1}=0'

By Proposition 2, one can choose ¢, € Cg"(RN ) with |¢,|; = 1 and supp ¢; C By, (0) so that

|¢§ (x) ¢§ (y) |2 2N—(N-2s)q
————dxdy < C q
/ /RzN |x — y|N+2s y<Cg >

forany 1> ¢ > 0.
Set

we (%) = %P (x), Y (X) = wr(eTX) 4.1)

and
252

" N - 40)’ “4.2)

By (f3), for any t > 0 we get

20
i(x—y)-A(Z2 2
CQ 2 |W6,C(x) l 2 W C(y)l
T (tw,r) < 2% dxd
Wee) =5 </ /]R e — Y1V g

5 &2 2 €S
+= 2 V(x)|W£C| dx — t* 2

RN

£ Y+t y 20

< Ne2s Co |y () — ATy, (P
RNV |x — y|N+2s Y
£ . 2 t% .
+= [ V() lwel"dx— = [ lwel5dx
2 Jrn 25 Jry

8so

= €ﬁle(tllfg)»

where I, € C(E,R) is defined by

Ty TN A(EXFETY 20
L (u) . & // |u(x) _el(e x—e"y)-A(—; )u(y)|2dXdy
€ ) 2 RN |x - y|N+2S
1 z 2 1 2
+ = V(e'x) lu|*dx — = |u]*sdx
*
2 Jry 25 Jry
Since 2} > 20, there exists a finite number ¢, € [0, +o0) such that
i(eTx—€7 ) A(SEEY ) 2
Co , lwe(x) — ¢ >y
I = 2% dxd
max (tyy) > b </ /RZN PpIET y
22 £ _
+2 [ vewlrd- 2 [ s
2 Jrn 25 JRrw

Ty TN A(EXHETY
- &tzg // IWC(x) _el(e x—€"y)-A(—; )Wg(y)ldedy
- 920 Rav |x_y|N+2s

tz
+—°/ V (£7%) |we|dx.
2 Jrn

20

20

Lety, (x) = eiA(O)"d)C(x), where ¢, (x) is as defined above. Then, we have the following lemma.



2486 Wl LEY LIANG ET AL.

Lemma 6. (see Binlin et al®*, lemma 3.6) (Norm estimate) For any ¢ > 0 there exists £y = £,({) > 0 such that

eTx+ely

lwe (o) = T e P woam 4
/ / C N+2s ddy <CC 0+ (P4 2,
RN Ix —yl 1-s s

forall 0 < € < gy and some constant C > 0 depending only on [¢]; .

On the one hand, since V(0) = 0 and note that supp ¢, C B, (0), there is €* > 0 such that

V(e"x) < forall |x|<r, and O0<e<e™
¢l
This implies that
2
CO ) 2N—(N-25)q 1 ) 4 N )26 tO
< 20420 Y _ L 25 , T els D¢ i
maxL(igs) < 247 (CC v+ =P+ 3%) + 4.3)
Therefore, for all 0 < € < min{eg, £*}, we have
2
Co gof pp 2030 1 0 4, )2" o | 52
< |—=t° By s Y %o )
max J () < lzto (e T r) 4 2 (4.4)

Thus, we have the following result.

Lemma 7. Under the assumptions of Lemma 2, for any x > 0 there exists £ > 0 such that for each 0 < € < &, there is
2, € Ewith |[&,]| > 0., J.(;) < 0and

8so

max J,(fe,) < kg%, 4.5)
t€(0,1]
Proof. Choose ¢ > 0 so small that
C W-(v-299 1 4 ,N\2
70[(2)6<CC q +1—_SCZS+ECZS) +EO§SK.

Let w., € E be the function defined by (4.2). Set £ = min{eop,e"}. Let 7. > 0 be such that ?glll//g,gHg > o, and
Je(tyo ) < Oforall > 1.. By (4.4),lete, = 1. v, we know that the conclusion of Lemma 7 holds. O

Proof. For any 0 < k < 69, by Lemma 5, we choose &, > 0 and define for 0 < € < &, the minimax value

ce = inf max J.(fe
£ veT, te[01] E( e)s

where

I, :={y €C(0,11,E) : y(0)=0 and y(1)=¢.]}.

8sa

By Lemma 2, we have a, < ¢, < ke*~*. By virtue of Lemma 5, we know that J, satisfies the (PS)., condition, there is
u, € E such that Je'(u,) = 0 and J.(u.) = ¢, Then u, is a nontrivial mountain pass solution of problem (2.2).



LIANG ET AL. Wl LEY 2487
Since u, is a critical point of J, by (M) and (H), we have for 7 € [20, 2}]

8sa

KeE > To(u) = Je(ue) — <J’(ug) Ue)
= L _l 1 1) = 2
= S (e ) = oM (s ) k2, +(5 -7 )e /V(x>|ue|dx
+<%__> / e Podx + & /(/c (e ) (£ (e Pl = SRl ) de (4.6)
1 1 20 1 1 -2s 2
> (5—;>m1[ug]s,z4£+ <§— ;)5 /RNV(X)|ue| dx

2 2
c(Lo L) e [ e (bod)en [ [ HS@DRLOD,,
T2 RY T 4 Rav Ix — yl

Taking = = 2/0, we obtain the estimate (1.7) and taking © = u we obtain the estimate (1.8). This completes the
proof of Theorem 1. []

Next, we shall establish Theorem 2. Again, we first need to prove a lemma.

For any m* € N, one can choose m* functions d)ic ecCy (RM) such that supp d)i, N supp d)’g =@g,i#Kk, |¢i¢|s =1and

|¢g(x) d’l (J/)|2dxd <c 2N-(N-25q
/ /R ooy A=

Let rg’,"* > 0 be such that supp q’)é C Big (0)fori=1,2, ..., m* Set

W) = 4Ol (x) (.7)

and
W, (0 = wi(e'x). (4.8)
Denote

m* __ 1 2 m*
ch —span{y/eg,qjé’g, e, g,g}-

Observe that for each u = 2:11 ! EHZ ", we have

m*

Wz, < CZ‘,lcll Wl s

for some constant C > 0. Therefore,

m*

Jew) < CY T(ewt )

i=1

for some constant C > 0. Based on a similar argument as before, we see that
Je(ciw! ) < €72¥(cilw)).

As before, we can obtain the following estimate:

| C 2N—(N-25)g 20 [2 850
max J.(u) < Cm* lé)tga(cg—q + ILSCZS + ‘E‘gm) + 2| i (4.9)

ueH™
€5

for all small enough ¢ and some constant C > 0. From the estimate (4.9) we have the following:
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Lemma 8. Under the assumptions of Lemma 2, for any m* € N and k > 0 there exists £y, > 0 such that for each
0 < & < Epsy, there exists an m*-dimensional subspace F - satisfying

8so
max J.(u) < kex,
UETF % ]

Proof. Choose { > 0 so small that

C 2N—(N-25)q
cm* l—otg”(CC—q

2
1 2s 4 2s>26 t0
+ — + - + — <k.
2 1—sc SC Zg -

Set Feppe = H;’g =span{y, . w?,. ..., WEmC }. Now, the conclusion of Lemma 8 follows from (4.9). O

Proof. Denote the set of all symmetric (in the sense that —Z = Z) and closed subsets of E by X, for each Z € X. Let
gen(Z) be the Krasnoselski genus and
j(Z) := min gen(n(Z) N 9B, ),
neD, €

where @, is the set of all odd homeomorphisms # € C(E, E) and g, is the number from Lemma 2. Then j is a version
of Benci's pseudoindex®3. Let

Cei .= inf J.(w), 1<i<m®.

a = il ilélz) ), 1<i<
Since J,(u) > a, forallu € aB:;L and since j(Fyp+) = dim F,,,» = m*, we obtain

8so
A <C1 < ... SCepr < SUP Je(w) < KgE™
u€H, ,«

It follows from Lemma 5 that J, satisfies the (PS)., condition atall levels ¢ < 60e™V~%. By the usual critical point theory,
all ¢; are critical levels and J, has at least m* pairs of nontrivial critical points satisfying

8so

ae < J(ue) < Kgx™

Hence, problem (2.2) has at least m* pairs of solutions. Finally, as in the proof of Theorem 1, we see that these
solutions satisfy the estimates (1.7) and (1.8). O
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