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Abstract

We present, for every integére N, an elementary construction of a contractibldimensional
compactum which does not embed ifité*. 0 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The classical Pontryagin—Nobeling embedding theorem [2] asserts that kexdkry
mensional compactum can be embedded®fi*1. On the other hand, there exists for
everyk, a compack-dimensional polyhedron which does not allow any embedding into
R% (cf. [3,11]).

It is well known that every acyclic compaktdimensional polyhedron embeds &

(cf. [4—7,10]). The following related question about 2-dimensional compacta has recently
been asked in [1]is every acyclic(aspherical, cell-lik¢ 2-dimensional compactum
embeddable iiR*?

It turns out that the answer igegative Namely, applying [13], the following result was
established in [8]:

Theorem 1.1. For every integerk € N, there exists a contractible k-dimensional
compactum which does not embed iR .
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However, the question remained whether there exists a simple direct proof of Theo-
rem 1.1, based only on elementary constructions. We present such a proof below.

2. Preliminaries

In the complex plan€ consider the following line segment
D'={zeClz=r€% 0<r<1, ¢ €{0,n}},
the disk
D?={zeClz=ré?, 0<r<1, 0<p <21},
three sectors (for € {0, 1, 2})
T,,:{ze(C|z:rei¢, 0<r«il, %nn<¢<%n(m+l)},
the triod
T={zeClz=ré? 0<r<1, ¢=32nn, nef0,1,2}},

and the following closed countable set with the limit point:
1
S= {ze(Clz:OOl’z::I:—, nGN}.
n

Let p,:T, —> T, N T,n € {0,1,2}, be the canonical projections in the respective
directions & ("*+2)i/3 Then projectiong, naturally define the projection: D2 — T.

It is easy to see that for any poiate D?, d(p(a), p(—a)) = |a|. We consider orT the
standard metrid, whereas in the produd)1 X ]‘[’{ D? we take the metrid,,, defined as
follows:

dm(a, b) =max(d(ai, bi)icio.1... 1))
a:(aOaala""ak)9 E:(b09bl9"'9bk)'

3. Elementary proof of Theorem 1.1

We claim that the subspace
k k k
X:(SxHT)U(Dle{O}> cDrx[]r
1 1 1
satisfies all properties asserted by Theorem 1.1.
Contractibility andk-dimensionality of the spac& are obvious. We shall prove that
X does not embed int&% by demonstrating that already its subSek ]‘[’i T does not

embed intdR%.
Suppose to the contrary that there was such an embedding:

k
i:le_[T—>R2k.
1
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SinceR?% is an AR, there would then exist an extension
k
f: D! x 1_[ T — R*
1

of the mapi over D! x [4 T.
Consider now the following sequences of segmdpts: [—1/n,1/n],n € N, natural
embeddings

k k
in:ly x [ [T > D*x [T, neN,
1 1
and mappings

k k
Pn:DleD2—> Inxl_[T, neN,
1 1

and
k k
Po: D x HD2—> D! x HT,
1 1
defined by
Pu((ao. a1, ..., ar)) = (a0, p(a1), p(az). ..., p(ar)), neN,
and

Po((ao. a1, ..., ar)) = (0, p(ar), p(a2). ..., p(ax)).
Let

k
¢:8<D1 X l_[D2> — §%
1
be the homeomorphism onto the-dimensional sphere, defined bya) = a/|a||.
By the classical Borsuk—Ulam theorem on antipodes, applied to the mapping
foinoProgp t:s* 5 R¥*  neN,
there exists a pair of points
b, —b" e §%*
such that
(foinoPuod™ H(B")=(foinoPyod H(—b"), neN.
The pointsa” = ¢~1(b") cannot lie in(dDY) x [T& D?, for anyn € N, because the
restrictions
. Jo11 £ 2k
foz"'{fl/n,l/n}x]_[’iT' —;,; Xl:[T—)R s HGN,
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are injective mappings. Therefore

k
Zz”eDlxa(nD2>, neN.

1
However, for all such points and everye N, the following holds:

dm(Pu(@"), Pu(—a"))

1
= max — 2 n , d n s _ l’l 21
ie{l2.... k}{n| agl, d(p(a}'), p(—a; ))}

Since the spac®?! x ]‘[’{ D? is compact, there exists a subsequefité };cy which

converges to some poiat = (ag, ajy, ..., a;).
Mappings
k k
inoPu: D x [[D?— D*x [[T. neN,
1 1
converge to

k k
Po: D' x [[D*— D' x []T.
1 1
so we can conclude the following:

(f oPo)(@*) = (f o Po)(—a"),
d (Po(@*), Po(—a*))=1,
k

Po@*) € S x HT,
1
k

Po(—a*) € S x ]_[ T.
1

This contradicts the injectivity of the mappingnd hence there cannot be any embedding
of § x [T} T into R%.

4. Epilogue
The question stated below remains open. It is related to an old, still unsolved, Borsuk
problem on whether ever-dimensional compact AR embeds ifs* (cf. Problem 707

in [12]).

Question 4.1. Does there exist for some integee N, a homologically locally connected
contractiblek-dimensional compactum which does not embed ii6?



U.H. Karimov, D.Repovs / Topology and its Applications 113 (2001) 81-85 85
Note added in proof

It was pointed out by R.J. Daverman that our contractiblimensional compactum
which does not embed int®%, actually does not embed into any-Bimensional
topological manifold. Indeed, suppose there were an embedgdioX into some 2-
manifold M%. Consider the poing = []:™{0} of X. Since¢ is uniformly continuous
there exists a small closed neighborhood of the péistuch that its image lies in an
open neighborhood ab(#) in M% homeomorphic tdR%*. Since the restriction of an
embedding is again an embedding and since for the pothere exist arbitrary small
closed neighborhoods which are homeomorphig taét would follow that there exists an
embedding of{ into R%. Contradiction.
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