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Abstract

We classify countable locally finite-by-abelian groups up to coarse isomorphism. Our classification
is derived from a coarse classification of amenable shift-homogeneous metric spaces.

1. Introduction

This paper is devoted to the problem of classification of countable groups and homogeneous metric
spaces up to coarse isomorphism or coarse equivalence, which is one of fundamental problems of
Geometric Group Theory [5-7]. The main results of the paper are Theorems 1.2—1.5 formulated in
the introduction which is divided into two subsections. In the first part, we survey the obtained
results on the coarse classification of groups. These results will be derived from more general
classification results for shift-homogeneous metric spaces, presented in the second subsection of
the introduction. The main theorems presented in the introduction will be proved in Sections 5, 6, 8
and 10.
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1.1. Coarse classification of groups
A function f : G — H between two groups is called

(1) a coarse map if for each finite subset E C G, there is a finite subset D C H such that
f(x-E) C f(x)- D for each point x € G;

(2) a coarse isomorphism if f is bijective and the maps f and f~! are coarse;

(3) acoarse equivalence if f is coarse and there are a coarse function g : H — G and finite sets
D C G and E C H such that go f(x) e xD and f o g(y) € yE for any points x € G and
yeH.

Two groups G, H are coarsely equivalent (respectively, coarsely isomorphic) if there is a
coarse equivalence (coarse isomorphism) f : G — H. Since each coarse isomorphism is a coarse
equivalence, any two coarsely isomorphic groups are coarsely equivalent.

The problem of classification of groups up to coarse equivalence was considered in [2]. Some
final results were obtained for classes of locally finite and abelian groups. Let us recall that a group
G is called locally finite if each finitely generated subgroup of G is finite. Locally finite and abelian
groups belong to the class of locally finite-by-abelian groups.

A group G is called finite-by-abelian if G contains a finite normal subgroup N C G with abelian
quotient group G/N. By [8], a locally finite group G is finite-by-abelian if and only if it is an
FC-group in the sense that each element x € G has finite conjugacy class x° = {gxg~' : g € G}. A
group G is locally finite-by-abelian if each finitely generated subgroup of G is finite-by-abelian.

By the free rank ro(G) of a group G, we understand the number

ro(G) = sup{n € w : Z" is isomorphic to a subgroup of G}.

By Proposition 9.4, the free rank (G ) of alocally finite-by-abelian group G is equal to the asymptotic
dimension asdim(G) of G.
The following classification of locally finite-by-abelian groups was proved in [2].

THEOREM 1.1 Two countable locally finite-by-abelian groups G, H are coarsely equivalent if and
only if the free ranks of these groups coincide and either both groups are finitely generated or are
both infinitely generated.

The classification of locally finite-by-abelian groups up to coarse isomorphism is more delicate
and depends on so-called factorizing function of a group. This function is defined as follows.

For a subgroup H of a group G, its index spectrum o¢.y is the set of all possible indexes of H
in subgroups E C G that contain H. The factorizing function of a subgroup H C G is the function
¢G/u : I1 — w U {oo} defined on the set IT of prime numbers and assigning to each prime number
p € II the (finite or infinite) number

¢G/u(p) =suplk e w: p* divides some finite number i € 0. }.

We shall say that two functions f, g : [T — w U {oo} are almost equal and write f =* g if

D 1f(p) = 8(p)| < oo

peP

Here, we assume that co — oo = 0 and |oo — n| = |n — 00| = oo forn € w.
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Following [2], we say that a subgroup H has locally finite index in G if H has finite index in each
subgroup (H U F) generated by the union H U F of H with a finite subset F C G.

One of the principal results of this paper is the following theorem classifying locally finite-by-
abelian groups up to coarse isomorphism.

THEOREM 1.2 Let Gy, Gy be countable locally finite-by-abelian groups. In each group G;, fix a
subset S; C G; of the smallest possible cardinality, generating a subgroup H; = (S;) of locally finite
index in G;. The groups G| and G, are coarsely isomorphic if and only if one of the following
conditions holds:

(1) 70(G1) = ro(G2) = o0;
(2) 10(G1) = ro(G2) =0 and ¢G, 1, = PG,/H,:
(3) 0< }’()(Gl) = V()(Gz) < 00 and ¢G|/H| =* ¢GZ/H2'

Treating countable groups as homogeneous metric spaces, we shall derive Theorem 1.2 from a
more general Theorem 1.5 classifying amenable shift-homogeneous metric spaces. So, in the next
subsection we shall survey some principal results on the coarse classification of homogeneous metric
spaces.

1.2. Coarse classification of homogeneous metric spaces
A metric space (X, dy) is called

(1) homogeneous if for any points x, y € X, there is an isometric bijection f : X — X such that
fx) =y

(2) proper if each closed bounded subset of X is compact;

(3) boundedly finite if each bounded subset of X is finite.

It is clear that each boundedly finite metric space is proper. The converse is true for countable
homogeneous spaces: the Baire Theorem guarantees that a countable proper space X contains an
isolated point; then by the homogeneity, each point of X is isolated, and hence each compact subset
of X is finite.

It is clear that for each left-invariant metric d on a group G, the metric space (G, d) is homo-
geneous: for any points x, y € G the left shift f : G — G, f : g — yx~'g is a bijective isometry
with f(x) = y.

A map f : X — Y between metric spaces is called

(1) coarse if for each finite & the oscillation
wyr(8) =sup{dy(f(x), f(x) :x,x" € X and dx(x,x") <8}

is finite;

(2) a coarse isomorphism if f is bijective and the maps f and f~! are coarse;

(3) a coarse equivalence if f is coarse and there is a coarse map g : ¥ — X such that the num-
bers dx(idx, g o f) = sup,cx dx(x, g o f(x)) and dy(idy, f o g) = sup,.y dy(y, f o g(y))
are finite.

It can be shown that two countable groups are coarsely isomorphic (coarsely equivalent) if and
only if they are coarsely isomorphic (coarsely equivalent) as metric spaces endowed with proper
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left-invariant metrics. This shows that the notion of coarse isomorphism (coarse equivalence) of
groups actually has a metric nature.

By [11], each countable group G carries a proper left-invariant metric, and such metric is unique
up to coarse isomorphism. The latter means that for any two proper left-invariant metrics d, p on G,
the identity map id : (G, d) — (G, p) is a coarse isomorphism of metric spaces.

From now on, each countable group G is endowed with a proper left-invariant metric and is
considered as a homogeneous metric space.

Many notions defined for groups can be naturally generalized to homogeneous metric spaces.
In particular, finitely generated subgroups correspond to large scale connected subsets of metric
spaces.

Let (X, dx) be a metric space and ¢ > 0 be a real number. A subset C C X is called e-connected
if for any two points x, y € X, there is a sequence of points x = xg, X1, ..., X, = y such that
dx(x;, x;—1) < eforalli < n.Such sequence x, ..., x, will be called an e-chain of length n linking
the points x, y.

For a point x € X, its e-connected component X.(x) is the maximal e-connected subset of X
containing x. It consists of all points y € X that can be linked with x by an e-chain. It will be
convenient to also put X (x) = X.

A metric space X is called large scale connected if it is e-connected for some ¢ < oo. It follows
that a group G endowed with a proper left-invariant metric is large scale connected if and only if it
is finitely generated.

By a factorizing step of a metric space X, we understand the (finite or infinite) number

s(X) =inf({oo} U {e € [0, 00) : V§ € [g, 00) Vx € X the set
Xs(x)/e = {Xc(y) 1 y € Xs(x)} is finite}).

For a homogeneous metric space X by X(x), we denote any s(X)-connected component of X (by
homogeneity, all s(X)-connected components of X are pairwise isometric). The space X,x) will be
called the factorizing component of X.

The following theorem proved in Section 6 can be considered as a metric analog of Theorem 1.1.

THEOREM 1.3 Any two shift-homogeneous boundedly finite metric spaces X, Y are coarsely equiv-
alent if and only if their factorizing components Xxy and Yy are coarsely equivalent, and the
spaces X, Y are either both large scale connected or are both not large scale connected.

Now we discuss the notion of shift-homogeneity appearing in this theorem.

A metric space (X, dy) is called shift-homogeneous if for any points x, y € X, there is a bijec-
tive isometry f : X — X such that f(x) = y and for any large scale connected subset C C X the
distance dx (f|C,id) = sup, ¢ dx(f (x), x) is finite. Such isometry f will be called a shift-isometry
of X.

It is clear that each shift-homogeneous metric space is homogeneous. The converse is true if
each large scale connected subset of X is bounded. In Proposition 9.5, we shall prove that each
countable locally finite-by-abelian group G endowed with a proper left-invariant metric is shift-
homogeneous.
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Theorem 1.3 yields a classification of shift-homogeneous metric spaces up to the coarse equiv-
alence. Their classification up to the coarse isomorphism is more delicate and uses the notion of a
factorizing function.

The factorizing function ¢x : I1 — w U {oo} of a boundedly finite homogeneous metric space X
assigns to each prime number p € IT the (finite or infinite) number

dx(p) =supfk e w: p* divides the cardinality [{X,x)(x) : x € X;}| for some finite 8}.

For a function ¢ : [T — w U {oc0}, let

Zy = @Zﬁ(/’)

pell

be the direct sum of cyclic groups Z, = Z/pZ.1f ¢ (p) = oo, then by Z° we understand the direct
sum of countably many cyclic groups of order p. The group Z, will be endowed with a proper left-
invariant metric. It is easy to show that the factorizing step s(Zy) = 0 and the factorizing function of
the space Z is equal to ¢.

Given two metric spaces (X, dx) and (Y, dy), we endow their product X x Y with the metric

dxxy((x, ), (', ¥)) = max{dx (x, x'), dy (y, y)}.
Theorem 1.3 will be derived from the following theorem proved in Section 5.

THEOREM 1.4  Each boundedly finite shift-homogeneous metric space X is coarsely isomorphic to
the product X(xy X Zg,.

Now we consider the problem of classification of shift-homogeneous metric spaces up to coarse
isomorphisms. We shall obtain such classification only for amenable shift-homogeneous metric
spaces.

A metric space X is called amenable if for each positive € < co and ¢ > 1, there is a finite subset
F C X whose e-neighborhood O, (F) = {x € X : 3y € F dx(x, y) < ¢} is finite and has cardinality
|O:(F)| < c-|F|. Amenable metric spaces will be discussed in Section 7. In particular, we shall prove
that a countable group G is amenable (which means that G carries a right-invariant finitely additive
probability measure defined on the algebra of all subsets of G) if and only if G is amenable as a
metric space endowed with a proper left-invariant metric.

The following theorem can be considered as a metric counterpart of Theorem 1.2, and actually will
be used in its proof. In this theorem, each natural number n € N is considered as the (homogeneous)
metric space n = {0, ...,n — 1} endowed with a two-valued metric. The factorizing function ¢, :
I1 — w assigns to each prime number p the largest number k = ¢, (p) such that p* divides n. So,

n= l_[pEH po )
THEOREM 1.5 Two amenable shift-homogeneous metric spaces X, Y are coarsely isomorphic if and
only if there are natural numbers n, m € N such that

(1) Xyx) X nis coarsely isomorphic to Yy x m;

(2) ¢n §¢Xs ¢m Sd)Y and¢X_¢n =¢Y _¢m~
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2. Coarse classification of homogeneous ultrametric spaces

In the proof of Theorems 1.2-1.5, we shall use the coarse classification of homogeneous boundedly
finite ultrametric spaces obtained in [1]. We recall that a metric space X is called an ultrametric space
if its metric dy satisfies the strong triangle inequality

dX(-x7 y) S maX{dX(x’ Z)7 dX(Zv y)},

for all points x, y, z € X.

By [1], any two unbounded homogeneous proper ultrametric spaces X, Y are coarsely equivalent.
Moreover, if these spaces are uncountable, then they are coarsely isomorphic.

The classification of countable homogeneous proper ultrametric spaces up to coarse isomorphism
is more complicated. First observe that the Baire Theorem implies that each countable homogeneous
proper ultrametric space is boundedly finite.

Observe also that for a point x of an ultrametric space X and any positive ¢ the ¢-connected
component X, (x) coincides with the closed ¢-ball O.(x) = {y € X : dx(x,y) < ¢} centered at x.
This implies that the factorizing step s(X) of a boundedly finite ultrametric space X is equal to
zero, and the factorizing function ¢y : IT — w U {00} of X assigns to each prime number p € II the
number

dx(p) = sup{k € w : p* divides |0, (x)| for some x € X and some & < 00}.
Now [1, Theorem 9] implies the following classification result.

THEOREM 2.1 Two homogeneous countable proper ultrametric spaces X, Y are coarsely isomorphic
if and only if ¢x = ¢y.

This theorem implies the following corollary.

COROLLARY 2.2 Each homogeneous countable proper ultrametric space X is coarsely isomorphic
to the abelian group Zg, (endowed with a proper left-invariant metric).

We shall also need the following known result [3].

PROPOSITION 2.3 A countable group G carries a proper left-invariant ultrametric if and only if G is
locally finite.

3. Factorizing step of a metric space

In this section, we discuss the notion of the factorizing step s(X) of a metric space X. We recall that
s(X) = inf s5(X) where ss(X) is the set of all ¢ € [0, oo] such that for each finite § > e and x € X
the set Xs5(x)/e = {X.(y) : y € X;s(x)} is finite.

In general, the factorizing step s(X) does not belong to the set s5(X).
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ExampLE 3.1 For the closed subspace

X = {(x +27n, (—1)"tg(x)) : x € (—% g) , n€ Z}
of the Euclidean plane we get ss(X) = (7, 00], and hence s(X) = 7 ¢ ss(X).
On the other hand, we have the following proposition.
PROPOSITION 3.2 For any boundedly finite homogeneous metric space X, we get s(X) € ss(X).

Proof. Since the metric space X is boundedly finite and homogeneous, the set dx(X x X) =
{d(x,y) : x,y € X}isclosed and discrete in [0, 00). Because of that, we can find s € ss(X) such that
the half-interval (s(X), s] does not intersect the set d(X x X). This implies that X x)(x) = X(x)
for each x € X. Then for each finite § > s andx € X, the set {Xx)(y) : y € Xs(x)} = {X,(x) 1 x €
X;s(y)} is finite, witnessing that s(X) € ss(X). O

Given a homogeneous metric space X and a number ¢ € ss(X), let X/e = {X.(x) : x € X} be
the space of ¢-connected components of X endowed with the ultrametric

o if X.(x) = X:(y),
dye(X.(x), X.(y) = {inf{a >¢:x € X5(y)} otherwise.

It is clear that this ultrametric is well defined if ¢ > O.

If e =0, then 0 = ¢ € ss(X) implies that all components X;s(x), 0 < § < 0o, x € X are finite.
Consequently, X is boundedly finite and, by the homogeneity of X, the set d(X x X) is closed
and discrete in [0, co). This yields a positive § > 0 such that each closed §-ball Os(x), x € X is a
singleton, which implies that X5(x) = {x} and dx/0(Xo(x), Xo(y)) = § > 0iff Xo(x) # Xo(y).

It follows from ¢ € ss(X) that the ultrametric space X /¢ is boundedly finite. Moreover, the homo-
geneity of the metric space X implies the homogeneity of the ultrametric space X /e. By Corollary 2.2,
the ultrametric space X /¢ is coarsely isomorphic to Zg, , .

By g.: X — X/¢, g : x — X .(x), we shall denote the map assigning to each point x € X its
e-connected component X, (x).

The proof of the following simple proposition is left to the reader.

PROPOSITION 3.3 A metric space X has finite factorizing step s(X) if and only if X is coarsely
isomorphic to a metric space Y with finite factorizing step s(Y).

4. Factorization theorem for shift-homogeneous metric spaces

The following factorization theorem is the crucial step in the proof of Theorem 1.4.

THEOREM 4.1 For any shift-homogeneous metric space X and any € € ss(X), there is a coarse
isomorphism f : X, x X/e — X such that for each e-connected component X.(x) € X/¢ the
restriction f|X, x {X.(x)} is an isometry from X, x {X.(x)} onto X.(x) C X.
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Proof. Choose an unbounded increasing sequence of real numbers (g,),c, With &g = €. Fix any
point & € X and identify the factorizing components X, , n € w, with the &,-connected components
X, (0), n € w, of the point 6.

For every n € w, the set X, ,, \ X,, can be written as the disjoint union

Xy \ Xe, = U X, (x)

XEF 41

of &,-connected components X, (x) of points x € F,; of some finite subset F,, | C X, ,,.

Using the shift-homogeneity of X, for each point x € F,;; fix a shift-isometry s, : X — X
of X such that s, () = x. Then the restriction sx|X,, : X;, = X,, (x) is an isometry between the
en-connected components of 6 and x, respectively. This isometry induces an isometry 5, : X,, /¢ —
X, (x)/e between the subsets X, /e = {X.(y) 1y € X, } and X, (x)/e = {X(y) : y € X, (x)} of
the ultrametric space X/¢. The latter isometry induces an isometry

Pn i Xe X Xe, ()6 = Xe x X /e, pa: (v, 2) > (3,5, (2).

Now we are able to define a coarse isomorphism f : X, x X/e¢ — X. For this, observe that

x/e={x3ulJ | X 0)/e.

new xekl,

Let fo: X, x {X,} = X, = X,, be the projection onto the first coordinate. For every n € o,
define a function f,4 : X, x X,,,, /¢ = X,,,, letting f,11|X. x X, /e = f, and

En+1 En+l

fn+l|X8 X Xs,l(x)/g =S8y 0 fn O Dn,

for every x € F,,;. Taking into account that s,, x € F, are shift-isometries, one can check that the
functions f,, n € w are coarse isomorphisms.

The functions f,, n € w compose a coarse isomorphism f : X, x X/e¢ — X such that f|X, x
X,, /e = fyforalln € w.

It follows from the construction of f that for any e-connected component X.(x) € X/e, the
restriction f|X, x {X.(x)}is an isometry from X, x {X.(x)} onto X,(x) C X. O

5. Proof of Theorem 1.4

Let X be a boundedly finite shift-homogeneous metric space. By Proposition 3.2, s(X) € ss(X) and,
by Theorem 4.1, the space X is coarsely isomorphic to the product X x) x (X/s(X)). By definition,
the factorizing function ¢y of X coincides with the factorizing function ¢x/sx) of the ultrametric
space X.

By Corollary 2.2, the ultrametric space X/s(X) is coarsely isomorphic to the group Zg, ,, =
Zg, endowed with a proper left-invariant metric. So, we obtain the following chain of coarse
isomorphisms:

X= Xs(X) X (X/S(X)) = Xs(X) X Zd)x/x(X) = Xs(X) X Zlﬁx'
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6. Classification of shift-homogeneous metric spaces up to coarse equivalence

By [1, Corollary 7], each unbounded proper homogeneous ultrametric space is coarsely equivalent
to the Cantor macro-cube

2N = {(%)new € {0, 1)V 2 3m € NVn > m x, = 0)

endowed with the metric
d((x,), (yn) = max 2" X = Yul.

This fact combined with Theorem 4.1 implies the following two classification results for shift-
homogeneous metric spaces.

THEOREM 6.1 A shift-homogeneous metric space X for every finite ¢ € ss(X) is coarsely equiva-
lent to:

(1) X, iff X is large scale connected,
() X, x2=<N iff X is not large scale connected.

The following theorem implies Theorem 1.3 announced in Section 1.

THEOREM 6.2  For two shift-homogeneous metric spaces X, Y with finite factorizing steps s(X),
s(Y), the following conditions are equivalent:

(1) X and Y are coarsely equivalent;

(2) for some real numbers ¢ € ss(X)andd € ss(Y), the spaces X., Y5 are coarsely equivalent and
the spaces X, Y are either both large scale connected or are both not large scale connected,

(3) for any real numbers ¢ € ss(X) and é € ss(Y), the spaces X, Ys are coarsely equivalent and
the spaces X, Y are either both large scale connected or are both not large scale connected.

Proof. The implication (3) = (2) is trivial and (2) = (1) follows from Theorem 6.1.

(1) = (3) Assume that the spaces X and Y are coarsely equivalent. Then X is large scale connected
ifand only if its coarse copy is Y . It remains to show that for any real numbers ¢ € ss(X)andé € ss(Y),
the factorizing components X, and Y; are coarsely equivalent.

The coarse equivalence of the spaces X, Y yields two coarse maps f: X - Yandg:Y — X
such that

D = max{dx(idx, g o f),dy(idy, f o g)} < oc.

Let ¢’ = max{e, D, wy(8)} and 8’ = max{8, D, ws(e)}.

Fix any point xp € X and let yo = f(x9) € Y. For each s € [0, 00), identify the factorizing
components X and Y; with the s-connected components X;(x¢) and Y;(yy) of the points xg, yo,
respectively.

Since ¢ € ss5(X), the set {X.(x) : x € X} is finite. This fact combined with the homogeneity of
X implies that sup{d(x’, X,) : x € X} < oo. It follows that the identity embedding ix : X, — X,
is a coarse equivalence, and there is a coarse map rx : X, — X, such that rx o ix coincides with the
identity map of X,.

By analogy, we can show that the identity embedding iy : Y5 — Yy is a coarse equivalence, and
find a coarse map ry : Yy (yo) — Ys(yo) such that ry o iy coincides with the identity map of Y.
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It follows that f(X.) C Y,,) C Ys. Also ¢ > max{D, wy(8)} and dx (xo, g(30)) = dx(xo, g ©
S (x0)) < D imply g(¥s) = g(¥s5(30)) C Xu,6)(8(y0)) C Xer(x0) = Xor.

So, the compositions ry o f : X, — Y5 and ry o g : ¥Ys — X, are well-defined coarse maps
witnessing that the spaces X, and Y; are coarsely equivalent. d

7. Amenable metric spaces

In this section, we discuss amenable metric spaces, which appear in Theorem 1.5.

Let us recall that a metric space X is amenable if foreach ¢ > 1 and ¢ < o0, there is a finite subset
F C X whose e-neighborhood O, (F) is finite and has cardinality |O,(F)| < c - | F|.

It follows that each amenable homogeneous metric space X is boundedly finite, and hence proper.
The choice of the term ‘amenable’ is justified by the following proposition.

PROPOSITION 7.1 Each amenable metric space X admits a finitely additive probability measure
w:P(X) — [0, 1] defined on the algebra P(X) of all subsets of X, which is invariant in the sense
that w(f(A)) = pn(A) for any subset A C X and any bijection f : X — X with dx(f,id) < oo.

Proof. By the definition of amenability, for each n € N there is a finite subset F, C X such that
|0, (F,)| < (14 1/n)|F,|, and hence |0, (F) \ F,| < (1/n)|F,|. Choose a free ultrafilter {/ on the
set of positive integers N and define a probability finitely additive measure  on X by the formula

) = tim A0l
= lim ————
M = TR,

)

for A C X.

It remains to show that the measure w is invariant. Given any bijection f : X — X of X with
r = dx(f,id) < oo, it suffices to prove that (£ (A)) < u(A). For every n > r, we get f~'(F,) C
O,(F,) C O,(F,), and hence

1
|f(ANF | =1ANfTHFE) < AN O (F)| < [ANF| +10,(F) \ Byl < AN F,| + | Fnl.

Now we see that

IfFANEl . JANFTUE)N . JANF] . 1|F]
- =1lm —— < lim —— li - =

A) =1l = =nld
u(f(A)) m A ey |F, | U |F,| n—Un |F,| )
+ 0= u(A). =

The following corollary of Proposition 7.1 implies that for countable groups our definition of
amenability is equivalent to the classical one [9].

PROPOSITION 7.2 A countable group G endowed with a proper left-invariant metric d is amenable
if and only if the group G admits a right-invariant finitely additive probability measure u : P(G) —
[0, 1] defined on the algebra of all subsets of G.

Proof. If the metric space (G, d) is amenable, then by Proposition 7.1 there is a finitely additive
probability measure p : P(G) — [0, 1] which is invariant in the sense that ( f (A)) = w(A) for any
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subset A C X and any bijective function f : G — G with d(f,id) < co. We claim that the measure
W isright-invariant in the sense that £ (Ag) = p(A) foreach subset A C X and anelement g € G. The
left-invariance of the metric d implies that the right shiftr, : G — G, 1, : x > xg is a bijection with

d(rg,id) = supd(rg(x), x) = supd(xg, x) =d(g, 1g) < oco.
xeG

xeG

Then pu(Ag) = nu(rg(A)) = (A) by the invariantness of the measure p. This proves the ‘only if’
part of the proposition.
The ‘if” part follows from the classical Fglner characterization of amenable groups [9, 4.10]. O

The amenability of homogeneous metric spaces is inherited by their large scale connected
components.

PROPOSITION 7.3 If a homogeneous metric space X is amenable, then each e-connected component
of X is amenable.

Proof. To show that each e-connected component of X is amenable, fix any ¢ > 1 and § < co. By
the amenability of the space X, there is a finite subset F C X such that |Os(F)| < ¢ - |F|. Choose a
subset E C F such that F C Uer X.(x) and X, (x) N X.(y) = @ for any distinct points x, y € E.
Foreachx € E, let F, = F N X.(x). It follows from |, .z Os(Fy) N X:(x) C O5(F) that

xeE

D 10s(F) N Xe(x)| < 105(F)| < ¢+ |Fl=c- () IFl),

xeE xekE

and hence |Os(F,) N X (x)| < c - | F,| for some x € E. Now we see that the e-component X, (x) of
the point x contains a finite subset F, witnessing that X.(x) is amenable. Since X is homogeneous,
all e-connected components of X are isometric to X, (x) and also contain such a finite set. O

The following two lemmas will be used in the proof of Theorem 1.5.

LEMMA 7.4 Let X be an amenable metric space. Two finite subsets A, B of a metric space Z have
the same cardinality if there is a bijection f : X X Z — X x Z such that f(X x A) = X x B and
dxxz(f1X x A,id) < oo.

Proof. Assume conversely that [A| > |B|. Let r = max{diam (A U B), dx«z(f|X x A, id)}. The
amenability of X yields a finite set ' C X such that |O,,(F)| < |A|/|B]| - |F|. It follows that

f(FxA)CO.(FxA)C O,(O,(F x B)) = 05 (F x B).

Since f(F x A) C f(X x A) =X x B,weget f(F x A) C Oy (F x B)yN(X x B) = 05,(F) x
B, and hence |F| - |A| = |F x Al =|f(F x A)| <0 (F)|-|B|. Then |0, (F)| > |Al/|B| - | F|,
which contradicts the choice of F.

By analogy, we can treat the case |A| < |B]|. 0

LEMMA 7.5 Let Z be a boundedly finite ultrametric space and C be an s-connected amenable
metric space for some positive real number s. If f : C x Z — X is a coarse isomorphism from
the product C x Z onto a shift-homogeneous metric space X, then wy(s) € ss(X) and for each
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& > wy(s) there are a number n € N and an n-to-1 function f, : Z — X /e, making the following
diagram commutative:

CxZ—f——> X

| I

&

Proof. Toseethatwy(s) € ss(X),itsuffices to check that for any finite § > wy(s) the set {X,,,(5)(¥) :
y € X5(x)} is finite for each x € X.

Observe that for each z € Z, the set f(C x {z}) is ws(s)-connected, and hence lies in some §-
connected component of X. This fact can be used to show that f~!(Xs(x)) = C x Z, for some set
Z, C Z. The §-connectedness of Xs(x) implies the w ¢-1(8)-connectedness of the set f “1(X;5(x))
and its projection Z, onto Z. Since Z is a boundedly finite ultrametric space, the large scale connected
set Z, C Z is bounded, and hence finite. Since for each y € X;s(x), the preimage f (X, £ (s) )
is of the form C x Z, for some set Z, C Z,, we conclude that the set {X,, (5)(y) : y € Xs(x)} has
finite cardinality < |Z,|, witnessing that wr(s) € ss(X).

Now fix any & > ws(s). We already know that for each x € X the preimage f (X, (x))
is equal to the product C x Z, for some finite set Z, C Z. We claim that |Z,| = |Z,| for all
points x,y € X. By the shift-homogeneity of X, there is a shift-isometry /4 : X — X such that
h(x) = y. Then h(X.(x)) = X.(y) and g = f ' oh o f is a coarse isomorphism of C x Z with
g(C x Z,) = C x Z,.Weclaimthatdist(g|C x Z,,id) < oo. Since h is a shift-isometry, the number
r = sup{dx (h(y),y) : y € X¢(x)} is finite. Then for each z € Z, and ¢ € C, we get

dex7(8(¢,2), (¢,2)) =dexz(f ™ oo f(e,2), f™ o fle,2)
< wp(dx(ho f(c.2), f(e.2) < 01 ().

Now it is legal to apply Lemma 7.4 and conclude that |Z,| = |Z,| = n for some number n € N.
It follows that the map f, : Z — X/e defined by fs‘l(Xs(x)) = Z, for x € X is n-to-1. Taking
into account that f~'(X,(x)) = C x Z, = C x f;l(Xs (x)) for any x € X, we see that the diagram

CxZ—f> X

] |

zZ — X/e

£

commutes. O

8. Proof of Theorem 1.5

Let X, Y be amenable shift-homogeneous metric spaces. Being amenable, the spaces X, Y are
boundedly finite. Consequently, s(X) € ss(X) and s(Y) € ss(Y) by Proposition 3.2, and hence the
factorization functions ¢x = ¢x/sx) : [1 = w U {00} and ¢y = ¢y sy : I1 — @ U {0} are well
defined.
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To prove the ‘only if” part of Theorem 1.5, assume that there is a coarse isomorphismi : X — Y.
If s(X) = oo, then s(Y) = oo by Proposition 3.3. In this case, X = Xx), ¥ = Y) and we can put
n=m=1.

So, we assume that the proper steps s(X) and s(Y) are finite. By Theorem 4.1, there are
coarse isomorphisms f : X x) x X/s(X) — X and g : Yy) x Y/s(Y) — Y. Consider the coarse
isomorphism i =i o f: X x) x X/s(X) — Y and put & = max{w; (s(X)), we(s(¥))}.

By Lemma 7.5, there are functions k. : X/s(X) — Y /e and g, : Y/s(Y) — Y /e making the
following diagram commutative:

f i
Xyo0 X X/s(X) % Y < Yy x Y/s(Y)
pl‘l / qe \L lpr
qs(x)
X/5(X) - Y/e < Y/s(¥)

Moreover, the function 4. is n-to-1 and g, is m-to-1 for some numbers n, m € N.

CLAM 8.1 ¢x/5x) = On + Pyye.

Proof. Theinequality ¢x/sx) < ¢u + @y/c Willfollow as soon as we check thatk < ¢, (p) + @y (p)
for any prime number p and any non-negative integer number k < ¢x/s(x)(p). By the homogeneity of
X and the definition of ¢x/sx)(p), there is § > s(X) such that p* divides {Xs0x0)(x") : x" € Xs(x)}|
for every x € X.

Recall that i : X — Y is a coarse isomorphism and consider the number §' = w; (8). It follows
thati ~!(Yy) = [J{X;5(x) : x € i~!(¥s)}, and consequently the cardinality of the set {X(x)(x) : x €
i~1(Ys)} is divided by p*.

Since w;(s(X)) < ¢, for every y € Y, the preimage i~'(Ye(y)) is a union of s(X)-connected
components of X and the number of these components is equal to n (as &, is an n-to-1 map).
Consequently, the cardinality of |Yy /¢| is divided by p*/p? P, and hence ¢y . (p) > k — ¢, (p) and
k = ¢n(p) + ¢Y/£(p)

Next, we prove that ¢x/sx) = ¢n + @y /.. Given any prime number p and any non-negative integer
number k < ¢y/.(p), we need to find § such that the cardinality of the set {Xx)(x) : x € X5} is
divided by p¥+%:(P)_Since k < ¢y /e(p), there is 8" < oo such that p* divides the cardinality of the set
[{Y:(y) : y € Ys}|. Put§ = w;-1(8") and observe that i (X5) is a finite union of §’-components, which
implies that [{Y.(y) : y € i(X;)}| is divided by p*. Since the map k, : X/s(X) — Y /e is n-to-1, the
cardinality of the set { X(x)(x) : x € X;}isdivided by pk -n,andhencek + ¢, (p) < dx/5x)(p). U

Claim 8.1 guarantees that ¢x/s(x) = ¢, + ¢y, and hence ¢, < Px/5x) = Px.

By analogy, the m-to-1 property of the function g, : Y/s(¥Y) — Y /e can be used to prove that
dy/s(v) = Gm + Pyse and ¢y < Py 5v) = ¢y. Adding the function ¢, to the equation ¢y /sx) = ¢n +
@y/e and ¢, to the equation @y sv) = P + Py/e, We get

¢Y +¢n = ¢Y/5(Y) +¢n = ¢n +¢m +¢Y/s = ¢X/S(X) +¢m = ¢X +¢ms

which implies ¢x — ¢, = ¢y — Pp,.
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To prove the ‘if” part, assume that there are numbers n, m € N satisfying the conditions (1) and
(2) of the theorem. By Theorem 4.1, the spaces X and Y are coarsely isomorphic to the products
Xsx) X X/s(X) and Yyy x Y/s(Y), respectively.

By the condition (2) of Theorem 1.5, the function ¢z = ¢x/sx) — Pn = Py/s(v) — Pm 1s well
defined. Consider the locally finite abelian group Z = Zg, endowed with a proper left-invariant
ultrametric. By Theorem 2.1, the product Z x n is coarsely isomorphic to X/s(X) and the product
Z x m is coarsely isomorphic to Y /s(Y). Then we have the following chain of coarse isomorphisms:

X = XS(X) X X/S(X) = XS(X) XnxZ= s(y) X m X zZ= Xs(y) X Y/S(Y) =Y.

9. Shift-homogeneous groups with finite factorizing step

In this section, we shall detect groups which are shift-homogeneous or have finite factorizing step.

Observe that each countable group G (endowed with a proper left-invariant metric) is a boundedly
finite homogeneous metric space. The e-connected component G, of the neutral element 15 € G
coincides with the subgroup generated by the closed e-ball O,(1), while the space G/¢ of e-
connected components coincides with the space G/ G, = {xG. : x € G} of left cosets of the group
G by the subgroup G.. The space G/G, carries the G-invariant ultrametric dg,g, (xG¢, yG,) =
inf{§ > 0:xGs; = yGs}.

Now the corresponding definitions imply the following characterization of countable groups with
finite factorizing step.

PROPOSITION 9.1 A countable group G endowed with a proper left-invariant metric has finite
factorization step if and only if it contains a finitely generated subgroup of locally finite index in G.

Subgroups of locally finite index can be used to calculate the free rank of a countable locally
finite-by-abelian group. The following lemma holds for a more general class of locally abelian-by-
finite groups. We recall that a group G is abelian-by-finite if it contains a normal abelian subgroup
of finite index. A group G is locally abelian-by-finite if each finitely generated subgroup of G is
abelian-by-finite. By [2, 9.6], each finitely generated finite-by-abelian group is abelian-by-finite,
which implies that each locally finite-by-abelian group is locally abelian-by-finite.

PROPOSITION 9.2 If a locally abelian-by-finite group G has finite free rank ro(G), then each
subgroup A C G of free rank ro(A) = ro(G) has locally finite index in G.

Proof. Let A C G be a subgroup of free rank ro(A) = ro(G) < oo. Then A contains a free abelian
subgroup of rank ry(A), and we lose no generality assuming that the subgroup A is free abelian. We
need to show that A has finite index in each finitely generated subgroup H that contains A. Since G is
locally abelian-by-finite, the finitely generated subgroup H is abelian-by-finite, and hence contains a
finitely generated abelian subgroup E of finite index in H. Then the subgroup A N E has finite index
in A, and thus rg(A) = ro(ANE) <ro(E) < ro(G) = ry(A). It follows from ro(A N E) = ro(E)
that the subgroup A N E has finite index in £, and hence has finite index in H. g

The preceding proposition will be used in the proof of the following characterization of the
free rank.
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PROPOSITION 9.3 The free rank ro(G) of a countable locally finite-by-abelian group G coincides
with the smallest cardinality of a subset S C G, generating a subgroup (S) of locally finite index
in G.

Proof. Let S C G be a subset of smallest possible cardinality |S|, generating a subgroup (S) of
locally finite index in G. Proposition 9.2 implies that | S| < ry(G).

It remains to prove that ro(G) < |S|. Assume conversely that ro(G) > |S| and find a subgroup
H C G isomorphic to Z!SI*1. Let F be the subgroup generated by H U S. Since G is locally finite-
by-abelian, the finitely generated subgroup F of G is finite-by-abelian. Consequently, it contains a
finite normal subgroup N C F with abelian quotient F'/N. Replacing N by a larger finite normal
subgroup, we can assume that the quotient /N is free abelian. Let g : F — F/N be the quotient
homomorphism. It follows that g({S)) is a free abelian subgroup of free rank ro(g(({S))) < |S| <
ro(H) = ro(g(H)). This implies that ¢ ({S)) has infinite index in /N, and hence (S) has infinite
index in F, which contradicts the choice of S. This contradiction shows that ro(G) < |S]|. ([l

In fact, the free rank r((G) of a locally abelian-by-finite group G coincides with the asymptotic
dimension asdim(G) of G. Let us recall that a metric space X has asymptotic dimension asdim(X) < n
forsomen € w U {oo}ifforeache < oo, thereis acoverf of X such that sup;; ., diam (U) < oc and
each e-ball O, (x),x € X, meetsatmostn + 1 elements of the cover U. The asymptotic dimension of a
metric space X is equal to the smallest number n € w U {oo} such that asdim(X) < n.Itis known [10,
p.129] that coarsely equivalent metric spaces have the same asymptotic dimension. As expected, the
free abelian group Z" has asymptotic dimension asdim(Z") = n. This fact implies the following
proposition.

PROPOSITION 9.4 The asymptotic dimension asdim(G) of a countable locally abelian-by-finite group
G coincides with the free rank ro(G) of G.

Proof. 1t follows from asdim(Z") = n = ro(Z") that ry(G) < asdim(G). To prove the reverse
inequality, assume that 7o(G) < asdim(G). By [4, Theorem 2.1], the asymptotic dimension asdim(G)
is equal to the least upper bound of asymptotic dimensions of finitely generated subgroups of G.
Consequently, we can find a finitely generated subgroup H C G such that asdim(H) > ry(G).
Since G is locally abelian-by-finite, the finitely generated subgroup H is abelian-by-finite, and
hence it contains a (finitely generated) abelian subgroup A C H of finite index in H. Replac-
ing A by a suitable subgroup of finite index, we can assume that the group A is free abelian.
Since A has finite index in H, the identity embedding A — H is a coarse equivalence, and hence
r0(A) = asdim(A) = asdim(H) > ro(G) > ry(A), which is a desired contradiction, completing the
proof. |

Next, we detect shift-homogeneous spaces among countable groups endowed with a proper left-
invariant metric.

PROPOSITION 9.5  Each countable locally finite-by-abelian group G endowed with a proper left-
invariant metric is shift-homogeneous.

Proof. Endow the group G with a proper left-invariant metric d. To show that the metric space (G, d)
is shift-homogeneous, take any two elements a, b € G and consider theleftshift f : G — G, f : x >
ba~'x.Itis clear that f(a) = b. The left-invariance of the metric d implies that f is an isometry of G.
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To show that f is a shift-isometry, we should check thatd ( f|L, id) < oo for each large scale connected
subset L C G. It follows that the set L U {ba~'} is contained in a finitely generated subgroup H C
G. Since the group G is locally finite-by-abelian, its finitely generated subgroup H is finite-by-
abelian, and hence it contains a finite normal subgroup N C H with abelian quotient H/N. Then
the set F = (ba=") = {hba='h~' : h € H} C ba~'N is finite. Observe that for each x € L C H,
we get f(x) = ba"'x = xx"'ba'x € xF, and hence d(f (x), x) < diam (F U {lg}) < 00. So, the
left shift f is a shift-isometry of G and the metric space (G, d) is shift-homogeneous. g

Finally, let us prove a metrization lemma.

LEMMA 9.6 For each infinite finitely generated subgroup H of locally finite index in a countable
group G, there is a proper left-invariant metric d on G such that H coincides with the factorizing
component Gy of G.

Proof. LetFy = {lg}and F| = F ]_1 be a finite subset, generating the subgroup H. Choose a sequence
(Fyp);2, of finite sets such that G = U;iz F,and F,_ 1-F,_{ CF, = Fn_1 for all n > 2. Then the
proper left-invariant metric

d(x,y) =min{n € w: y_lx € F,}

on G has the required property: s(G) = 1 and the factorizing component Gy = Gy)(lg) of
(G, d) coincides with the subgroup H. g

10. Proof of Theorem 1.2

Let G, G, be two countable locally finite-by-abelian groups. In each group G;, fix a subset S; C G;
of the smallest possible cardinality, generating a subgroup H; = (S;) of locally finite index in G;.
The minimality of §; implies that the subgroup H; either is infinite or trivial. We should prove that
the groups G and G are coarsely isomorphic if and only if one of the following conditions holds:

(1) 10(G1) = ro(G2) = 00;
(2) r0(G1) = ro(G2) = 0 and @G, /1, = $6,/8,;
(3) 0 <ro(G1) = ro(Gy) < oo and ¢g, /1, =" PG, H,-

To prove the ‘only if’ part, assume that the groups G, G, are coarsely isomorphic. Then
ro(G1) = asdim(G) = asdim(G,) = ro(G,) by Proposition 9.4 and the invariance of the asymp-
totic dimension under coarse equivalences.

If ro(G1) = ro(G,) = 00, then the condition (1) holds and we are done.

If r0(G1) = ro(G,) = 0, then the groups G, G, are locally finite, the subgroups H; and H, are
trivial, and the equality ¢, /n, = ¢, = G, = ¢G,,n, follows from Theorem 2.1 and Proposition 2.3.

It remains to consider the case 0 < ro(G1) = ro(G,) < oo. In this case, the groups G, G, are
not locally finite and the subgroups H; and H, are infinite. Using Lemma 9.6, endow each group
G; with a proper left-invariant metric dg, such that the subgroup H; coincides with the factorizing
component (G;)y(c,)- In this case, ¢¢,/n, = ¢¢,. It is well known that finite-by-abelian groups are
amenable, which implies that the groups H;, H, (seen as homogeneous metric spaces) are amenable.
By Proposition 9.5, the groups G, G, are shift-homogeneous. So, it is legal to apply Theorem 1.5
and conclude that ¢, /n, = ¢6, =" ¢, = $6,/m,-

To prove the ‘if” part of Theorem 1.2, assume that one of the conditions (1)—(3) holds.
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Ifro(G1) = ro(G,) = oo, then the groups G, G, have infinite asymptotic dimension according to
Proposition 9.4. By [2, 6.3], each countable locally finite-by-abelian group is coarsely isomorphic to
an abelian group, and by [2, 6.4], any two countable abelian groups of infinite asymptotic dimension
are coarsely isomorphic, which implies that the groups G, G, are coarsely isomorphic.

If ro(G1) = r9(G2) =0 and ¢g,/n, = Pc,/n,, then the groups G, G, are locally finite and the
subgroups Hy, H, are trivial. Then the equality ¢, = ¢G,/n, = ¢c,/H, = PG, implies that G| and
G, are coarsely isomorphic, see Theorem 2.1 and Proposition 2.3.

Finally, assume that 0 < ro(G) = r9(G»2) < oo and ¢g,/u, =* ¢G,/n,. Using Lemma 9.6, endow
each group G; with a proper left-invariant metric d; such that the subgroup H; coincides with the
factorizing component (G;) ;). In this case, the space G;/H; = {xH; : x € G;} can be identified
with the ultrametric space G;/s(G;). By Theorem 4.1, the group G; is coarsely isomorphic to H; X
(G;/H;) and, by Corollary 2.2, the ultrametric space G;/H,; is coarsely isomorphic to Zg, , . By
(the proof of) Proposition 9.3, the subgroups H;, H, have free rank ro(H;) = ro(G1) = r9(G2) =
ro(H,). Being finitely generated, these subgroups are finite-by-abelian, and hence abelian-by-finite.
Consequently, each group H; contains a normal abelian subgroup A; with finite index. Replacing
A; by a smaller subgroup of finite index, we can assume that A; is free abelian. By [2, 5.1], the
group H; is coarsely isomorphic to A; x (H;/A;), and hence to 770G x H;/A;. By [2, 5.5], the
group Z is coarsely isomorphic to the product Z x Z; for any k € N, which implies that the product
76D x H;/A; is coarsely isomorphic to Z¢), Then the group G; is coarsely isomorphic to
7Gx Lgg, 1, -

Since ¢g,/n, =" PG,/H,, there are natural numbers ny, no € N such that ¢,, + ¢g, /5, = ¢n, +
#G,/m,- Theorem 2.1 implies that the groups Z, X Zg,, ,,, and Zy, X Zg,, ,, are coarsely isomor-
phic. Since r9(G;) > 0, the group Z"%" is coarsely isomorphic to Z,, x Z"%). So, we obtain the
following chain of coarse isomorphisms:

G1 = H, x (G1/H)) = Hy X L,y ZLV X Ly, L0 X Ly X Ly,

= 209 X Ly X Ly, L X Ly, = Hy X (G2 Hp) = G
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