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1. Introduction

The study of PDE’s involving variable exponents has become very attractive in recent
decades since differential operators involving variable exponent growth conditions can
serve in describing nonhomogeneous phenomena which can occur in different branches
of science, e.g.: electrorheological fluids and nonlinear Darcy’s law in porous media, see
[1,2].

The literature on equations with p(x)-Laplacian or p—curl operators is quite large, see
e.g. [3-17] and the references therein. To the best of our knowledge, the only results
involving the p(x)-curl operators can be found in [18,19]. In [18], the authors introduced a
suitable variable exponent Sobolev space and obtained the existence of local or global weak
solutions for equation with p(x, t) —curl operator by using Galerkin’s method. In [19], the
authors used for the first time the variational methods for equations involving p(x)-curl
operator.

In this paper, our aim is to study equations in which a variable exponent curl operator
is present. More precisely, we study the existence and nonexistence of solutions. To the
best of the authors knowledge, this is one of the first works devoted to the studies of the
nonexistence of solutions in variable exponent curl operator.

Let Q be a bounded simply connected domain of R® with a C'! boundary denoted
by 9. To introduce our problem more precisely, we first give some notations. Let u =
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(u1, Uz, u3) be a vector function on 2. The divergence of u is denoted by
V.u = 0y u1 + Oxyup + Oxy U3
and the curl of u is defined by
V X U = (0x, U3 — Ox3U2, Oxs U1 — Ox, U3, Ox, Up — Ox, U1).
We consider the following p(x)-curl systems:

V x (IV x ulfW2V x u) = Ag(x,u) — uf(x,u), V.u=0in Q,
IV X ulP®2V x y x n=0, un =0 on 9,

(1.1)

where A, 1 > 0, p € C(R) with g <p” =min_gpk) <pt = max gpx) < 3and
there exists w : Rar — Rar such that

Vx,y € Q, |x—y| < 1, |p(x)—p»)| < w(|lx—y]|), and lirgl+ w(s)log <§> =C<oo (P).

Throughout this paper, we shall always make the following assumptions:

(F1) F : @ x R®> — R is differentiable with respect to u € R* and f =0,F(x,u) :
Q x R? — R? is a Carathéodory function.

(F») There exist ¢, 8 > 0and g € C() such that pt < qx) < p*(x) = 33;015}(2 ) in Q

and
F(x,u) > a|ul?® and [f(x,u)] < B+ 4|79, V(x,u) € 2 x R>.
(G1) There exist a nonnegative function g € L°°(2) andr € C () such that
pT<r  <r(x)<q and G(x,u) = g(x)lulr(x),

for all (x,u) € Q x R3.

(G2) G : Q© x R} — R is differentiable with respect to u € R3 and g = 0,G(x,u) :
Q x R* — R? is a Carathéodory function.

(G3) There exist y,0 > 0, L > 1 and k,r € C(Q) such that 1 < k < p~ and
1 <r(x)<p*(x),

8w < L+ [u™™h), V(x,u) e QxR
. G(x, u)

lim sup -
u—0 |ulP

= 0 uniformlyin x € Q

and
sup/ G, wydx >0, |Gx,u)| < y|ulf®, Vx e R3V|u| > L.
Q

ueE

Our main results are the following two theorems.

Theorem 1.1:  Assume that hypotheses (F1) — (F,) and (G1) — (Gz) hold. Then:
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(i) There exist 11, iu1 > 0 such that, if 0 < A < Ay and . > w1, then problem (1.1) does
not have any nontrivial weak solution.

(ii) For each p > 0, there exists A, > 0 such that if . > A, then problem (1.1) has at
least one nontrivial weak solution.

Theorem 1.2: Assume that (F1) — (F») and (G,) — (G3) hold. Then there exist Ay, A3, 7 > 0
such that, if A € [A2, A3], there exists iy > 0 with the following property: for each u € [0, p2],
equation (1.1) has at least three solutions whose norms are less than r.

We have divided this paper into 3 sections. In Section 2, we give some notations and we
recall some necessary definitions. In Section 3, we prove our main results.

2. Function spaces with variable exponent and preliminary results

In this section we recall some basic definitions and properties concerning the basic
function spaces with variable exponent and the space WP™ (Q) of divergence free vector
functions belonging to L?™ (Q) with curl in L™ (). We refer to [7-9,13,16,18,19] and
the references therein.

Consider the set

C.(RQ) = {p e C(R), p(x) > 1 for all x € Q}.
Foranyp € C; (Q) define

pr=supp(x) and p~ = inf p(x),

xeQ xeQ

and the variable exponent Lebesgue space
LPYOQ) = {u; u is measurable real-valued function such that f lu(x)[P™ dx < oo} .
Q

This vector space is a Banach space if it is endowed with the Luxemburg norm, which is

defined by
px)
lulpxy = inf { > 0; f dx <1y¢.
Q

The function space LP® () is reflexive if and only if 1 < p~ < pT < oo and continuous
functions with compact support are dense in LP®(Q) if p* < oo.

Let L1®(Q) denote the conjugate space of LPX) (), where 1 /p(x) + 1/q(x) = 1. If
u € LP®(Q) and v € L1®(Q) then the following Holder-type inequality holds:

fuv dx
Q

Moreover, if p; € C (Q) (j=1,2,3)and

u(x)

n

1 1
= (p__ + q__> [l po) [V ) - (2.1)

1 + 1 + 1 _1
pi(x)  pa(x)  p3(x)




Downloaded by [faculties of the University of Ljubljana] at 22:48 28 November 2017

COMPLEX VARIABLES AND ELLIPTIC EQUATIONS e 295

then for all u € LP'®(Q), v € LP2X)(Q), w € LP*W(Q)

/ uvw dx
Q

The inclusion between Lebesgue spaces also generalizes the classical framework, namely
if 0 < |2| < oo and p, p; are variable exponents so that p; < p; in €, then there exists the
continuous embedding LP2®) (Q) < LP1®)(Q).

Proposition 2.1:  If we denote

1 1 1
S| =+ =+ —= ) ulpVp | Wps) - (2.2)
Py Py Ps

p(u) = f lulP®dx, Vu e IF®(Q),
Q

then

(i) |ulpuy < 1(resp. = 1 >1) < p(u) < I(resp. = 1; > 1);

(11) |u|p(x) >1= |u| <p) =< |u|p(x)’ and

p(x)

(i) Julp < 1= [ulb,) < p(u) < |uf)

P — P
Proposition 2.2: If u,u, € L’ (Q) and n € N, then the following statements are
equivalent:

(1) lim |uy, — ulpe) = 0.

n—+400

2 lim p(u, —u)=0.
n——+00o
(3) wuy — uin measurein Qand lim p(u,) = p(u).
n— 400

If k is a positive integer and p € C4(Q), we define the variable exponent Sobolev space
by
WEPO)(Q) = {u € IPY(Q) : DY € IPY(Q), forall |a| < k).

Here o = (ay,...,ay) is a multi-index, || = Zf\lzl a; and
alely
o,
Du = W .
‘xl DR xN

On WkP™) (Q) we consider the following norm

lullkpe = D 1D Ulpeo)-

la|<k

Then WP (Q) is a reflexive and separable Banach space. Let Wg’p ) (2) denote the
closure of Cj°(2) in Wk ().
Theorem 2.3: Let q € C(Q) such that 1 < q(x) < 33_17;’(2) in Q. Then the embedding
WhP® (Q) s LIW(Q) is compact.

Let LP®)(Q) = LPW(Q) x LPW(Q) x LPX(Q) and define

E=WQ) ={re PP(Q): V xvelPYQ),V.y=0v.n0Q =0},
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where n denotes the outward unit normal vector to 2. Equip WP™ () with the following
norm

IVl = 1l gy + 19 X Vg qy-

If p~ > 1, then by Theorem 2.1 of [18], E = WPX) (Q) is a closed subspace of W,ll’p(x)(Q),
where

W (@) = (v € WO (Q), v.n|9Q = 0)

and
Wl»P(x)(Q) — W1>P(x)(Q) x W1>P(x)(g2) x WI)P(x)(Q)'

Thus we have the following theorem.

Theorem 2.4: Assume that 1 < p~— < pT < oo and p satisfies (P). Then WP (Q) is a
closed subspace of Wi,’p(x)(Q). Moreover, if p~ > S, then ||V x .|| is a norm in WP® (Q)
and there exists C = C(N,p~,p") > 0 such that

”V”WLP(X)(Q) < C|V x V”LP(x)(Q)-

Corollary 2.5: By Theorems 2.3 and 2.4, the embedding WP™¥) (Q) — L1%)(Q) is com-
pact, with1 < p~ < pt <3, g e C(Q) and1 < gq(x) < 2

300 in Q. Moreover,
(WPC(Q), |I.11) is a uniformly convex and reflexive Banach space.

Define forany A, u >0andu € E,

o (1) :f IV x ulP®dx, J(u) :/ G(x, u)dx
Q Q

W) = /Q _F(e,wdx and T(u) = () — () — pir ().

It is easy to see, under assumptions (P), (F;) — (F;) and (G;) — (G3), that I,¢,], ¥ €
CY(E,R).

Definition 2.6: For every A, i > 0, we say that u € E is a weak solution of problem (1.1),
if

/ |qu|P(x)_2qu.vadx—A/ g(x,u(x)).vdx—l—u/f(x,u(x)).vdx=0, Vv € E.
Q Q Q

For more details, we refer the reader to [19].

3. Proofs of main results
3.1. Proofof Theorem 1.1

Lemma 3.1:  Suppose that the assumptions (F1) — (F2) and (G1) — (Gy) are fulfilled. Then
there exist positive constants Ay, (1 such that, for every 0 < A < Ay and 1 < p, problem
(1.1) does not have any nontrivial weak solutions.

Proof: Assume that u is a nontrivial weak solution of equation (1.1).
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Case 1: We suppose that ||u|| < 1. Then, by Proposition 2.1, u satisfies the following
inequality

lullf” < f IV x ulf®dx = A/ G(x,u)dx — M/ F(x,u)dx. (3.1)
Q Q Q
Now, since r(x) < g(x) in €2, applying the Young inequality we can deduce that
+ _ - (x) +
X/ g(x)|u|r(")dx < u / IAg] T dx + r__ f 1% dx. (3.2)
Q 9 Q 9 Ja

Invoking inequalities (3.1) and (3.2), and conditions (F;) — (F2) and (Gy), for A small
enough, we obtain

-
(q" —raa

+ q® r+
0< ”u”p =< / |g|fi(x)—f(X) dx + (__ _ MO{)/ |u|q(x)dx
Q q Q

-
+ _ r- )Lq""—r_ q(x) q_
< (4 _) / gl1®— @ dx = 14" A < oo, (3.3)
q Q
qt=r- B rt
where A = = lg|9 dxand p > u; = a

Q
Thanks to Corollary 2.5, there exists a constant # > 0 such that
p* pt
Blully < lull”", Vu e E. (3.4
Thus, in view of (3.1), (3.4), and Proposition 2.1, we get

+ - +
Blulf iy < Mgl max (Jul] s lul}y)- (3.5)

Having in mind p*™ < r~ < r* and |||,y > 0, by (3.3) and (3.5), we have

Pt 2

B T B T 9
ﬁmax (W , W < ”M”p+ < )\‘q""fr A. (36)
oo 0.)

Case 2: We suppose that ||u|| > 1. It suffices to replace p™ by p~ in the proof of Case 1.
This concludes the proof. O

Lemma 3.2: Assume that assumptions (F1) — (F») and (G1) — (G2) hold. Then

(a) I isa coercive functional; and
(b) I is a weakly lower semicontinuous functional.

Proof:

(a) LetA,u > 0and u € Ewith ||u|| > 1. Combining Proposition 2.1, Young inequality,
and assumptions (F») and (Gj), one obtains the following inequalities
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1 _
I(w) > p—+||u||P +05M/ |”(x)|q(x)dx—A/ g(x)|u|r(x)dx
§2 Q

q(x)

1 o
> —+||u||P + ’U“_f |“(x)|q(x)dx _ CA,M,a/ g ()] - dx,
P 2 Q Q

where c;, ;,  is a positive constant. This demonstrates the coercivity of the functional
L.

(b) Let (u,) be a sequence such that u,—u in E. Using the fact that (u,) is bounded in
E, Corollary 2.5 and Proposition 2.2, up to a subsequence, still denoted by (u,), we
can infer that

U, — u a.ein Q and lim /g(x)lun|’(x)dx = / g(x)|u|r(")dx. (3.7)
n— 400 Q Q
By the weak lower semicontinuity of the norm ||.||, we have
|ul| < liminf |lu,]. (3.8)
n——+00

Furthermore, Fatou’s lemma and (F,) yield the following inequality

/ lim inf F(x, u,)dx < lim inf/ F(x,uy,)dx. (3.9)
Q —+x Jg

n——+o00 n

Combining (3.7)-(3.9), we have thus proved the claim.

Completion of the proof of Theorem 1.1:

(i) Evidently, by Lemma 3.1, assertion (i) of Theorem 1.1 holds.
(ii) Fix u > 0. Using Lemma 3.2, for every A > 0, we can find u € E such that

I(u) = 1ivléfgl(v).

Hence, for every A > 0 and p > 0, u is a weak solution of problem (1.1). It remains
to show that u is nontrivial weak solution of system (1.1). Invoking assumption
(G1), we can find w € E such that

f G(x,w)dx = 1.
Q

It follows that
I(w) Vol fF( Ydx — A=Ay — A
w) = X M X, W)dX — A = — A
o p) Q :
|V x W|P(x)
where 1, = p(—)dx + /Lf F(x,w)dx. Thus, I(w) < 0 forany A > A,,.
X Q

Q
This completes the proof.
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3.2. Proofof Theorem 1.2

The main tool in the proof of Theorem 1.2 is the variant of the three critical points theorem
established by Ricceri [20]. Before stating his theorem, we need the following definition.

Definition 3.3: If X is a real Banach space, we denote by Ry the class of all functional
¢ : X — R possessing the following property: If (u,) is a sequence in X, converging
weakly to u € X, and liminf,, o ¢ (u,) < ¢(u), then (u,) has a subsequence strongly
converging to u.

Theorem 3.4: Let X be a separable and reflexive real Banach space, ¢ : X — R a
coercive, sequentially weakly lower semicontinuous C' functional belonging to Ry, bounded
on each bounded subset of X and with the derivative admitting a continuous inverse on
X*;] : X — R, a C! functional with compact derivative. Assume that ¢ has a strict local
minimum xo with ¢ (xo) = J(xo) = 0. Finally, setting

Jx o T
o = max {0, limsup ——, lim
x> +o0 D (X) " Ixl—x0 #(x)

and
J(x)
B=  sup
x€p=1(0,400) ¢(x)
assume that o < B. Then for each compact interval [a, b] C (}g, Ly (with the conventions

1

g = 100, 55 = 0), there exists r > 0 with the following property: for every A € [a, b] and

every C! functzonal ¥+ X — R with compact derivative, there exists § > 0 such that for
each 1 € [0, 8], the equation

¢ (x) = ] (x) + uy (x)

has at least three solutions whose norm is less than r.

Completion of the proof of Theorem 1.2:

Standard arguments can be used to show that /' and ¥ are compact, while ¢ is a
coercive, sequentially weakly lower semicontinuous and ¢ is a homeomorphism between
E and its dual. Clearly, ¢ € Rg, since E is uniformly convex.

Fix €,s > 0 such that p* + s < p*(x). By virtue of assumption (Gs), there exists a
constant n with 0 < n < L, such that

Glx,u) < elul’’, Vx e Q,V|ul € [—nnl.

Again, by assumption (G3), it follows that

J(u) < / G(x, u)dx + / G(x,u)dx + / G(x,u)dx
{xe,u(x)|<n} {xeQn=<|u(x)|<L} {xed,Ju(x)|=L}
<c (6/ |ulp+dx + / |u|p++5dx +y / |u|k(x)dx)
{xeQ,ux)|<n} {xeQn=<|u(x)|<L} {x€,u(x)[>L}

<c (6/ |ulp+dx +/ |u|P++5dx +/ |u|p++sdx>
{xeQ,lu(x)|<n} {xeQn=<|u(x)|<L} {xeQ,|u(x)[=L}

+ +
< c(elull” + ule ),
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for some positive constant c. This, along with Proposition 2.1, yields, for ||u|| < 1

Jw) _ ellul’” + fulP"

=c >
¢ (u) [l
hence,
lim sup Jw) < ce. (3.10)
u—0 u

Taking u € E with |lu|| > 1, from (Gz) — (G3), we get

J(u) < / G(x,u)dx + / G(x,u)dx
{xe,u(x)|<L} {xe2,lu(x)|>L}

< c+f ul® dx
{xeQ,|lu(x)|>L}

- +
e+ [lull® + [lul®).

<
This implies that
1 k™ Kkt
lim sup u) < lim sup cd A+ Jlul :|-||u|| ) =0 (3.11)
u—>+00 u u—+00 [|ulP

Therefore, by (3.10) and (3.11), @ = 0. In view of assumption (G3), we have 8 > 0. Thus
all hypotheses of Theorem 3.4 are satisfied. The proof is therefore complete.
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