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1. Introduction and statement of the main results

In this paper we deal with the question of existence of nontrivial weak solutions for the following problem

(a0 o g Vel ) div([ VP2 Vu) = Mul” "+ gl ) i 2,

(1.1)
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* Corresponding author at: Mathematics and Computer Science Department, Faculty of Education, University of
Ljubljana, Kardeljeva pl. 16, SI-1000 Ljubljana, Slovenia.
E-mail addresses: hamdanikarim42@gmail.com (M.K. Hamdani), abdellaziz.harrabi@yahoo.fr (A. Harrabi),
mtirifoued@yahoo.fr (F. Mtiri), dusan.repovs@guest.arnes.si (D.D. Repovs).

https://doi.org/10.1016/j.na.2019.111598
0362-546X/© 2019 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.na.2019.111598
http://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2019.111598&domain=pdf
mailto:hamdanikarim42@gmail.com
mailto:abdellaziz.harrabi@yahoo.fr
mailto:mtirifoued@yahoo.fr
mailto:dusan.repovs@guest.arnes.si
https://doi.org/10.1016/j.na.2019.111598

2 M.K. Hamdani, A. Harrabi, F. Mtiri et al. / Nonlinear Analysis 190 (2020) 111598

where 2 C RY is a bounded smooth domain, p € C(2) with N > p(z) > 1, a,b > 0 are constants, g
is a continuous function satisfying conditions which will be stated later, A > 0 is a real parameter and
div(|Vu?™2Vu) is the p(z)-Laplacian operator, that is,

N
. z)— 2)—2 Ou
Ap(ay = div(|Vul' D 2 Vu) = > <|Vu|p( ) 2%),
i=1 ¢

which is not homogeneous and is related to the variable exponent Lebesgue space Lp(“”)(Q) and the variable
exponent Sobolev space W1P(*)(£2). These facts imply some difficulties. For example, some classical theories
and methods, including the Lagrange multiplier theorem and the theory of Sobolev spaces, cannot be applied.
We call (1.1) a problem of Kirchhoff type because of the appearance of the term

1
b/ —— | Vu"" dx
o p(@)

which makes the study of (1.1) interesting.

In the previous decades, the Kirchhoff type problem (1.1) with p(z) = 2 has been the object of intensive
research due to its strong relevance in applications (see [26,27,37]). Indeed, the study of Kirchhoff type
problems, which arise in various models of physical and biological systems, has received more and more
attention in recent years. More precisely, Kirchhoff established a model given by the equation

2
0%u
dx) 5 =0, (1.2)

ou

0%u _ (p() E L ou
Ox

ro ~\n tar ),

where p, po, h, E, L are constants which represent some physical meanings respectively. Eq. (1.2) extends
the classical D’Alembert wave equation by considering the effects of the changes in the length of the strings
during the vibrations.

Since the variable exponent spaces have been thoroughly studied by Kovaéik and Rékosnik [25], they
have been used in the previous decades to model various phenomena. In the studies of a class of non-
standard variational problems and PDEs, variable exponent spaces play an important role for example, in
electrorheological fluids [33,34,36], thermorheological fluids [6], image processing [1,9,28], etc. In recent years,
there has been a great deal of work done on problem (1.1), especially concerning the existence, multiplicity,
uniqueness and regularity of solutions. Some important and interesting results can be found, for example,
in [2-5,7,8,10-13,15,18,20-25,29-32,35,40] and references therein.

At first, the eigenvalues of p(z)-Laplacian Dirichlet problem were studied in [19], i.e., if 2 C RY is a
smooth bounded domain, the Rayleigh quotient

fo ﬁ|Vu|p(w)dx

)‘p() = inf (13)

wew PO N0} [yl dz
is zero in general, and only under some special conditions A,y > 0 holds. For example, when 2 C R (N = 1)
is an interval, results show that A,y > 0 if and only if p(.) is monotone. It is well known that A, > 0 plays

a very important role in the study of p-Laplacian problems.
Motivated by the papers mentioned above, our main purpose is to consider the perturbed problem (1.1)

1
a— b/ —|Vu\p(m)dx
o p(x)

which presents interesting difficulties. The key argument in our main result is the proof that the energy

with a new nonlocal term

functional J (which appeared in (2.2)) of problem (1.1) possesses a Mountain Pass energy c.
To deal with the difficulty caused by the noncompactness due to the Kirchhoff function term, we must
estimate precisely the value of ¢ and give a threshold value (see Lemma 3.1) under which the Palais—Smale
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condition at the level ¢ for J is satisfied. So the variational technique for problem (1.1) becomes more delicate.
We obtain a nontrivial weak solution by using the Mountain Pass theorem. To the best of our knowledge,
the present papers results have not been covered yet in the literature.

Suppose that the nonlinearity g(z,t) € C(£2 x R) satisfies the following assumptions:

(g91): the subcritical growth condition:
lg(z,5)| < C(1+ 5|71, for all (z,5) € 2 x R,

where C' > 0 and p(z) < ¢(z) < p*(z);

(92): lims—o 7‘3;(&33_)25 =0;

2
(g3): there exist s4 > 0 and 0 € (p*, 22+ ) such that

0 < 0G(x,s) < sg(z,s), for all |s| > sa, x € {2,
where G(z,s) = [, g(z, t)dt;
(94): g(x,—s) = —g(z, s) for all (z,s) € 2 xR.

Now we can state our main results:

Theorem 1.1. Suppose that the function q € C(§2) satisfies
1<p <pl)<pt <2 <q <q(x)<p*(). (1.4)
Then for any A € R, with (g1)—(gs) satisfied, problem (1.1) has a nontrivial weak solution.

Theorem 1.2. Suppose that the function q € C(§2) satisfies
1<p <plx)<pt <2p” <q <qz)<p ().

Then for any A € R, with (g1)—(g4) satisfied, problem (1.1) has infinitely many solutions {u,} such that
I(u,) = 00 as n — 0.

Remark 1.1. Hypothesis (g3) is known as the Ambrosetti-Rabinowitz’s superlinear condition (see [11]).
Moreover, condition (gs3) ensures that the Euler—Lagrange functional associated with problem (1.1) possesses

the geometry of Mountain Pass theorem and it also guarantees the boundedness of the Palais—-Smale sequence
corresponding to the Euler-Lagrange’s functional.

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge
on variable exponent Sobolev spaces. In Section 3, we prove the Palais-Smale compactness condition. In
Section 4, we prove Theorem 1.1 via the Mountain Pass theorem. In Section 5, we prove Theorem 1.2 via
the Fountain theorem. In this paper, | - | denotes the Lebesgue measure on 2, and C' (respectively, C.) always
denotes a generic positive constant independent of n and e (respectively, n).

2. Preliminaries on variable exponent Sobolev spaces

In order to discuss problem (1.1), we need some theories on spaces LP(*) (£2) and W) (£2) which we call
generalized Lebesgue-Sobolev spaces. Let {2 be a bounded domain of R, denote C, (2) = {p(z);p(x) €
C(2),p(z) > 1, for allz € 2} and p~ = infy p(x) < p(x) < pt = sup, p(z) < N.
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For any p € C(£2), we introduce the variable exponent Lebesgue space

LrO(R) = {u : u is a measurable real-valued function such that / Ju(z) P de < oo} ,
Q
endowed with the so-called Luxemburg norm

p(z)
el ooy ) = Il = inf{u >0 /Q dz < 1}7

which is a separable and reflexive Banach space. For basic properties of the variable exponent Lebesgue
spaces we refer to [16,25,39)].

u(w)
"

Proposition 2.1 (/39)). The space (LP(I)(Q),|.|p(I)) is separable, uniformly convez, reflexive, and its
conjugate space is (L1 (02), |-lga))> where q(x) is the conjugate function of p(x) i.e

1 1
—— 4+ ——=1, forallx € 1.
@ T

For allu € LP®)(Q),v € LI*) (), the Holder type inequality

/uvdm < (1—|—1> (N
o “\p~ ¢ p(x)7lq(2)

The inclusion between Lebesgue spaces also generalizes the classical framework, namely, if 0 < |£2]| < oo
and p;, po are variable exponents such that p; < po in 2, then there exists a continuous embedding
Lr2(®)() — LP1(*) ().

An important role in working with the generalized Lebesgue-Sobolev spaces is played by the
m(-)-modular of the LP1)(£2) space, which is the modular p,., of the space LP1)(£2)

by () i= [ ul" da,
2

holds.

Lemma 2.1 ([1/]). Suppose that u,,u € L") and p, < 4o00. Then the following properties hold:
_ +
1 ful,y > 1= |u|§ S op(y(w) < |U|Z(.)f
2. Jul, )y <1= |U|Z(.) < pp(y(u) < |U|Z(.);
8. |ul,y <1 (respectively, =1;>1) <= pp()(u) <1 (respectively, =1;>1);
4- Junl,y = 0 (respectively, — +00) <= py(.)(un) — 0 (respectively, — +00);
)

)
5. limy, o0 [Up — u|p(m) =0 <= lim, o0 pp() (Un —u) = 0.

The Sobolev space with variable exponent WP(#) () is defined as
Wi () = {u (0 CRY 5 R:ue LP@(Q), |Vl € LW)(Q)},
and is equipped with the norm
[ullp@) = lullp) + 1Velpe)-
Then Wol’p(x)(ﬂ) is defined as the closure of C§°(£2) with respect to the norm ||ul; (). In this way,

Lr@) (), Wol’p(x)(()) and W) () become separable and reflexive Banach spaces. For more details, we
refer to [14,17,20]. Moreover, we define

Np(z) :
p* (SC) —_ N_p(x)a lf p(i]']) < N
+00, if p(x) > N.

The following results were proved in [20].
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Proposition 2.2 (Sobolev Embedding [20]). For p,q € C4(2) such that 1 < q(z) < p*(x) for all x € 02,
there is a continuous embedding
WP () — L) ().

If we replace < with <, the embedding is compact.

Proposition 2.3 (Poincaré Inequality [20]). There is a constant C' > 0, such that
HU”Lp(:c)(Q) < CHVUHLp(x)(Q) (2.1)
forallu e W(}’p(r)(()).

Remark 2.1. By Proposition 2.3, we know that ||Vul| ;@) o) and [lully1pe) ) are equivalent norms on
Wl,P(I)(Q)
o .

Lemma 2.2 ([18]). Denote
1
A(u :/ — |VulPDdz, for allu € WSP® ().
Then A(u) € Cl(WOLp(‘T)(Q),R) and the derivative operator A" of A is
(A (u),v) = / VP 2 VuVuda for all u,v € Wol’p(m)(Q),
e

and the following holds:

1. A is a convex functional; .

2. A W()l’p($)(9) — (Wﬁl’pl(z)(())) = (Wol’p(l)(.QD is a bounded homeomorphism and strictly
monotone operator, and the conjugate exponent satisfies ﬁ + ﬁ =1,

3. A" is a mapping of type S4, namely, u, — u and limsup(A’(uy,), u, — u) <0, imply u,, — u (strongly)
in WyP ().

Definition 2.1. We say that u € Wy *'")(2) is a weak solution of (1.1), if
1 _ _
(a—b/ |Vu|p(m)dx>/ V[P 2VuV<pdx—)\/ |ulP ) 2 upda =/ g(z,u)pdz,
o () 2 2 2

where ¢ € Wol’p(x)(ﬁ).

The energy functional J : Wol’p(x)(()) — R associated with problem (1.1)

J(u) a/ﬂp(lx)|Vu|p(x)dz g (/Q p(1x)|Vu|p(m)dx>2 f)\/g p(lx)|u|P<f)dx/QG(x,u)dx, (2.2)

for all u € W, P (22) is well defined and of C? class on Wy (£2). Moreover, we have
1 _ _
(J'(u), @) = (a—b/ |Vu|p(m)dx>/ VP QVchpdx—)\/ |ulP ) 2upda
o () 2 [
0

for all u,p € Wol’p(m)(Q). Hence, we can observe that the critical points of the functional J are the weak
solutions for problem (1.1). In order to simplify the presentation we will denote the norm of VVO1 P(@) (£2) by

o] instead of |1+ 11500
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3. The Palais—Smale compactness condition
Recall now the definition of the Palais—Smale compactness condition.

Definition 3.1. Let (Wol’p(x)( 12), ||| be a Banach space and J € C1(W, ’p(x)( 2)). Given ¢ € R, we say
that J satisfies the Palais—Smale condition at the level ¢ € R (“(PS). condition” for short) if any sequence
{un} € T/Vol’p(x)((}) satisfying

J(un) = cand J'(up) = 0 in W@ (2) as n — oo, (3.1)

has a convergent subsequence.
First, we investigate the compactness conditions for the functional J.

Lemma 3.1.  Assume that (91)—(g3) hold. Then the functional J satisfies the (PS). condition, where
2

precisely ¢ < &

Proof. We proceed in two steps.

Step 1. We prove that {u,} is bounded in Wol’p(m)(ﬂ). Let {u,} C Wol’p(m)(ﬂ) be a (PS). sequence such
2
that ¢ < 5.

e For A < 0. From (3.1) and (g3), for n large enough, we have

C + [lun]|
2 0](’Um) — <J/(un)a uﬂ>

1 b 1 2 1
>0(a Vunp(x)d:v</ wﬂ”m) f/\/ wn P dz — /G:c,un dx
( Qp(x‘ | 2 gp()| | p()‘ | 2 (:tn)

— ([a—b/ 1|Vun|p(w)d$c}/ V[P da: — /|u Pl da:—/ (;U,un)undx>
o p(@)

0 z 0 1 z z
> a2 =) [ [Vul” 4 b5 ) (/vap( dx> AE 1) [ e - Cla,

pt pt

where 2| = [, dx. Since A < 0, we can deduce that

0 -0 1 _
C+ |lupll > a unll? +0 s+ — un||?? = C|02|.
[[uall (p Dun | (p er)H I |£2]

It follows from (1.4) that {uy} is bounded in Wol’p(w)(ﬁ).

e For A > 0. Arguing by contradiction, we assume that, passing eventually to a subsequence, still denote by
{un}, we have ||u,| = +00 as n — +o0. By (3.1) and (g3), for n large enough, we have

C + llunll > 0T (un) = (J' (un), un)

0 . -0 1 b\’ 0 .
>a(— —1 YV, PP dz + b +— (/ Vunp(l)dq,) —A——l/unp("L)dx—CQ,
> a2 =) [ [l (g + o) ([ 19m (= =1 [ jul 2|

Therefore the last inequality, together with (2.1), implies that
0

0 0 1 -
C+||unII+AC(*—1)|Iunllp > a5~ Dllunl” + (3 o pj)llunIIQ” - C10|.
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Dividing the above inequality by |\uan+, taking into account (1.4) holds and passing to the limit as n — oo,
we obtain a contradiction. It follows that {u,} is bounded in WO1 P (I)(Q).

Step 2. Here, we will prove that {u,} has a convergent subsequence in WO1 P (m)(Q). It follows from
Proposition 2.2 that the embedding

is compact, where 1 < s(x) < p(z)*. Passing, if necessary, to a subsequence, there exists u € Wol’p(z)(Q)
such that
Up — U in Wol’p(m)(ﬁ), Uy = win L*@(2), u,(z) = u(z), ae. in 0. (3.2)

By Hélder’s inequality and (3.2), we have

/ |un|p(w)_2un(un — u)dx
Q

< / |un|p(w)_1|un—u|d$
Q

< ‘|un|P($)*1

p@y [un = ulpea)
p(z)—1
— 0asn— oo
and thus,

lim / [P 20, (1, — w)dz = 0. (3.3)
n—oo 0
By virtue of conditions (g1) and (g2), one has that for every e € (0,1) there exists C. > 0 such that

9, )| < elun" 7+ Colun "7 (3.4)

By (3.4) and Proposition 2.2, it follows that

/Qg(x, ) (Up, — u)dx

< / e|tn PPy — ul 4+ Celn "7 uy — ulda
o

x)—1 x)—1
< €lunl 7|y un =l F Cee[lunl ™7 ) T = ulyqo)
p(z)—1 q(z)—1
— 0asn— oo
which shows that
lim [ g(z,un)(uy —u)dz =0. (3.5)

n— oo n

By (3.1), we have
(J' (un), un —u) — 0.

Therefore

(J (un),tty —u) = [ a— b/ L|Vun|p(m)dx / IVn P2V, (Vu, — Vu)ds
o p(@) Q

— )\/ [P 2, (y, — ) — / g(z, up) (U — w)dx — 0.
Q 0
So, we can deduce from (3.3) and (3.5) that

1 _
(a b / vunv’(%x) / IV PO 2V (Vi — Vi) — 0. (3.6)
o p(T) Q

Since {uy} is bounded in I/VO1 P (x)(ﬁ), passing to a subsequence, if necessary, we may assume that

1 .
/ M|Vun|p(l)dx —tg>0asn — oo.
Q
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Case 1. If ¢y = 0 then {u,} strongly converges to u =0 in Wol’p(x)(ﬂ) and the proof is finished.

Case 2. If t5 > 0 we need to consider two subcases:

Subcase 1. If tg # ¢ then a — b [, ﬁ|Vun|p(x)dx — 0 is not true and no subsequence of {a —

b, ﬁ|Vun|p(m)d:c — 0} converges to zero. Therefore, there exists § > 0 such that ’afbfn ﬁ

Vi [P da

> § > 0 when n is large enough. So, it is clear that

1
{a — b/Q ]Tx)|Vun|p(z)d:c — 0} is bounded. (3.7)
Subcase 2." If tg = ¢ then a — b [, ﬁ|vun\p(m)da§ — 0.
We define 1
o(u) = )\/ —|ufP™ da +/ G(x, u)da, for allu € Wy ().
o p(@) 2
Then

(o' (u),v) = )\/Q luP® 2 uvda —|—/Qg(x,u)vd:1:, for all u,v € Wol’p(w)(ﬂ).
It follows that
(' (un) = @' (w),v) = A /Q (ln ", — a2 w)oda + /Q (9(z,un) — g(, u))vda.
To complete the argument we need the following lemma.

Lemma 3.2. Let u,,u € Wol’p(m)(ﬂ) such that (3.2) holds. Then, passing to a subsequence, if necessary,
the following properties hold:

(i) [o(lunP 2wy — [uP @ Pu)vda = 0;
(i) limy, o0 [ 19(2, un) — gz, u)||v|dz = 0;
(iii) (' (un) — @' (u), ) = 0, v € Wy PP ().
Proof. By (3.2), we have u,, — u in LP(*)() which implies that
(z)—2 ()—2 _p@)
g, |P up, — |ul’ win LP@-1(). (3.8)

Due to Holder’s inequality, we have

‘/ (|un|p(l)_2un — |u\p($)_2u)vdx
Q

S
£

’ . ‘P(m)—2un . ‘U|P(z)—2

= U p@) |U|P(I)
p(z)—1
< Cllunl™ Py = @] 0 o]
p(z)
p(z)—1
— 0. (3.9)

By a slight modification of the proof above, we can also prove part (i) so we omit the details.

/9 l9(@,up) — g, u)||v]de < /Q [e(jn P2 — a7 2u) + C(Jun | "7 = 0] Y] Jo]dz — 0.

! This case does not exist if the Kirchhoff function is given by a + bfg p(lz) [V, [P da.
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Finally, part (i) follows by combining parts (i) and (i7). Consequently, [|¢'(un) — ¢'(u)| -1,y — 0 and
@' (un) = @' (u).

We can now complete the proof of Subcase 2:

By Lemma 3.2 and since (J'(u),u) = (af b [, $|Vu|p(z)d:v) Jo |Vu|p(r)_2Vqu0dx — (¢ (u),v),
(J'(u),u) = 0and a —b [, ﬁ|Vu|p(x)dx — 0, it follows that ¢'(uy,) — 0 (n = 00), i.e.,

(o' (u),v) = )\/ [P 2 uuda +/ g(z, w)vda, for all v € W™ (),
Q Q
and therefore
Au(@) [P 2u(z) + g(z,u(z)) = 0 for ae. z € 2

by the fundamental lemma of the variational method (see [38]). It follows that u = 0. So

Up) = Lup(m)a: T, Up )dT L
o(un) A/me" d+/{za<,n>dw/gp(m)

Hence, we see that for {gp = 7 we have

2 2
J(up) = a/ i\Vun|p(m)d:v b </ 1|Vun|p(m)dx> — /\/ i|un|p(m)d:17 f/ G(z,up)dr — a
2 p(x) 2 \Jo p(x) 2 p(z) 2 20

This is a contradiction since J(u,) — ¢ < @ then a — b/, LV, [P dz — 0 is not true and similarly

|u|p(m)d:1: + / G(z,u)dx = 0.
0

20 p(z)
to Subcase 1, we have that
1
{a— b/ —— |V, |["™ da — 0} is bounded. (3.10)
o p(z)

So, it follows from the two cases above that
/ |Vun|p(m)72Vun(Vun — Vu)dz — 0.
Q

Invoking the S; condition (see Lemma 2.2); we can now deduce that ||u,| — ||u| as n — oo, which
means that J satisfies the (PS). condition. 0O

Remark 3.1. The (PS). condition is not satisfied for ¢ > %
Indeed,
1 b 1 ?
J(u) < a/ — |V Ddz — = (/ |Vu|p(m)d:r> < —
a2 p(z) 2 \Jo p(x) 2b

2
and so if {u,} is a (PS). sequence of J, then we have ¢ < &, which is a contradiction.

4. Proof of Theorem 1.1
To verify the conditions of the Mountain Pass theorem (see e.g., [38]), we first need to prove two lemmas.

Lemma 4.1. Assume that g satisfies (g1) and (g2). Then there exist p > 0 and o > 0 such that J(u) > o > 0,
for any u € W&’p(x)(.()) with ||ul| = p.

Proof.
e For A\ < 0. By assumptions (¢;) and (g2), we have

; C.
fulP ) 4+ 7). (4.1)

|G (z,u)| < @)

~ pla)
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Let € = fa)y) and u € Wol’p(x)(ﬂ) be such that |lu|| = p € (0,1). By considering Lemma 2.1,
Proposition 2.2 and (1.4), we can deduce that

1 b 1 2
J(u a/Vup(m)dx</Vup(x)dx) f)\/ up(mdxf/Gxu
wW=a ], oV 2 \ o o) V" Fel
|

ulp(w) q(z)

1 (z) b 1 @\
za/Vupwdx—</Vupmdx) —€
o @) VTGRS e

|ul

q(x)

dx — C. dx.
Q

1 b 1 2 € x
> (a— L)/ — |V Dy — 2 </ |Vu|p(z)dx) - %/ V)™ da
M) J o p(2) 2 \Jo p(x) 7 Ja
1 € b CC
> —(a — —)ppz)(Vu) — Pp(a) (V)2 — —<poa) (Vu
er( o )Pp(a) (V) — =5 (Pp(a) (V1)) il ) (V)
1 € + b - CC. -
> —(a- Mall?” = s ull® — ——[lul®
p )‘p(z) 2p q
Ta b -_+ CC. -+ +
> (= el " = S e p)nmp.
8p™  2p q
We can choose p sufficiently small (i.e. p is such that 2 — 5 b -»t_ %pqi_zﬁ > 0), so that
p
+, Ta b -+ CC¢ ~_ +
I(u) > pP (—— — ——=5p P — ——p7 P )= qa>0.
(u) = p (8p+ 22" e )
. . A (g 2 )= €
e For A > 0. Let € > 0 be small enough so that 5.+ (a )\p(l)) =

Let p € (0,1) and u € Wol’p(m)((l) be such that ||u|]| = p. By considering Lemma 2.1, Proposition 2.2,
(1.4) and (4.1), we can deduce that

1 , b 1
J(u :a/Vup("K)dx—</ Vup(x)dx) - ulP® dz — /Gazud
w=af, oV s (™ oo

1 b 1
a Vup(m)dx—</ —Vup(z)d ) — < Vup(m)dx>
J, 1™ 2 \ o o)V o 7@

p(w) q(x)
—e/ [l dx — C, [ dx
o px) o q(x)

IV

A / 1 (@) b ( / 1 () )2
> (a — —— | VulP'" e — = —— | VulP'"dx
( )\p(z)) Q p(z) Vel 2 \Jo () IVul
__ ¢ / 7|V |P($)d oo / |Vu |q($)dx
/\p(;z) 2 p( ) q-
1 A € b ccC
> (—(a— - o (Vu) — (V)2 — —po ) (Vu
> (p+( SR e ) =)Pp() (V) = ——5 (pp(a) (V) - " ) (Vu)
1 A b - CcC. -
> (o= 1o) = el — gl — S e
p p(x) p(z)P~ 2p~ q

1 A b -+ CC.. - 4 "
> <+(a— 3 ) = — [l TP — == fu|? P )IIU” :
2p pe)  2p q

Set
2 _ + 2 - +
“Nyma—bptqgp* TP —20C.p p? P
Ao P @) P ar . P p and o = )\*pp+~ (4.2)
qap

We can conclude that for any A € (0, \*), there exists o > 0 such that for any v € Wol’p(z)(ﬂ) with |lul| = p
we have J(u) > a>0. O
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Lemma 4.2. Assume that g satisfies (g3). Then there exists e € Wol’p(x)(ﬁ) with |le]| > p (where p is given
by Lemma 4.1) such that J(e) < 0

Proof. In view of (g3) we know that for all A > 0, there exists C'4 > 0 such that
G(z,u) > A|u\(9 — Cy, for all (z,u) € 2 xR. (4.3)

Let ¢ € C§°(£2), v» > 0, and ¢t > 1. By

(4.
_ p(x) ;Y L p() p(x) 5.
J(tw)—a/gp( )ItWI dx (/ oD V9| dx> )\ o w\ dx /Gm t)d
L () 1 (@) i (2)
ga/ﬂp(x)uwv’ dz (/ e |tw|” da:) )\/ [tap ") de

o p(x)
—Ate/ t/°da + Ca) 2|
2

2p— 2 - .
P@) gy — o (/ |Vz/)|p(g”)dx> ~ A /\w|p(“)da¢—At‘9/ lde + Cal2).
Q p Q Q

2p‘*‘2

3) we have

Since 6 > 2p~ > pT > p~, we obtain J({1)) — —oo (t — +00). Then for £ > 1 large enough, we can take
e =ty so that |le|]| > p and J(e) < 0. O

Proof of Theorem 1.1. By Lemmas 3.1-4.2 and the fact that J(0) = 0, J satisfies the Mountain Pass
theorem (see e.g., [38]). Therefore, problem (1.1) has indeed a nontrivial weak solution. O

5. The proof of Theorem 1.2

The proof mainly rests on an application of the Fountain theorem. Since X = VVO1 P (x)(Q) is a separable
and reflexive real Banach space, there exist {e;} C X and {e}} C X* such that

X =span{e; :j=1,2,...}, X~ :span{e;f cj=1,2,...}
and
L, i=y,
€i,€5) = . .
<] ]> {07 275_]
For convenience, we write X; = span{e;}, Y3 = @?lej, Zy = 952, X

Theorem A (Fountain Theorem, see [38]). Suppose that an even functional ® € CY(X,R) satisfies the
(PS). condition for every c > 0, and that there is ko > 0 such that for every k > ko there exists py > 1 > 0
so that the following properties hold:

(i) ap, = max  P(u) <0;
u€Yp,llull=pi
(ii) by = inf & (u) = 400 as k — oo.

uEZy, |lull=rg

Then @ has a sequence of critical points {uy} such that ¢(uy) — +o00.

Lemma 5.1. Assume that o € C1(2), a(x) < p*(z) for any x € 2, and denote

Br="sup |uly-
UEZy,|lull=1

Then limg_o Br = 0.
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Proof. Obviously, 0 < Bx41 < Bk, so B — 5 > 0. Let ug € Zj, satisfy

1
el =1, 0< B = furlagey < -

Then there exists a subsequence of {uy} (which we still denote by wug) such that up — u, and

(e, u) = leIg@(@j,uk> =0, foralle],

which implies that u = 0, and so uy — 0. Since the embedding from W()l’p(w)(()) to L*®)(£2) is compact, it
follows that uj, — 0 in L*®) (). Hence, we get B — 0 as k — oo. Proof of Lemma 5.1 is thus complete. [

Proof of Theorem 1.2. By Lemma 3.1, the functional J satisfies the (PS). condition where precisely ¢ < g.

Now we shall verify that J satisfies the conditions of Theorem A item by item.
(i) By (g3), there exist C; > 0, M > 0 such that

G(z,s) > Cys|’, for all |s| > M, ze€f.
Note that by (g1),
1
|G(z,s)| < /0 lg(x, z8)s|dz
< /01 C(1+ |zs|"™ 1) s|dz < C|s| + C|s]"™, for all (z,t) € 2 x R.
Therefore, if |s| < M, there exists Co > 0 such that
G, 8)] < [s|(C + Cs| ") < Cals|
Combining this with (5.1), we find
G(z,s) > Cyls|” — Cyls|, for all (z,t) € 2 x R.

For u € Yy, when |Ju|| > 1,

1 b 1 2 1
J(u :a/Vup(x)dx—</Vup(x)da:> 2 —|uf Pz — G(z,u)dx
W Q P(fﬂ)‘ | 2 Q P(x)| | Q p(:v)' | Q ( )

(5.1)

(5.2)

2
< a/ i\Vu|p(gn)alglc _b </ 1|Vu|p(x)dx> — )\/ L|u|p(m)algv — Cl/ |u|9dm+C2/ |u|dz.
o p(@) 2 \Jg p(x) 2 () 2 2

Consequently, because when |lu|| > 1, all norms on the finite-dimensional space Y}, are equivalent, there is

Cw > 0 such that
/ [P @dz > Oy |lul|P” | / lu|’dz > Cyw|ul|’ and / luldz > Cy ||u.
2 2 2

Hence, we get

b - 2w

a +
T < P =

lull?” — C1Cw ull® + C2Cw |lull.

Since # > 2p~ > pT > p~, it follows that for some pi, = ||ul| > 0 large enough we can deduce that

ar = max J(u) <O0.
u€Yp, [[ull=pg

Hence, condition (z) of Theorem A holds.
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(ii) By (¢1) and (g2), there exist C3,Cy > 0 such that

3 |u|1)(9¢)_|_ Cy |u|fZ($)_

|G (z,u)| < @)

= pla)

By computation, we obtain for any u € Zj with |Ju|| < 1,

ﬂm—a/1|WMWM—b</1Hm””my_A/ lmwm /qu
(z) 2 \Jg p() o p(x)

b 1 2 A C.
> VP dz — (/ Vup(w)dx) —/ —up(w)dx—/ 3 1uP dg
2o [ oIV 2 \ o p VY o (@) o o)
/ el
a + b 2 gr - C4 - -
> —JJulP” = —5ullP = A+ Ca) P — Z28Y [l
2p p

Let ¢ € Zy, |l¢|| =1 and 0 < ¢ < 1. Then it follows that

b 2— 5‘1)_ - 04 0
J(tp) > &t P — (N Cy)p — 2T ¢
pt 2p2 P gk
a b 2— ﬂ’r - Cy - -
> (— — " — (A +C3)Etr — =1 11,
(er 2p72) ( ) P P
Conditions @ > b and p+ < 2p~2 imply that & — —b_ = 2p~"a—bp* >0
= p D ply Pt -2 2p-Zpt .

Hence, we get

_2
(2p a—bpt w2 C4

B o
J(tp) > G0 — (N O) P
() = (0 Fo o
) _
2 - Cy g .o -
> (2 gy ol
2p~ pJr q p
_2
Choosmg Bk < %, we can deduce
) _
2p~“a —bpt - gr
J(tp) > ————t9 — (A +C3)—=—tP .
( ‘P) 4p_2p+ ( 3) =

Obviously, there exists a large enough & such that

2
-/2 —b
Lm@zﬁ(ﬁ—iiﬂﬂ*p @+@Wk)
dp=p p
2 P
Put pp = 2;})2(1 . + A+ C3) P ) . Then for sufficiently large k, pr < 1. When t = pi, px € Z

I
with ||| = 1, we have J(tp) > 0. Therefore, condition (i) of Theorem A holds. This completes the proof
of Theorem 1.2. O
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