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1. Introduction

The main purpose of this paper is to study the existence and multiplicity of solutions for the fractional Schrédinger-
Kirchhoff equations with external magnetic operator and critical nonlinearity

eBM([U?, =AY, u+ V(Xu = [u® ~2u+ h(x, [u*)u, x € RY, (11)
u(x) —> 0, as |x| — oo, '

where ¢ > 0 is a positive parameter, N > 25,0 <s < 1,

i(x—v)-An( XY
2 |u(x) — e A )u(y)lzd y
[u]s,A€ T RZN |X —y|N+25 X y:

where 2} = % is the critical Sobolev exponent, V € C(RV, R(‘;) is the electric potential, A € C(RN, RV) is a magnetic

potential, and A,(x) := ¢ 'A(x). Further assumptions for the functions V(x), M(x) and h(x) will be given in Section 3.IfAis a
smooth function, the fractional operator (—A);, which up to normalization constants can be defined on smooth functions u as

ulx) — el=yACE),
(—A)u(x) == 2lim ®) s (y)dy, x e RV,
e=0 JRN\B,(x) Ix —yl
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has recently been introduced in [ 1]. Hereafter, B.(x) denotes the ball in RN centered at x € RN and of radius & > 0. As stated
in [2], up to correcting the operator by the factor (1 — s), it follows that (—A);u converges to —(Vu — iA)?u ass — 1.Thus,
up to normalization, the nonlocal case can be seen as an approximation of the local one. The motivation for its introduction
is described in more detail in [1,2] and replies essentially on the Lévy-Khintchine formula for the generator of a general Lévy
process. If the magnetic field A = 0, then the operator (—A)fig can be reduced to the fractional Laplacian operator (—A),
which is defined as

(—AYu = P.V./ Mdy, x eRN,
eV x—yNtE

where P.V. stands for the principal value. It may be viewed as the infinitesimal generator of a Lévy stable diffusion
processes [3]. This operator arises in the description of various phenomena in applied sciences, such as phase transitions,
materials science, conservation laws, minimal surfaces, water waves, optimization, plasma physics and so on, see [4] and
references therein for more detailed introduction. Indeed, the study of fractional and nonlocal operators of elliptic type has
recently attracted more attention. For example, for the case in which bounded domains and the entire space are involved,
we refer the readers to [5-10] and the references therein for more related results.

The main driving force for the study of problem (1.1) arises in the following time-dependent Schrédinger equation when
s=1:

d 1
0L = (R 4 AT + POV — s, 1YV, (12)
m

where h is the Planck constant, m is the particle mass, A : RN — R¥ is the magnetic potential, P : R¥ — RN is the electric
potential, p is the nonlinear coupling, and 1 is the wave function representing the state of the particle. This equation arises in
quantum mechanics and describes the dynamics of the particle in a non-relativistic setting, see for example [11,12]. Clearly,
the form y(x,t) = e*"“"hflu(x) is a standing wave solution of (1.2) if and only if u(x) satisfies the following stationary
equation:

(—ieV 4+ AYu + V(x)u = f(x, |u|)u, (1.3)

where ¢ = h, V(x) = 2m(P(x) — w) and f = 2mp, see [13-16] and the references cited therein for recent results in this
direction. When A = 0, problem (1.3) becomes the classical Schrédinger equation

—2Au+Vxu =f(x,u), xR, (1.4)

Similarly, we can deduce the following fractional Schrédinger equation:

e5(—AYu+Vxu =f(x,u), xeRN. (1.5)

Felmer, Quaas and Tan [1] studied the existence and regularity of positive solutions for problem (1.5) with ¢ = 1 when
f has subcritical growth and satisfies the Ambrosetti-Rabinowitz condition. Secchi [17] obtained the existence of ground
state solutions of (1.5) when V(x) — oo as |x|] — oo and the Ambrosetti-Rabinowitz condition holds. Dong, Xu and Wei [ 18]
obtained the existence of infinitely many weak solutions for (1.5) by a variant of the fountain theorem when f has subcritical
growth. For the case of critical growth, Shang and Zhang [ 19] studied the existence and multiplicity of solutions for the critical
fractional Schrédinger equation:

eB(—AYu+ V) = [u|® 2u+ Af(u) x € RV, (1.6)

Based on variational methods, they showed that problem (1.6) has a nonnegative ground state solution for all sufficiently
large A and small . Moreover, Shen and Gao [20] proved the existence of nontrivial solutions for problem (1.6) under various
assumptions on f and potential function V(x), among which they also assumed the well-known Ambrosetti-Rabinowitz
condition. See also recent papers [21,22,17,23] for more results. Teng and He [24] were concerned with the following
fractional Schrédinger equation involving a critical nonlinearity

B (—AYu+u=Q)|ul® u+PX)ul %y, xeRV, (1.7)

where 2 < p < 2} and potential functions P(x) and Q(x) satisfy certain hypotheses. Using the s-harmonic extension
technique of Caffarelli and Silvestre [25], the concentration-compactness principle of Lions [26] and methods of Brézis and
Nirenberg [27], they proved the existence of ground state solutions. On the other hand, Feng [28] investigated the following
fractional Schrédinger equation

(—AYu+Vxu = AlulPu, xeRV, (1.8)

where 2 < p < 2} and V(x) is a positive continuous function. By using the fractional version of concentration compactness
principle of Lions [26], he obtained the existence of ground state solutions to problem (1.8) for some A > 0. By applying
another fractional version of concentration compactness principle and radially decreasing rearrangements, Zhang et al. [29]
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proved the existence of a ground state solutions for problem (1.6) with V(x) = 1 for large enough A > 0, see [30] for related
result with application of the same method.

Another important reason for studying problem (1.1) lies in the following feature of the Kirchhoff problems. More
precisely, Kirchhoff proposed the following model in 1883

9%u po E [t 2\ 9%y
— - =+ = dx =0 1.9
Pae (k T (19)

9x?

as a generalization of the well-known D’Alembert’s wave equation for free vibrations of elastic strings. Here, L is the length of
the string, h is the area of the cross section, E is the Young modulus of the material, p is the mass density and py is the initial
tension. Essentially, Kirchhoff's model takes into account the changes in the length of the string produced by transverse
vibrations. For recent results in this direction, for example, we refer the reader to [31,32] and references therein. Recently,
Fiscella and Valdinoci [33] first deduced a stationary fractional Kirchhoff model which considered the nonlocal aspect of the
tension arising from nonlocal measurements of the fractional length of the string, see the Appendix of [33] for more details.
Moreover, they investigated in [33] also the following Kirchhoff type problem involving critical exponent:

M([ul2)(—AYu = Af(x, u) + [u* 2u in 2
u=0 in RN\

u
0x

(1.10)

where £ is an open bounded domain in R". By using the mountain pass theorem and the concentration compactness
principle, together with a truncation technique, they obtained the existence of non-negative solutions for problem (1.10),
see for example [34-36] for more recent results. For the results on the entire space, see for instance [37-39].

Mingqi et al. [40] first studied the following Schrodinger-Kirchhoff type equation involving the fractional p-Laplacian
and the magnetic operator

M([ul2 (= Au + V(x)u = f(x, [ul)u inR", (1.11)

where the right-hand term in (1.11) satisfies the subcritical growth. By using variational methods, they obtained several
existence results for problem (1.11). Following similar methods, for M(t) = a + bt with a € Rg and p = 2, Wang
and Xiang [41] proved the existence of two solutions and infinitely many solutions for fractional Schrédinger-Choquard-
Kirchhoff type equations with external magnetic operator and critical exponent in the sense of the Hardy-Littlewood-
Sobolev inequality. Binlin et al. [42] first considered the following fractional Schrodinger equations:

e¥(— AN u+ V(Xu = f(x, [uhu 4+ Ku*2u  inR", (1.12)

where V(x) satisfies the assumption (V) which will be introduced in Section 3. By using variational methods, they proved
the existence of ground state solution (mountain pass solution) u, which tends to the trivial solution as ¢ — 0. Moreover,
they proved the existence of infinite many solutions and sign-changing solutions for problem (1.12) under some additional
assumptions.

Inspired by the above works, in particular by [42,43,40,30], we consider in this article the existence and multiplicity of
semiclassical solutions of the fractional Schrédinger-Kirchhoff equations with electromagnetic fields and critical nonlinear-
ity in RN, It is worthwhile to remark that in the arguments developed in [42,43], one of the key points is to prove the (PS),
condition. Here we use the fractional version of Lions’ second concentration compactness principle to prove that the (PS),
condition holds, which is different from methods used in [42,43]. Some difficulties arise when dealing with this problem,
because of the appearance of the magnetic field and the critical frequency, and of the nonlocal nature of the fractional
Laplacian. Therefore, we need to develop new techniques to overcome difficulties induced by these new features. As far
as we know, this is the first time that the fractional version of the concentration compactness principle and variational
methods have been combined to get the multiplicity of solutions for the fractional Schrodinger-Kirchhoff equations with
electromagnetic fields and critical nonlinearity. We believe that the ideas used here can be applied in other situations to deal
with similar potentials.

The paper is organized as follows. In Section 2, we will introduce the working space and give some necessary definitions
and properties, which will be used in the sequel. In Section 3, we will give an equivalent form of problem (1.1). In Section 4,
we will use the fractional version of Lions’ second concentration compactness principle to prove that the (PS), condition
holds true. In Section 5, using the critical point theory, we will prove the main result (see Section 3).

2. Preliminaries

For the convenience of the reader, we recall in this part some definitions and basic properties of fractional Sobolev spaces
ij(]RN , C). For a deeper treatment of the (magnetic) fractional Sobolev spaces and their applications to fractional Laplacian
problems of elliptic type, we refer to [42,4,44,40,45-47] and the references therein.

For any s € (0, 1), the fractional Sobolev space ng(RN, C) is defined by

H; (RY,C) = {u e *(R",C) : [ulsa, < 00},
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where [u]; 4, denotes the so-called Gagliardo semi-norm, that is

. X+ 1/2
[ulsa, = / / Ju(x) — ey (y) 2 dxdy
S, Ae R2N |X _ y|N+25

and ng(RN, C) is endowed with the norm

1
2 2\2
ulls, @v.c) = ([ulg o, + llulifz)* -

IfA =0, then HXS(RN, C) reduces to the well-known space H(RN) with the norm [u]s := [u]s 0. The space Hj\g(RN, C)is also
a Hilbert space with the real scalar product

_ olx=y)1A:(55Y) iy A (Y
(U, v)sa, = (U, v)2 + Re (u(x) —e u(y)(v(x) —e L)
JAg L - |X _y|N+25

forany u, v € H; (R", C). The operator ((—A); ) : H; (RY, C) — H,*(R", C) s defined by

_ pil=yA () _ oA
(g e [ | WO IO — TN
' R2N

x — y|N+25
via duality.
We recall the following embedding theorem:

Proposition 2.1 (See [1, Lemma 3.5]). Let A € C(RN, RN). Then the embedding
H; (RY,C) — L"(RY, C),

is continuous for any 6 € [2, 2}]. Moreover, the embedding
H; (RY, C) > Lj (RY, C)

is compact for any 6 € [1, 2}).

In this paper, we will use the following subspace of Hf‘S(RN, C) defined by

E= {u € H; (RY,C): / V(x)|ul?dx < oo}
RN

with the norm
1

lulle = ([u]f,Ag +f V(X)Iulde> :
RN

where V is non-negative. By the assumption (V) (see Section 3), we know that the embedding E < H;_ (RN, C)is continuous.
Note that the norm || - || is equivalent to the norm || - ||, defined by )

2
lulle = ([u]iAF +s‘25f V(x)|u|2dx> ,
: -

for each ¢ > 0.1t is obvious that for each 6 € [2, 27], there is ¢y > 0, independent of 0 < & < 1, such that

lulle < collulle < collulle- (2.1)
We have the following diamagnetic inequality:
Lemma 2.1. Forevery u € H; (R, C), we get [u| € H'(R"). More precisely,
[lulls < [u]s.a, -
Proof. The assertion follows directly from the pointwise diamagnetic inequality
i(x—y)A, (XY
@) —[u)l < u(x) — e 42 u(y)),
fora.e.x,y € RV, see [1,Lemma 3.1, Remark 3.2]. O
By Proposition 3.6 in [4], we have

[uls = I(—4)3ull,2
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for any u € HS(RV), i.e

_u(Y| / s 2
—————dxdy = —A)2 dx.
[4m Oy = [ i=a)tuoa

Thus
/f )(|111V(i<2)5— v(y))dxdy _ /RN(_A)%U(X) (= A)2v(x)dx.

Ix—

3. The main result

Throughout the paper, without explicit mention, we suppose that the functions V(x), M(x) and h(x) satisfy the following
conditions:

(V) V(x) € C(RN,R), min,nV(x) = 0 and there is 7o > 0 such that the set V® = {x € R : V(x) < 7o} has finite
Lebesgue measure;

(M) (m{)M : ]RaL — Rt isa continuous nondecreasing function. Furthermore, there exists ey > 0 such thatand M(t) > o

forallt € R];

(my) there exists o € (2/2F, 1] satisfying M(t) > oM(t)t forall t > 0, where M(t) = fot M(s)ds;

(h1)h € C(RY x R, R)and h(x, t) = o(|t|) uniformly in x as t — 0;

(hy) there exist co > 0 and q € (2, 27) such that |h(x, t)| < co(1 + tq%);

(h3) there exist lp > 0,2/0 < rand2/o < p < 2¢ such that H(x, t) > lo|t|'/? and wH(x,t) < 2h(x, t)t for all

(x,t) € RN x R, where H(x, t) = fo (x, s)ds.

(H)

To obtain the solution of problem (1.1), we will use the following equivalent form

: (12, ) (a0, u+ &2 Vu = e ul 2u+ 5k, |ulu, x € B, -,
u

x) — 0, as |x| — oo,

fore — 0.
The energy functional J, : E — R associated with problem (3.1)

1~ g2 g2 . =28
Je(u) = fM (wlZ,) + / V(x)lu*dx — f |uf* dx — / H(x, |ul*)dx
€ 2 Jgn 2% Jgn 2 Jzn

S

is well defined. Define the Nehari manifold
N ={u€E: (/(u) u) =0}.

Under the assumptions, it is easy to check that as shown in [48,49], J, € C!(E, R) and its critical points are weak solutions of
problem (3.1).
We recall that u € E is a weak solution of problem (3.1), if

ix—y)Ac(*5Y) =) A (X5
M ([uF?, ) Re / / — e u(y))(v(x) — e u(y)) dxdy

|X_y|N+23

+ e‘zsRe/ V(x)uvdx = s_ZSRe/ <|u|2§—2u + h(x, |u|2)u> vdx,
RN RN

where v € E.
The following is the main result of the present paper. It will be proved in Section 5.

Theorem 3.1. Let the conditions (V ), (M) and (H) be satisfied. Then the following statements hold: (1) For any k > O, there is
& > Osuch thatif 0 < ¢ < &, then problem (3.1) has at least one solution u, satisfying

-1 2 1 .
7z HO T P)dx + (= = o= ) [ uedx < s, (32)
2 2
RN o s/ Jry
1 1 1
g__ ae®ul 4+ (5 — — / V(x)|ug)?dx < reV. (3.3)
2w 2 u) SN

Moreover, u, — 0inEase — 0.
(2) Foranym € Nand k > O, there is &y, > Osuch thatif 0 < & < Eny, then problem (3.1) has at least m pairs of solutions u ;,
ue i, 1 =1,2, ..., mwhich satisfy the estimates (3.2) and (3.3). Moreover,u,; - OinEase - 0,i=1,2,...,m.
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4. Behavior of (PS) sequences

In this section, we recall the fractional version of concentration compactness principle in the fractional Sobolev space,
see [50,51,29] for more details. Note that Prokhorov theorem (see Theorem 8.6.2 in [52]) ensures that bounded sequences
{u,}, are relatively sequentially compact in H(R") if and only if the sequence is tight in the sense that forany ¢ > 0,
there exists a compact subset 2 € RN such that sup, fRN\Q lugldx < e.

Lemma 4.1 ([50, Theorem 1.5]). Let £2 RN be an open subset and let {u,}, be a weakly convergent sequence in H*(R"), weakly
2

converglng touasn — oo and such that |un|25 — vand |(— )2 u,| — nin the sense of measures. Then either u, — u in

LIOC(]RN) or there exist a (at most countable) set of distinct points {x;}je; 2 and positive numbers {vj}jer such that

v = |ul® +28xjvj, v > 0.
Jjel

If, in addition, §2 is bounded, then there exist a positive measure 7 € M(RN) with supp 2 and positive numbers {nj}jer such
that

s 2 o
n=1=A)2ul +7+ > synj, >0
jel
and

2
v < (ST'({x))) 7,
where S is the best Sobolev constant, i.e.
[an I(=2)3 Yuld

S =
ueHS®N)  [fon |u|2 s dx

xj € RN, 8, are Dirac measures at x;, and w;, vj are constants.

Remark 4.1. In the case £2 = R, the above principle of concentration compactness does not provide any information about
the possible loss of mass at infinity. The following result expresses this fact in quantitative terms.

Lemma 4.% ([29, Lemma 3.5]). Let {uy}, C HS(RN) be such that u, — u weakly converges in HS(RV), |u,|> — v and
|(—A)%un| — 1 weakly-x converges in M(RN) and define

(i) Moo = limg_oolim U, oo focaniyyor, I(—A)2unl?dx,

(if) Voo = liMgo oo liM SUP,_ o0 [y ey [Unl* dx.
Then the quantities v, and 1. exist and satisfy the following

(iif) limsup, o fon I(— A)%umdx = fon dn + 11,
(iv) limsup,_ o fRN [up|% dx = San dv + e,

(V) Voo < (57') 7

We recall that a C! functional J on Banach space X is said to satisfy the Palais-Smale condition at level ¢ ((PS). in short)
if every sequence {u,}, C X satisfying lim,_, /5 (un) = ¢ and limn_, o ||J; (tn)llx+ = 0 has a convergent subsequence.

Lemma 4.3. Suppose that conditions (V ), (M) and (H) hold. Then any (PS). sequence {u,}, is bounded in E and ¢ > 0.
Proof. Let {u,}, be a (PS) sequence in E. Then
¢ = Jo(un)
1~ 5 g7 ) g7 - g% )
51\/1 (unlZy,) + 5 /RN V(x)|uy|2dx — on /RN || % dx — 5 /RN H(x, |un)?)dx, (4.1)

S

(o (un), v)

_ pilx=y)As(55) _ pilx=y)As(55)
Re M([u”]f,Ag)f/ (Un(x) — € Z up(y))(v(x) — e 2 v(y))dxdy
R2N

|X _ y|N+25

+8725 /N V(X)unl_JdX - 8723 fN |u”|2?72unﬁdx _ 8725 /N h(X, |un|2)unl_1dx}
R! R ®
o()l[un]le. )
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By (4.1), (4.2), (M) and condition (h3), we have

1 1~ 1
¢ o(Dlunlle = Jo(tn) = 2 U () un) = M ([T, ) = 2 M (1l ) [0nl,

1 1 1 1 .
+ (f - —) 8*25/ V(x)|up|>dx + (— - —) a*ZSf [up|% dx
2 pu RN no 2% RN
1 1
+ 8‘25/ [h(x, |un|*)uz — ~H(x, |un|2):| dx
BN | 2

o 1 1 1
= (5 - E) O[Un]iAs + <5 - ;) e AN V(x)|up|*dx. (4.3)

Therefore, (4.3) implies that {u, }, is bounded in E. Passing to the limit in (4.3) shows that ¢ > 0. This completes the proof. O
The main result in this section is the following compactness result:

Theorem 4.1. Suppose that conditions (V), (M) and (H) hold. Then for any 0 < ¢ < 1, ], satisfies (PS). condition, for all ¢ €
(O, oosN_zs), where og = (% - zl*) (0pSYN/@9), that is, any (PS).-sequence {u,}, C E has a strongly convergent subsequence
inE.

Proof. Let {u,}, be a (PS). sequence. By Lemma 4.3, {u,}, is bounded in E. Hence, by diamagnetic inequality, {|u,|}, is
bounded in H(RV). Then, for some subsequence, there is u € E such that u, — u in E. We claim thatasn — oo

/|u,,|2§‘dx—>/ ul% dx. (4.4)
RN RN

In order to prove this claim, we invoke Prokhorov’s Theorem (see Theorem 8.6.2 in [52]) to conclude that there exist
n, v € M(RN) such that

S
[(—A)2uy)> = n (weak*-sense of measures),
[un]® — v (weak*-sense of measures),

where 1 and v are nonnegative bounded measures on RY. For this, we have to show the tightness of sequences {|(—A)*/?uy| }n
and {|u, |2 }n, which follows easily from the boundedness of{|un [}nin HS(RN) and absolute continuity of the Lebesgue integral.

Then, inview of Lemma 4.1, we know that either u, — uin leoc(RN)oru = |ul® +Z]€, % Vj»asn — oo, where[ is a countable
set, {vj}; C [0, o0), {x;}; C RN.

Take ¢ € C°(RV)suchthat0 < ¢ < 1;¢ = 1inB(x;, p), ¢(x) = 0in RN \ B(x;, 2p). For any p > 0, define ¢, = ¢ (%)
where j € I. It follows that

/ / |un(x ¢p |N+(25)¢p(y)| xdy

_ 2 2 2
<2 // |un un|N_)‘—|25¢ dxdy + 2 /f [$p(X) ¢p(|3:\3j—2tun(x)| dxdy
y -y

|un(x // [$,(x) ( ) [un(X))?
d dy + 2 dxdy. 45
/AZN |X— |N+25 xdy + 2N |N+2$ xay ( )
Similar to the proof of Lemma 3.4 in [30], we have
_ 2 2
f/ 125 (x) ¢p(};\l)|+zlsu"(x)| dxdy < Cp‘ZS/ |up(%)|dx + CK~N, (4.6)
R2N [x — yl B(x;.Kp)

where K > 4. In fact, we notice that

RY x RN = ((RV \ B(x;, 2p)) U B(x;, 2)) x (RV \ B(x;, 2p)) U B(x;, 2p))
= ((RV \ B(x;, 2p)) x (R" \ B(x;, 2p))) U (B(x;, 2p) x R")
U ((RY \ B(x;, 2p)) x B(x;, 2p)).
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Then we have

|un(x | |¢p X) = ¢ // |ta(X)1% 1o (%) — B, (W)
dxdy = dxd
// —yN “ B(x;,20) xRN x — y|N*2s “

2 _ 2
n // [un(X)| |¢p(X)N+2:l5p(J/)| dxdy
(RN\B(x;,20)) < B(x;,2) [x —yl

2/2%
< cp*ZSf |un(x)2dx + CK~N / |un(x)|% dx
B(x;.Kp) RN\B(x;.Kp)

< Cp*ZSf [un(x)dx + CK V.
B(xj,Kp)

Since {un}, is bounded in E, it follows from (4.5) and (4.6) that {u,¢,}, is bounded in E. Then (J/(u,), un¢,) — 0, which

implies
elx—= y)-Ae (552
[un]SAg // |un y|N+25 ( )| ¢p( )dxdy+8_25/ V(x)|un|2¢>p(x)dx

RN
_ oll=y)As(55Y) —
— —Re { M ({12, [ / (1) = i, = 0,00
o e =y
+ 8_25/ Iun|25*¢pdx+e_25/ h(X, [un|®)|un|?@,(x)dx + 0n(1). (4.7)
N RN

It follows from [oy %dy — n weakly *in M(RN) that

, |un(x WP,
n“j‘;f / - N+2$ o dydx = /]RN Ppdn.

By the diamagnetic mequallty in Lemma 2.1, we have

_ 2
// | [un(x)| _|u|£]+)2|| ¢"(y)dxdy5/1;w podn,

asn — oo and
/ bpdi — n(tx)
]RN

as p — 0. Note that the Holder inequality implies

_ plx-»A(FY) _
Re= (5 // e |fy(|yw))$'3( 1o ¢"(y”dxdy}

_ pilx=y)Ac(5Y) _ .
< C// [up(x) — ™7 |un( i,||N|+(Zf( x) — ¢, ()l |u"(x)|dxdy

1/2
- c( // |un(X)I? |¢>p(x|)N+2§bp(y)l ) . (4.8)
R2N

Now, we claim that
2 _ 2
lim lim / / 19610 = SV ey — (4.9)
poonns f foan k= y N

Note that u, — u weakly converges in E. By Proposition 2.1 we obtain that u, — u in LfOC(RN), 1 <t < 2}, which implies
in (4.6)

Cp*ZSf [un(x))?dx + CK™N — Cp*zgf [u(x)>dx + CK N,
B(x;,Kp) B(x;,Kp)

as n — oo. Then the Hoélder inequality yields

2/2%
Cp™% f lu(x)|?dx + CK™N < CK* ( f [u(x)|> dx) + KN > cxkV
(xi,Kp) B(xi.Kp)
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as p — 0. Furthermore, by (4.6) we have

) . [un X)l |¢p X)— ¢,
lim sup lim sup //sz |N+Zs dxdy

p—0 n—oo
2
un(
= lim limsuplimsup// | . | |¢p )N ;bp(y)l dxdy = 0.
—>00  p0 n—oo R2N y| +2s

Hence the claim is proved.

It follows from the definition of ¢, and u, — uinL{

(RV), 1 <t < 2%, that

lim lim h(x, [un]?®)|un|¢,(x)dx = 0, (4.10)
p—0n—o0 RN

and
lim lim V(x)lun|*¢,(x)dx = 0. (4.11)
p—0n—o0 RN

Since ¢, has compact support, letting n — oo in (4.7), we can deduce from (4.8)-(4.11) and the diamagnetic inequality
that

aon({x;}) < 8725111‘.
Combining this fact with Lemma 4.1, we obtain v; > ape>S ij/ 2§. This result implies that
N N
(I vi=0 or (II) vj> (xS)ze".

To obtain the possible concentration of mass at infinity, we similarly define a cutoff function ¢ € CJ°(RN) such that
¢r(x) = 0on |x| < Rand ¢r(x) = 10n |x| > R+ 1. We can verify that {u,¢r}, is bounded in E, hence (J/(un), us¢r) — 0, as
n — oo, which implies

lun(x) — e ACE 0 ) Be(y)
M ([unl2,,) / / Z - B dxdy 4 7% / V(x)|un| > pr(x)dx
RN

|X y|N+25
_ pilx— Ag )
ke { (100 ) // (1) — ) : f”(fN)E?(x)(d)R() DM dy}
+ s’zs/ Iun|2?¢Rdx+fzs/ h(x, |un|*)[un|* @r(X)dx + 0n(1). (4.12)
RN RN

It is easy to verify that
u —lu
Hmsupnmsup// GO~ Be)
R2N

R 00 s 00 |X y|N+ZS
and
. x+y
(un(x) — eV 220, (y)Jun () (%) — Pr(Y))
Re | M 2 dxd
e{ ([unlis,) /v/ﬂ;m X =y xdy
1/2
|un(%)1 | r(X) — r(Y)I”
< C(/f x— |7 dxdy .
Note that
y i |un x)| |¢R(x) SO’
imsup im sup v S
L : |un x)| (1 = ¢r(x) — (1 — eI
= lim sup lim sup N3 dxdy.
R—o0 n—o0 R2N |X — y|
Similar to the proof of Lemma 3.4 in [30], we have
(1— —(1- 2
Jimsup limsup / / (O ¢R(x))N (=600 (413)
R—o0 n— 00 | | s
It follows from the definition of ¢y that
lim lim h(x, [un]?)|un]?r(x)dx = 0O (4.14)

R— 00 n—00 RN
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and

lim lim V(xX)|un|?pr(x)dx = 0. (4.15)
N

R— 00 n—0o0 R

It follows from (4.13)-(4.15) that
Qoo < & Zvo

asR — oo in (4.12). By Lemma 4.2, we obtain vy, > aOEZSSvgéZS*. This result implies that
() v =0o0r (IV) v > (aS) 5.

Next, we claim that (II) and (IV) cannot occur. If the case (IV') holds for some j € I, then by Lemma 4.2, (M) and (H ), we have

¢ = lim <g(un) - l(]g/(un)’ un))
%

n—oo

o 1 1 1 —2s
> (5 - ;) M (a2, ) Tk, + (5 - ;) o [ Vel
1 1 . 1 1
+ <f - —) 8725/ |un|* dx + 8*25/ |:*h(X, |un|?) un ] — SH(x, |Un|2)] dx
w2 RN =V LK 2

1 1 * 1 1
—— — ) [ug|Bdx > [ — — — ) e Fvs > 007,
o 2% RN o 2%

where og = (i - 2%) (oSN, which contradicts the condition ¢ € (0, 6oe"~%). Consequently, v; = 0 forallj € I.

Similarly, we can prove that (II) cannot occur for any j. Thus

/Iunlz?dx—>/ |u|® dx, (4.16)
RN RN

asn — oo. Since |u, — u|® < 2% (Jup|® + |u|%), it follows from the Fatou lemma that

%

241, 2% 5 P T 2%, 2% 2%
25T u|* dx = liminf(2s [u,|*° + 2% |u|*° — Ju, — ul” " )dx
RN RN n—o0

.. 9% 22§ 2% 92§ 22§
< liminf (2% |ug|®” + 2% |ul*” — |u, —u|*” )dx
RN

n—-oo

* 2% . 2%
= / 225“|u|25dx—11msup/ lun — ul?” dx,
RN RN

n—oo

which implies that lim sup,,_, fRN lu, — u|2?dx = 0.Then
Uy — u in [ZRY) as n— oo.

By the weak lower semicontinuity of the norm, condition (m;) and the Brézis-Lieb lemma, we have
o(Dlluall = Ug/(uﬂ)7 up) =M ([un]i,qg) [un]iAS +&7 /N V(X)|un|2dx
R

— / |t |> Oddx — &= / h(X, |un|®)|un|*dx
RN RN

> oo ([unlZs, — [UlZy,) +&7% /N VeKlual” =l + M (1) W
R
+ g-zs/ V(x)IUIde—e‘ZS/ |u|2s*dx—e-25/ h(x, |uf?)[ul®dx
&N BN RN
> min{ag, 1}|ux — ul + o(1)|ull.

Here we use the fact that J/(u) = 0. Thus we have proved that {u,}, strongly converges to u in E. Hence the proof is
complete. O

5. Proof of Theorem 3.1

In the following, we will always consider 0 < ¢ < 1. By the assumptions (V), (M) and (H), one can see that J.(u) has the
mountain pass geometry.



1788 S. Liang et al. / Computers and Mathematics with Applications 75 (2018) 1778-1794

Lemma 5.1. Assume that conditions (V ), (M) and (H) hold. Then there exist «,, 0. > 0 such that J.(u) > 0if u € B,, \ {0} and
Je(u) > o if u € 0B, whereB,, = {u € E : |ull, < 0.}

Proof. By (H), for 0 < & < (2min {2, 1} c%)_lezs, there is C; > 0 such that
1 x
L 2k - 2 2 2
2 Jon [ul™dx + 5 /}RN H(x, [ul?)dx < &llullz + Cellull 3
where c; is the embedding constant in (2.1) with 8 = 2. It follows from (V), (M) and (H), that

8—25 N 8—25
o) = 27 (1u,) + VoluPdx — & f % de / Hix, lul2)dx
2% JgN 2 Jgn
_ _ 2
zrmn{ }n|| e g Jul, — 5 C Jul%,
1 . (oo %) 1 725
> —miny —, — ¢ ||u Ce ||l "s
-1 {2 Anu clul,
1
>

. oag 1 2 _2s 28 2%
Emm{T’ 5} l[ullf — e = Cecor llulle’-

Then, for all u € E, with ||u|l, = p., pe € (0, 1) sufficiently small so that

1 . [oag 1 o 28 %2
—miny] —, =t —& “Cecips’ > 0.
2 { 2 2} §Cqp e

Thus, the lemma is proved by taking

1 . [oap 1 2 _ -2 9%
o, = Emm{T,E}ps SCgcz*ps .

The proofis finished. O

Lemma 5.2. Under the assumptions of Lemma 5.1, for any finite dimensional subspace F C E,

Je(u) > —o0 as |ujl > cowithu € F.

Proof. By integrating (m,), we obtain

~ M(to
M(t) < # Vo = cpt'? forallt >ty > 0. (5.1)

Using conditions (V) and (H), we can get

—2s

Co 2 1
Jew) = - lull? + 5”“”5 -

_ 28 r
2 llull 5 — & lollull;r

forall u € F. Since all norms in a finite-dimensional space are equivalentand 2 < 2/0 < 27, we conclude that J.(u) - —oo
as ||u]l¢ = oo. The proof is thus complete. O

Note that J.(u) does not satisfy (PS). condition for any ¢ > 0. Thus, in the sequel we will find a special finite-dimensional
subspace by which we will construct sufficiently small minimax levels.

Recall that the assumption (V) implies that there is X € RN such that V(x) = min,nV(x) = 0. Without loss of
generality we can assume from now on that xo = 0. We first notice that condition (hs) implies

8—25 " 8—25
[u|% dx + Hx, u?)dx > loe™> | |u|"dx.
2*
RN 2 JgN &N

Define the functional I, € C!(E, R) by

1 8725
L(u) = fM (ulZ,) + 5 /RN V(x)|u|2dx—los_25/RN [u|" dx.

Then J.(u) < I,(u) for all u € E and it suffices to construct small minimax levels for I,.
Note that

- 1900 — 90 N
lnf{/[l;ZN x — y|NT2s dxdy : ¢ € G°(R"), 1], = 1} =0,
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see [42, Theorem 3.2] for this proof. For any 0 < ¢ < 1 one can choose ¢, € C;°(RV) with [|¢;|l.e = 1and supp ¢, C B, (0)

so that

|¢€ — ¢ WP 2N—(N-2s)q
// Ty Ay =ceT

Set
Ve (x) = e (x)
and

l/’s,c(x) = W;(é“_]x)'

By condition (5.1), we get for any t > 0,

:z

Is(ﬁ//s.t)

IA

t2

. X+ 2
Go,2 /f |Ye.c (x) — ATy (y)
2 R2N Ix—y

+ Ee’zsf V(x)lllfg,;lzdx—trloe’”/ Ve e |"dx
RN !

gNizslpe(twg“ )s
where ¥, € C!(E, R) defined by

ex+ey

N2 CO // e (x) — e
tz 2 r r
to [ VEolvl dx —t'lo [ || dx
RN RN

W= 3 / / |u(x) — VAT y(y)|
T 2 R2N |X_y|N+25

1
+ ff V (ex) |u|2dx—10/ [u|"dx.
2 Jgn RN

Since r > 2/o, there exists a finite number ¢ty € [0, 400) such that

C x) — elx=VAC=
max ¥, (ty;) = —Oté/“ // V()
>0 2 R2N x—y

2

t2
+ ﬁ/ V(ex)lx//;lzdx—tgl()/ [, |"dx
RN RN

t
+ ﬂ/ V (ex) [, [2dx.
2 RN

Co 2/[; /[ e (x) — XA
R2N |x —y

(5.2)

(5.3)

1/o

1/o

dxdy

dxdy

dxdy

Let ¥, (x) = %%, (x), where ¢, (x) is as defined above. We have the following lemma.

Lemma 5.3. For any ¢ > O there exists g = €o(¢) > 0 such that

extey

|w{(x) — =)A= )1/fg(}/)|2 IN—(N—
// N+2s dxdy < C¢

Ix —y

forall0 < & < g and some constant C > 0 depending only on [¢,]s 0.

1 4
+7§25+7§.2s’
1—s N
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Proof. For any ¢ > 0, we have
2

£x+£y
e (x) = ey (y))
// _ |N+ZS dXdy

oA 0)x¢ (x) — el—PA EXLE ) i 0y, (y )|2
// 3 dxdy
lx —y|N %
extey 2
|@w |@ )2 [ HAOATET — 1]
<2 / / |N+25 dxdy +2 T dxdy.

Next, we will estimate the second term in the above inequality. Notice that

—v). A Bty
pl(x=y)}(AO)-A(ZFEL)) 1‘2 — 4sin? |:(X y)-(A(0) — A ))j| . (5.4)
2
Foranyy € By, if [x —y| < L, ”Lz ,then |x| <1, + 1 IId)gIIW Hence, we have
&X + €y 1/a
2r, - .
. 2( o+ n@n )
Since A : RV — R is continuous, there exists &g > 0 such that for any 0 < ¢ < &g, we have
eX + €y “1/a 1 «
’mm—A(:2> < ¢lgell," for byl < e and | < re + Z el
which implies
e S R R DS Pl
.y ¢ 12 .
Forall¢ > Oandy € By,, let us define
Ney = {x eRV:|x—y| < ||¢:||1/°‘} )
Then together with the above facts, we have forall0 < ¢ < &g
e (y) P HAO-AETE) _ g2
// N2 dxdy
E2N x —y|N+*
’eﬂxfy)»m(om(wn _ 1}2
— [ wcray | dx+
A% Ney x —y|N+2
‘ei(x—yMA(O)—A(w» _ 1‘2
sy dx
~/Br{ RN\N; y |x — J’|N+25
2
2 Ix -yl F 2 4
= | (¥)|“dy 7,\,_,_25{ |¢{|L2 dx + ¢ (¥)I°dy — X
Br; Ney X =l By, RN\N, , X — VI
4
2s
- 2 — ng t o 2s {
This completes the proof. O
Next, since V(0) = 0 and supp ¢; C By, (0), there is &* > 0 such that
V(ex) < ——- forall |x] <r;and0 <& < ¢,
¢lip2
This together with Lemma 5.3 implies that
Co 2/0 N-(N-25) 4 Vo o2
max ¥, (tg,) < =2 (ce™ 0 4 ——¢B 4 Z¢) 4 2 (5.5)
>0 2 1—s S 2
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Therefore, we have for all 0 < ¢ < min{gg, £*},
Co 2/0 2N-(N-25)g 1 4 Vo g2
maxfe(tye o) < | 67 (Ce™ T+ g4 =) 4 Qg [N (5.6)
t>0 2 1—s S 2

We are now ready to prove the following lemma.

Lemma 5.4. Under the assumptions of Lemma 5.1, for any k > 0 there exists £, > 0 such that foreach0 < ¢ < &, there is
e, € E with [[e, ||, > Qa:]a(?s) <0,and

max J,(te,) < ke . (5.7)
tel0,1]

Proof. Choose ¢ > 0 so small that

1
Cy 2 2N—(N—25) 1 4 o 1

2 (cea g 7;25 + 7;25 + =3¢ <«.

2 1-— 2

Let . . € E be the function defined by (5.3). Set & = min{eg, £*}. Let t. > 0be such that l}”Iﬁa clle > 00 and Jo (e ) <
forall t > t.. Invoking (5.6), we let®, = t, V.. and check that the conclusion of Lemma 5.4 holds. O

For any m* € N, one can choose m* functions ¢§ € COOO(RN) such that supp q){ N supp ¢5 =0,i £k, ||¢é ;s = 1and

|¢§ ¢§(y)| 2N—(N—2s)q
// y|N+2$ o dxdy = C¢ ! :

Let 1" > 0 be such that supp ¢} C B (0)fori=1,2,...,m" Set

Yi(x) = e gL (x) (5.8)
and

Wyl (%)= Yi(e7'x). (5.9)
Denote

H:,:n - Span{w‘s(! wig‘v T, ;n;}
Observe that for each u = 27:1 Gv, . € Hs{ , we have

[u2,, < CZ|c,| Wl s
i=1
for some constant C > 0,

m*

/ Veolude =Y lc? f Vol e
RN RN

i=1
and

m*

1 2% 1 i 2
7 |ul dx+5/R H(x, |uf?) Z( f e [ dx + — ‘/RNH(X,|C,'I,05’C| )dx).

i=1

Therefore

m*
W <CY Julayl )
i=1
for some constant C > 0. By a similar argument as before, we can see that

Jelaiwl ) < N0 (lalv)).

As before, we can obtain the following estimate:

C N_(N-25) 1 4 NV 2
max J(u) < Cm"* [ 2" (v (C; T+ Pt i ;;2‘) + ;;} g (5.10)

m*
ueH“

for all small enough ¢ and some constant C > 0. Using the estimate (5.10), we shall prove the following lemma.
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Lemma 5.5. Under the assumptions of Lemma 5.1, for any m* € N and k > O there exists Eu+. > 0 such that for each
0 < & < Epx, there exists an m*-dimensional subspace F,,+ satisfying

max J,(u) < ke =%,

ueFyp*

Proof. Choose ¢{ > 0 so small that

Co 2 2N—(N—25) 1 4 Vo 2
cm* itoﬂ C{Tq +7§25+7C25 +70§ <k.
2 1—s s 2

Set Fopp = HIY = span{y;} ., ¥2,..... ¥ }. Now the conclusion of Lemma 5.5 follows from (5.10). O

We are now ready to prove our main result which establishes the existence and multiplicity of solutions.

Proof of Theorem 3.1 (1). For any 0 < « < oy, by Theorem 4.1, we can choose &£, > 0 and define for 0 < ¢ < &, the
minimax value

¢, = inf max J.(te,),
yer: te[0.1]

where
I :={y € C([0,1],E) : y(0) =0and (1) ="¢}.

By Lemma 5.1, we have o, < ¢, < k" ~%. By virtue of Theorem 4.1, we know that J, satisfies the (PS)., condition. In view of
Lemmas 5.1 and 5.4, it follows from the mountain pass theorem that there is u, € E such thatif J/(u.) = 0 and J.(u.) = c,
then u, is a nontrivial mountain pass solution of problem (3.1).
Since u, is a critical point of J;, by (M) and (H) we have for 7 € [2, 2],
_ 1
ceN =2 > Jo(ug) = Jo(ug) — ;]sl(ue)ue

1~ 1 1 1\ _,
1 (2a) = 0 () 1, + (5= 1) e [ Vi pax

1 1 " 1 1

+ |\ -— = 8_25/ |ua|25 dx+8_25f —h(x, |u£|2)us — -H(x, |u5|2) dx
T 2F RN RN LT 2

o 1 1 1 _

(E - ;) Olo[ug]f,,qg + (5 — ;) e /RN V(x)|ue|2dx
1 1 * 1

+ <f - —) 3’25/ [ug | dx + <ﬁ - 7> 5’25/ H(x, |ug|?)dx. (5.11)
T 2 RN T 2 RN

Taking t = 2/0, we obtain the estimate (3.2) and taking r = w we obtain the estimate (3.3). This completes the proof of
the first part of Theorem 3.1.

Proof of Theorem 3.1 (2). Denote the set of all symmetric (in the sense that —Z = Z) and closed subsets of E by X. For each
Z € X, let gen(Z) be the Krasnoselskii genus and
J(Z) :== min gen(«(Z) N dB,,),
L€y i
where I+ is the set of all odd homeomorphisms ¢ € C(E, E) and o, is the number from Lemma 5.1. Then j is a version of
Benci’s pseudoindex [53]. Let

C.i = inf supJ.(u), 1<i<m*
j(Z)=i uez

Since J.(u) > «a, forallu € ang and j(Fyp+ ) = m* = dim F,;+, we obtain by Lemma 5.5 that
—2s

Oy < Cop <+ < Comr < sup Jo(u) < ke
Uu€F, p*

It follows from Theorem 4.1 that J, satisfies the (PS)., condition at all levels ¢ < opeN=%. By the usual critical point theory,
all c,; are critical levels and J, has at least m* pairs of nontrivial critical points satisfying

ag < Jo(ug) < KceN =2,

Hence, problem (3.1) has at least m* pairs of solutions. Finally, as in the proof of the first of Theorem 3.1, we see that these
solutions satisfy the estimates (3.2) and (3.3). This completes the proof of the second part of Theorem 3.1. O
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