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1 | INTRODUCTION

The objective of this work is to study the existence of solutions for the following problems involving the Leray-Lions type
operators in variable exponent spaces

{ A (a(x, Au)) = Af(x,u) in Q, 0
u=Au =0 on 0Q,

where Q is a bounded domain in RV2? with smooth boundary 0Q2, A> 0 is a parameter, f is a Carathéodory function,
p € C(ﬁ) satisfies infyeqp(x) > N/2, for all x€Q, and the potential a satisfies a set of conditions (see Section 2.2).
The operators include the p(x)-biharmonic operator and other important cases. We point out that the extension from the
p-biharmonic problem to the p(x)-biharmonic problem is nontrivial since the p(x)-biharmonic problem possesses a more
complicated structure; for example, it is nonhomogeneous, and it usually does not have the so-called first eigenvalue.
Here, A(a(x, Au))is the Leray-Lions operator, where a is a Carathéodory function satisfying some suitable supplementary
conditions.

Investigations of this type of operators have been going on in various fields, for example, in electrorheological fluids
(see Ruzi¢kal), elasticity theory (see Zhikov?), stationary thermorheological viscous flows of non-Newtonian fluids (see
Antontsev and Rodrigues?®), image processing (see Chen et al.#), and mathematical description of the processes filtration
of barotropic gas through a porous medium (see Antontsev and Shmarev®). For more details about this kind of operators,
the reader is referred to Leray and Lions® (see also Papageorgiou et al.” and the references therein).
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We briefly recall the literature concerning related problems involving the Leray-Lions type operators. The existence of
three solutions for a problem involving the p(x)-Laplacian in a variable space was established by Bonanno and Chinni.? In
particular, in the absence of small perturbations of the nonlinear term, they proved that one of the solutions is the trivial
solution. Bonanno and Chinni® also proved the existence of three solutions for a problem without small perturbations of
the nonlinear term, whenever p(x) > N. Motivated by these results, we shall establish in this paper the existence of three
nontrivial solutions for more general problems involving the Leray-Lions type operators in variable exponent spaces (see
Theorem 2 in Section 3).

This paper is organized as follows: in Section 2, we present preliminary definitions and results, Section 3 is devoted to
the statement and the proof proof of the main result, and Section 4 presents an application.

2 | PRELIMINARIES

In this section, we first review key definitions and basic properties of variable exponent Sobolev spaces and then intro-
duce all conditions for parameters and nonlinearities which we need for the statement and proof of our main result
(Theorem 2).

2.1 | Variable exponent Sobolev spaces

For a comprehensive treatment, we refer the reader to Ridulescu and Repovs.!? Let
C.(Q) :={hlh € C(Q),h(x) > 1, forall x € Q},
andletp € C,(Q),p € C,(Q) be such that

1<p” :=minpx) < p* := maxp(x) < +oo. )
XEQ xeQ

We define the Lebesgue space with variable exponent as follows:
LPOQ) :={ulu : Q - R is measurable, / lu)[PPdx < oo §,
Q
and we equip it with the Luxemburg norm

p)
dx <1

utx)
u

il = inf > ] [
Q

Variable exponent Lebesgue spaces are like classical Lebesgue spaces in many respects: they are Banach spaces, and they
are reflexive if and only if 1 < p~ < q* < 00. Moreover, the inclusion between Lebesgue spaces is generalized naturally, that
is, if g1, g2 are such that p;(x) < p,(x) a.e. x € Q, then there exists a continuous embedding LP2¥(Q) — LA®(Q).

For every u € LP®(Q),v e LP'®(Q), the Holder inequality

1 1
wvdx| < | =+ —— ) |ulpo V] 3)
é <p— (p/)—> | |P(x)| |P (x)

holds, where p/(x) satisfies 1/p(x) + 1/p’(x) = 1. The modular on the space LP®(Q) is the map ppu) @ LP¥(Q) - R,
defined by

bﬂm:/wmw
Q
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For any k € N, we define the Sobolev space with variable exponents as follows:

WEPR(Q) 1= {u € LPY(Q)|D%u € LPY(Q), |a| < k},
where « := (a1, a2, ..., ay,) is a multi-index, |a| = Ei":l a;, and

Dau . alulu
Too0mxg ... .0%XN

Then W*PM(Q) is a separable and reflexive Banach space equipped with the norm

[ullipee := D, ID"Ulp

|a|<k

The space Wg PO (Q) is the closure of Ce(Q) in WEPI(Q). Tt is well-known that both WP®(Q) and WO1 X Q) are separable
and reflexive Banach spaces (for more details, see Ridulescu and Repovs!®).
It follows that X = WP (Q) n W& PY(Q) is also a separable and reflexive Banach space, equipped with the norm

llullx == lullw2om) + lullyim g,

Let

p()
dx<1

[|lu|| :=inf ,u>0|/‘—Au
u
Q

represent a norm, which is equivalent to |.||x on X (see Remark 2.1 in Amrouss and Ourraoui'!). Therefore, in what
follows, we shall consider (X, ||.||). The modular on the space X is the map pp) : X — R defined by

Ppey(U) 1= / |Au[PYdx.
Q
This mapping satisfies the following properties.

Lemma 1 (El Amrous et al.’). For every u, u, € W?P0(Q),

(D |lull <1 (resp. =1,> 1) <= ppro(u) <1 (resp. =1,> 1);
(2) min{|[ullP””, [[ullP"} < ppe < max{||ullP", |ullP"}; and
(3) |lunll = 0 (resp. = ) <= pp)(Un) = 0 (resp. — o).

We recall that the critical Sobolev exponent is defined as follows:

Npx) N
P = N PO
oo, if p(x) > %j

Remark 1 (Ridulescu and Repovs'?). Assume that p € C*(Q) satisfies p~ > N/2. Then there exist a continuous embed-
ding X < W2 (Q)n Wé’p (Q) and a compact embedding WP (Q) N WO1 P (Q) & C%Q), such that X is compactly
embedded in C°(Q) and ||u|| < co||ul|, where ¢ is a positive constant and ||u||e := SUP,cq|UX)|.

Proposition 1 (Gasiriski and Papageorgiou®?). If X is a reflexive Banach space, Y is a Banach space, Z C X is nonempty,
closed and convex, and J: Z — Y is completely continuous, then J is compact.
Our key tool will be Theorem 3.6 in Bonanno and Marano,'# which we restate here in a more convenient form.

Theorem 1 (Bonanno and Marano'#). Let X be a reflexive real Banach space and let ® : X — R be a coercive, continu-
ously Gateaux differentiable, and sequentially weakly lower semicontinuous functional, whose Gateaux derivative admits
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a continuous inverse on X. Let ¥ : X — R be a continuously Gdateaux differentiable functional whose Gateaux derivative
is compact and such that inf,ex®(X) = ©(0) = ¥(0) = 0. Assume that there exist r > 0,x € X, such thatr < O(X),
r‘lsupq)(x)g‘l‘(x) < ¥(X)/D(x), and foreach A € A, := (<I>(5c) /Y (X), r(supq,(x)g‘l’(x))‘l), functional ® — AY is coercive.
Then for each A € A,, functional ® — AY has at least three distinct critical points in X.

2.2 | Conditions for parameters and nonlinearities
In problem (1), parameters and nonlinearities are assumed to satisfy the following conditions:

(H1) a: QxR - Risa Carathéodory function such that a(x, 0) = 0, for a.e. x€ Q.
pioN
(H ;) There exist ¢; >0 and a nonnegative function d € Lpfo (), such that

laGx, O] < ci(d(x) + [t]PP1), fora.e. x € Q andall t € R.

(H3) Foralls,t € R, the inequality |a(x, t) — a(x, s)|(t —s) > 0 holds, for a.e. x € Q, with equality if and only if s=t¢.
(H 4) There exists 1 <c, such that

e |tP® < min{a(x, Ht, p(x)A(x, 1)}, foraex € Qandall s,t € R,

where c; is the constant from condition (H,) and A : Q x R — R represents the antiderivative of a,

t

Alx, t) = /a(x, s)ds.

0

(Hs) |f@x, )] <EX)+ ¢[t]991, for all(x, £) € Q x R, where £ € L1(Q), { is a positive constant, and 1 <q~ <q*t <p~.
Remark 2. (Boureanu'®) Concerning conditions (H;) — (Hs), the following can be observed:

(i) A(x,t)is a C'-Carathéodory function; that is, for every t € R, A(.,t) : Q — R is measurable, and for a.e. x€ Q,
A(x,.)is CY(R).
(ii) There exists a constant c; such that |A(x, £)| < c3(d(x)|t] + [t[PD), for a.e.x € Q andall t € R.

In order to formulate the variational approach to problem (1), recall that a weak solution for our problem satisfies the
following definition.

Definition 1. We say that u € X\ {0} is a weak solution of problem (1) if Au = 0 on 0Q and

/a(x, Au)Avdx — A / fC,uywdx =0, forall veX.
Q Q

Denote

D) = /F(x, u)dx.
Q
The Euler-Lagrange functional corresponding to problem (1) is defined by ¥, : X — R, where ¥,;(u) = J(u) —
AD(u), for all u € X, such that

Ju) = /A(x, Au)dx.
Q
By condition (Hs), we have

F e, w)] < £G0) ] + —— |u]1;
qx)
hence,

D) < 1E@) 1o llulle + qi / (ul® + ul )dx,
Q
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so we get

Q) < [EX) e llulle + qi_(CgWIuII‘J+ +¢j llullf)le.

This shows that @ is well defined. In the sequel, we shall need the following lemma.

Lemma 2 (Boureanu!). Functional J is coercive on X, and J' : X — X* is a strictly monotone homeomorphism.

Proof. 1tis clear from Lemma 1 and hypothesis (H,) that for u € X with ||u||>1,

C 1 1 _
T > / 2 Aupde > L) > -l @
pX) pt PN = p
and thus, J is coercive. For the rest of the proof of Lemma 2, see Boureanu.'> O

Next, we shall show that ®'(u) is compact. Let v, — vin X. Remark 1 asserts that v, — vin Co(ﬁ), so for any u € X,

| <@'W),ve > | = | <@'W,v> | < lvn —Vlloo/f(x, u)dx.
Q

As a consequence of condition (Hs), we have
| < @' (W), vy, > | = | < D'(W),v>|,as n— +oo.

This means that @'(u) is completely continuous, hence compact by Proposition 1.

3 | THE MAIN RESULT

Setting 6(x) := sup{é > 0|B(x, §) C Q}, for all x € Q, one can prove that there exists x, € Q such that B(xy, D) C Q, where
D := sup,.,5(x). For each r>0, let y, := max {(p*r/F", (p*r)!/P" }. Let

N
2

N
L :=W<DN— (g) >,where wi= %

r(3)

and I'" denotes the Euler function. We can now state the main result of this paper.

vz

Theorem 2. Leta : Q x RN — RN be potential satisfying conditions (H,) — (H,) and f : Q X R — R a Carathéodory
function satisfying condition (Hs) and the following requirement

t
ess infieqF(x, 1) 1= ess ingfz/f(x, s)ds > 0, forall t € [0,h],
xe
0
where h is a nonnegative constant. Suppose that there exist r > 0, h > 0 such that
L . f(shN\" (shN\"
r < = min — ) .| = ,
p* 3D? 3D?

w(% >Ness inf xeqF(x, h)
P 1= (%)

LL* NL* sh 14 LP+—;1 shv \P~ [ shv \ P
csLr P 5| ()| pw_ + L »* max o) oo

pe0)-1
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/ sup F(x, t)dx.

[t|<cor,

\Y
K

£

Il
S =

Then for every A € A := (1/fn,1/a,), problem (1) admits at least three weak solutions.

Proof. We shall apply Theorem 1. Let X = W2P®(Q) n WO1 PO(Q) and W, (u) 1= J(u) — A®), for all u € X, where
Ju) = /A(x, Au)dx and ¢p(u) = / F(x, u)dx.
Q Q

Aswe have seen before, functionals J and ® satisfy the regularity assumptions of Theorem 1. Now let v € X be defined
by

0, if x € Q\B(xo, D)
3 D
V= h, 1fxeB(x0,E)
(D2~ = xo?). ifx € Bxo, D)\B (xo, ?) ,

where |.| denotes the Euclidean norm in RV, and

0, if x € Q\B(xo, D) UB <x0, g)

Av=
RN, if x € B(xo, D)\B <X0, ’;’) :

3D?

Using the above information, Remark 1, Lemma 1, and the continuity of embedding LF'(Q) & LPW(Q), we obtain

P~ p*
L min 8hN , 8hN <J®)
p* 3D? 3D2

Y 1 8h pt-1 shN\’ [ 8hN P
< c3Lrt | N»* d » + L p* — N == ,
< oL l P A e + L7 max{<3D2> <3D2> H

and

D N
@) > / F(x,f;(x)dew(E) essinf F(x, h).

B<x0,17)>

It follows from (5) that r < J(¥). Moreover, since the embedding X < Cy(Q) is continuous, we have
max [ux)| < co max{(p+r)r'_+, (pTr)r } = oYy, for all u € X, such that J(u) <r.
xe

Therefore,

sup D(u) S/ sup F(x, t)dx.

Jw<r [tl1<coy,

By the definitions of @, and g, in Theorem 2, we obtain

su d(u D
Sz g, < 20,
r J®)

Hence, the first condition of Theorem 1 has been verified.
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Next, we shall prove that for each 4> 0, the energy functional J— A® is coercive. For any q € C.(Q), we have
[u()|9% < |u(x)|9" + |u(x)|9 . Condition (Hs), Remark 1, and the above inequality imply

Ow) < 6@ n@llulleo + (;i_ /(|M|q+ + |u|T )dx
Q

< @l + o= (Il + Al ) 102

+ + - -
< 6@ @ llulloleq Iull® +cg llull®HlRl.

The above inequality and (4) give
1 - + ¥ - _
J(u) — ADu) > Ellullp — ColECO ey llull + (;i_(cg lull” +cg llull®)le.

Since 1 £q~ <q* < p~, it follows that J(u) — A®(u) is coercive.
Finally, we use the fact that

A:=(l,l)g o |
Prn ay D) sup P(u)

Ju)<r

Theorem 1 now ensures that for each 4 € A, functional J(u) — A®(u) admits at least three critical points in X which
are weak solutions for problem (1). This completes the proof of Theorem 2. O

Remark 3. Setting r = 1 in Theorem 2, we get y, = (p*)'/P", and inequalities (5) become

v Lmind (BN (8hN P
P 302 )\ 3D .
and
N
D .
w(;) eiselsrzlfF(x,h)

L Logy A} s \P [ shn \P"
csLrt |NP Eld()c)lﬁ + L »* max (3?) ’(3?)

pe)-1

P =

>a = sup  F(x, t)dx.

Q ltlSco(pt)?

Remark 4. We note that, if f{x, 0) # 0, then by Theorem 2, there exist at least three nonzero solutions.

Remark 5. We are interested in the Leray-Lions type operators because they are quite general. Indeed, consider
a(x, t) = 6(x)[t[P¥7%t, (6)

where p(x) satisfies condition (2), and for § € L*(€2), there exists 8y > 0 with 6(x) > 6, > 0, for a.e. x € Q. One can see
that Equation (6) satisfies conditions (H;) — (H,), and we arrive at operator 6()A? (|A[PY~2u).

Note that when 0 =1, we get the well-known p(x)-biharmonic operator A; (4)(u). Moreover, we can make the follow-
ing choice a(x,t) = O(x)(1 + |¢[>)P®/P®=2¢ and obtain operator (.)A ((1 + |Au|?)PO/PO-2Au), where p and 6 are as
above.



KEFI ET AL. W l L EY 13067

4 | AN APPLICATION

We present an interesting application of Theorem 2. Let & : [0, 1] — R, be a positive, bounded, and measurable function.
Put oy = ess[grll]f a(x) and ||a||; = |||l jo.17)- Moreover, set
x€(0,

k=1 (E)f %
ptes\8/  lalli’

where c; is the constant from Remark 2.

Theorem 3. Let g : R — R be a nonnegative continuous function such that lim_,g(H|t|™ = 0, for some
0<v<p —1andg(0)#0.Let G(¢) = /05 g(tdt, forall ¢ € R, and assume that there exist positive constants h and I, with

s\
') hP" ey wt

1 <1< 8/3nP " (1/8YP", such that G()/IP* < kG(h)/hP". Then for every A € <(3a S 5Tl Gm), the following

problem

u(0) =u(1) =0, @)

{ (lu"|PO2u")" = da(x)gw) in (0,1),
w'(1) =u"(0) =0

has at least three nontrivial solutions.

Proof. For each u€ X and xe€[0,1], we have

X X

u(x) = /u’(t)dt = /u’(t)dt
0 1
X X X X 1
e =% / W (Hdt| + / W (H)dt =% / W/ (O)|dt + / W/ (Hdt] | = % / W (Hydt. (8)
0 1 0 1 0

For each u € C?([0, 1]), there exists # € (0, 1) such that u’(#) = 0. Hence, one has

t
u'() = /u”(s)ds, forall t € (0,1).

n

By the Holder inequality (3), we can conclude that

1
1 "
W' @®)] < / [u”(s)lds < §|u lzpwqoap | L zaw o1y, 0 <m <t <1,
0
where 1/p(x) +1/q(x) = 1. Since |1|pw 0,17y < 1, we see that
luo)] < §||u||, for all ¢ € [0,1],u € W>*([0, 1]) n W, *([0,1]),

s0 ¢y < 1, where ¢, is the constant from Remark 1. If we take r = IP" /p*, we get y, =1, and a simple computation shows
that all hypotheses of Theorem 2 hold, and thus, it can be applied. This completes the proof of Theorem 3. O

Remark 6. Our Theorem 3 generalizes Theorem 3.3 in Bonanno and Chinni.’
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