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Multiplicity and concentration results for a (p, ¢)-Laplacian problem in RY

Vincenzo Ambrosio® and Dusan Repovs

Abstract. In this paper, we study the multiplicity and concentration of positive solutions for the following (p, ¢)-Laplacian
problem:

—Apu— Agu+ V(ex) (JulP~2u+ |u|972u) = f(u) in RV,
ue WLP(RN)NWHYRN), »>0in RV,

where € > 0 is a small parameter, 1 < p < ¢ < N, Ayu = div(|Vu|""2Vu), with » € {p, ¢}, is the r-Laplacian operator,
V : RN — R is a continuous function satisfying the global Rabinowitz condition, and f : R — R is a continuous function
with subcritical growth. Using suitable variational arguments and Ljusternik—Schnirelmann category theory, we investigate
the relation between the number of positive solutions and the topology of the set where V attains its minimum for small .
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1. Introduction

In this paper, we deal with the existence and multiplicity of solutions for the following p&g¢-Laplacian
problem:

—Apu — Agu+ V(ex) (JulP~2u + [u|??u) = f(u) in RY,

P.
u € WHP(RN) N WLIRN),  w >0 in RY, (Fe)

where ¢ > 0 is a small parameter, 1 < p < ¢ < N, Ayu = div(|Vu|["72Vu), with r € {p,q}, is the
r-Laplacian operator, V : RY — R is a continuous potential and f : R — R is a continuous function with
subcritical growth.

We recall that this class of problems arises from a general reaction-diffusion system

uy = div(D(u)Vu) + f(z,u) =€ RN t>0,

where D(u) = |Vu[P~2 4 |Vu|?72. As pointed out in [9], this equation appears in several applications such
as biophysics, plasma physics and chemical reaction design. In these applications, u describes a concen-
tration, div(D(u)Vu) corresponds to the diffusion with a diffusion coefficient D(u), and the reaction term
f(x,u) relates to source and loss processes. Classical (p, ¢)-Laplacian problems in bounded or unbounded
domains have been studied by several authors; see for instance [3,11-16,20] and references therein.

In order to precisely state our result, we introduce the assumptions on the potential V and the
nonlinearity f. Along the paper, we assume that V : RN — R is a continuous function satisfying the
following condition introduced by Rabinowitz [21]:

0< inf V(z) ="V <liminfV(z) =V € (0, o0, V)

z€RN |z]— o0
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and the nonlinearity f : R — R fulfills the following hypotheses:
(f1) f€COR,R) and f(t) =0 for all t < 0;

lf)]
(f2) 1t]—0 |t‘p,1 - Y
t
(f3) there exists r € (¢,q*), with ¢* = NN—_qq, such that ‘ 1|im |£( )1| =0;
t|—oo [T|TT

(f1) there exists ¥ € (g, ¢*) such that
t
0<IF(t) = ﬁ/f(T)dT <tf(t) forallt>0;
0

ft)

(f5) the map t — P

is increasing on (0, 00).

Since we deal with the multiplicity of solutions of (P;), we recall that if Y is a given closed subset of
a topological space X, we denote by catx (Y') the Ljusternik—Schnirelmann category of Y in X, that is
the least number of closed and contractible sets in X which cover Y (see [25] for more details).

Let us denote by

M={zeRY:V(z)=V} and M;={xcR" :dist(x,M) <6}, for § > 0.
Our main result can be stated as follows:

Theorem 1.1. Assume that conditions (V') and (f1)—(fs) hold. Then for any & > 0 there exists €5 > 0
such that, for any e € (0,e5), problem (P.) has at least catp, (M) positive solutions. Moreover, if u.
denotes one of these solutions and x. € RY is a global mazimum point of u., then

lin(lJ Viexe) =V,
and there exist C1,Cy > 0 such that
ue(z) < Cre~ 1=l for all x € RV,

The proof of Theorem 1.1 will be obtained by using suitable variational techniques and category
theory. We note that Theorem 1.1 improves Theorem 1.1 in [3], in which the authors assumed f € C*
and that there exist C' > 0 and v € (p, ¢*) such that

Fl(Ot — (g —1)f(t)t > Ct”  for all t > 0.

Since we require that f is only continuous, the classical Nehari manifold arguments used in [3] do not
work in our context, and in order to overcome the non-differentiability of the Nehari manifold, we take
advantage of some variants of critical point theorems from [23]. Clearly, with respect to [3], a more
accurate and delicate analysis will be needed to implement our variational machinery. To obtain multiple
solutions, we use a technique introduced by Benci and Cerami in [7], which consists of making precise
comparisons between the category of some sublevel sets of the energy functional Z. associated with (P;)
and the category of the set M. Since we aim to apply Ljusternik—Schnirelmann theory, we need to prove
certain compactness property for the functional Z.. In particular, we will see that the levels of compactness
are strongly related to the behavior of the potential V' at infinity. A similar approach has been recently
employed by the first author for fractional Schrodinger equations; see for example [5,6]. Finally, we prove
the exponential decay of solutions by following some ideas from [13]. We would like to point out that
our arguments are rather flexible and we believe that the ideas contained here can be applied in other
situations to study problems driven by (p, ¢)-Laplacian operators, ¢-Laplacian operator, or also fractional
(p, q)-Laplacian problems, on the entire space.

The paper is organized as follows: in Sect. 2 we collect some facts about the involved Sobolev spaces and
some useful lemmas. In Sect. 3, we provide some technical results which will be crucial to prove our main
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theorem. In Sect. 4, we deal with the autonomous problems associated to (P:). In Sect. 5, we obtain an
existence result for (P.) for sufficiently small e. Section 6 is devoted to the multiplicity result for (P.),
and Sect. 7 to the concentration phenomenon.

2. Preliminaries

In this section, we recall some facts about the Sobolev spaces and we prove some technical lemmas which
we will use later.

Let p € [1,00] and A € RY. We denote by |u|rs(4) the LP(A)-norm of a function v : RN — R
belonging to LP(A). When A = RN, we simply write |ul, instead of [u|z»g~y. For p € (1,00) and N > p,
we define D1P(RY) as the closure of C°(RY) with respect to

|Vu|£:/|Vu|pdx.
RN

Let us denote by WHP(RYN) the set of functions u € LP(RY) such that |[Vu|, < oo, endowed with the
natural norm

[ully, = [Vulp + fulp.
We begin by recalling the following embedding theorem for Sobolev spaces.
Theorem 2.1. (see [1]) Let N > p. Then there exists a constant S, > 0 such that, for any u € DMP(RY),
ulp. < 571 Vulp.

Moreover, WYP(RN) is continuously embedded in L'(R™) for any t € [p,p%] and compactly in Lt (RYN)
for any t € [1,p*).

We recall the following Lions compactness lemma.

Lemma 2.1. (see [17]) Let N > p and r € [p,p*). If {u,} is a bounded sequence in WP(RN) and if

lim sup /|un|rdx:O, (2.1)
N0 yeRN
Br(y)

where R > 0, then u,, — 0 in L'(RY) for all t € (p,p*).
We also have the following useful lemma.

Lemma 2.2. (see [2,18]) Let n, : RN — RE | K > 1, withn, € LY(RY) x -« x LY(RN) (t > 1), nn(z) — 0
a.e. in RE and A(y) = |y|* 2y, y € RE. Then, if |n.|s < C for alln € N, we have

[ 140+ w) = A6n) - A d = o0,(1)
RN
Jor each w € LY(RN) x - -+ x L'(RN) fized, and t' = 5 is the conjugate exponent of t.

For € > 0, we define the space

X, =< ue WHPRN) nwheRY) /V(E:z:) (Ju]? + |u]?) dz < oo
RN
endowed with the norm

[ulle = [lul

vip T llullv.g,
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where
ull}e = [Vaul] + / V(ex)|u|'dz for all t > 1.
RN

Then the following embedding lemma hold.

Lemma 2.3. (see [3]) The space X, is continuously embedded into WP(RN) N WH4(RN). Therefore, X.
is continuously embedded in L*(RN) for any t € [p,q*] and compactly embedded in L'(Bg), for all R >0
and any t € [1,¢%).

Lemma 2.4. (see [3]) If Voo = 00, the embedding X. C L™(RY) is compact for any p < m < ¢*.
Finally we have the following splitting lemma which will be very useful in this work.

Lemma 2.5. Let {u,} C X, be a sequence such that u, — u in X.. Set v, = u, —u. Then we have
(i) [Vonlh + [Vould = ([Vunlp 4 [Vun|?) — (IVulb +[Vull) + on(1),
(i) [ Vo) (uul? + o) do = [ Vo) (unl + funl?) do = [ Vi) (ul? + ul?) do +o,(1)

(i) / (F(vn) = F(un) + F(u)) dz = on(1),
(i) sup [ 1(F(0n) = Flun) + ) wl do = 0,(1)
lwlle<1

Proof. Tt is clear that (i) and (i¢) are consequences of the well-known Brezis-Lieb lemma [8]. The proofs
of (iii) and (iv) are given in [3] for f € C. Since here we are assuming f € C°, we need to use different
arguments. We start by proving (i44). Let us note that u,, = v, + u and

1

F(un)—F(vn):/%F(Un—ktu)dt:/uf(vn+tu)dt.
0 0

In view of (f2) and (f3), for any 6 > 0 there exists ¢s > 0 such that
IF(6)] < polt|P~t +¢5)t]T —1  for all t € R, (2.2)
[F(t)] < OJt]P + c5[t|r”  forall t € R. (2.3)
Using (2.2) with 6 =1 and (Ja| 4 [b])" < C(r)(|a|” + |b|") for any a,b € R and r > 1, we can see that
|F(un) = F(0n)] < Cloa P~ ul + Clul” + Cloa |~ u] + Clul”". (2.4)

Fix 1 > 0. Applying the Young inequality ab < na” + C(n)b" for all a,b > 0, with 77" € (1,00) such
that £ + L =1, to the first and the third term on the right hand side of (2.4), we deduce that

|F(un) = F(vn)| < n[onl” + |val® ) + Cp(luf” + [ul*)
which together with (2.3) with 6 = » implies that

|F(un) — F(vy) = F(u)] < n(va|” + |y,

") 4 Yl + )
Let
G (@) = mavx { [P () = F(v) = F(@)] = n([un]” + [0a]7"),0}.
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Then G, — 0 a.e. in RY as n — oo (recall that v, — 0 a.e. in RY as n — o0), and 0 < Gyn <

Cy([ulP + [u ) € L'(RYN). As a consequence of the dominated convergence theorem, we get

/Gmn(a:) dz — 0 asn— oco.
RN

On the other hand, by the definition of G, ,, it follows that
|F(0n) = F(un) + F(u)] < n(jva]” + [0a]7) + Gyn
which together with the boundedness of (u,) in LP(RY) N LT (RY) yields

limn sup / F(vn) — F(un) + F(u)] da < Cn.

n—oo

RN

By the arbitrariness of 7 > 0 we can deduce that (i) holds. Finally, we prove (iv). For any fixed n > 0,
by (f2) we can choose 19 = r(n) € (0,1) such that

[FO) <nltP~" for [t] < 2ro. (2.5)
On the other hand, by (f3) we can pick r; = r1(n) > 2 such that
O <t for [t >y — 1. (2.6)
By the continuity of f, there exists 6 = d(n) € (0,79) satisfying
[f(t) = flt)| < v 7' for [t —to| <6, [tal, [ta] <71 +1. (2.7)
Moreover, by (f3) there exists a positive constant ¢ = ¢(n) such that
LF()] < e[t~ +qlt]T ~t for all t € R. (2.8)
In what follows, we shall estimate the following term:
[f (un — ) = f(un) — f(u)||w] dz.
RN\BRr(0)

Using (2.8) and u € LP(RN) N L7 (RY), we can find R = R(n) > 0 such that

g* -1 p—1

I (w)w|dz < ¢ / Wl dz |l +c / wPde |,

RN\ BR(0) N\Br(0) N\Br(0)

< enffwly,q + enflwllyp < enflwl..
Set A, = {z € RV \ Bg(0) : |u,(z)| < ro}. Invoking (2.5) and applying the Holder inequality, we get
[f (un) = fun —w)lfw] dz < p(junfp™ + |un — ulp™wl, < enllwl. (2.9)
Ann{lu|<8}
Let B, = {z € RV \ Bg(0) : |u,(z)| > r1}. Then (2.6) and the Hélder inequality yield

q -1
o

gi_1+\un—u )|w

[f (un) = fun = w)fw]dz < (jun

o < enllwl.. (2.10)

Bnn{|u|<s}
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Finally, define C,, = {z € RN \ Bg(0) : 70 < |un(z)] < r1}. Since u, € WHP(RY), it follows that
|G| < oo. Now (2.7) gives
- p=1
|f (un) = f(un = w)l[w] dz < r§~ nlw]p|Cal 7 < luglplwl, < enllw].. (2.11)
Cn{|ul<6}
Putting together (2.9), (2.10) and (2.11), we obtain that

|f(un) — fun —w)||w]dz < en|lw|le  for all n € N. (2.12)
(RN\BR(0))N{|u|<d}
Next, we note that (2.8) implies
|fun) = flun —u)| < n(‘unrf—l + |un — u|q*_1) +e(n)(Jun P + fup — ufP7h),
so we can see that
[f (un) = f(un —w)|jw|dz

(RN\BR(0))N{|u[>d}

< [ [l =l Dl ) funl? ™ =l ]
RN\BRr(0))N{|u[>d}
< enflwle + c(n)(Jual?~" + Jun — ulP~H)w| da.
(RN\BR(0))N{|u[=d}
Since u € WLP(RY), we get |(RY \ Br(0)) N {|Ju| > §}| — 0 as R — oo. Then choosing R = R(n) large
enough we can infer
e(n)(lunlP™" + |un — uP~)|w] dz
(RN\BR(0))N{|ul=d}
< c(n)(lun RV \ Br(0) N {u>6}"7" < nlwl.,

where we have used the generalized Holder inequality. Therefore,

Z*_l + un — u|§:1) |wlg-

|f(un) — flun —w)||w]de < en||w|le  for all n € N,

(RN\Br(0))N{|ul>6}
which combined with (2.12) yields

|f(un) — f(u) — flu, —uw)|jw|de < en|lw]. for all n € N. (2.13)
RN\BR(0)

Now, recalling that u,, — u in W1P(RY), we may assume that, up to a subsequence, u, — u strongly
converges in LP(Bgr(0)) and there exists h € LP(Bgr(0)) such that |u,(x)|,|u(z)] < |h(z)| for a. e.
x € BR(O)

It is clear that

[ 15 = wlwl do < erfull. 214
Br(0)
provided that n is big enough. Let us define D,, = { € Bgr(0) : |u,(z) — u(x)| > 1}. Thus,

[ 1) = stltelds < [ (cln(uir +anl™) + nllunft "+ fuft” ) o] do
Dy,

D'Il
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< enllw]l- + 2¢(y /|h|p | d

< anull + 2c(s (D/ T

Observing that |D,,| — 0 as n — oo, we can deduce that

/ 1 un) — F()leo] dee < el (2.15)

Since u € WHP(RY), we know that [{|u| > L}| — 0 as L — oo, so there exists L = L(n) > 0 such that
for all n

f(un) = f(u)||w] dz

(Br(0O\Dn)N{|u|=L}

< [ [t D]+ el ] dz

(Br(0O\Dn)N{|u|=L}

< enflwlle + e(n)(Junlg=" <) [wlg- [(Br(0) \ Dy)
< enflwlle. (2.16)

On the other hand, by the dominated convergence theorem we can infer
|f(un) — f(w)Pdz — 0 asn — oco.
(Br(0)\Dn)N{|u|<L}
Consequently,
|f (un) = f(w)][w]dz < enllwl|e (2.17)
(Br(0)\Dn)N{|u|<L}
for n large enough. Putting together (2.15), (2.16) and (2.17), we have
| (un) = f(w)||w]dz < enflw]..
Br(0)
This and (2.14) yield
/ |f(un) = f(u) = fup — w)l[w|dz < enlw].. (2.18)
Br(0)

Taking into account (2.13) and (2.18), we can conclude that for n large enough

/ [f (un) = f(u) = fun — u)llw| dz < enllwle.

This completes the proof of lemma. O
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3. Functional setting

In this section, we consider the following problem

—Apu — Agu+ V(ex) (JulP~2u+ [ulP~2u) = f(u) in RY, )
we WHP(RVYNWHIRYN), u>0 in RN, :
In order to study (P:), we look for critical points of the functional Z. : X, — R defined as
1 1 1 1
Ze(u) = =|Vulp + =[Vu|] + / V(ex) (|u|p + u|q> dz — /F(u) dz.
p q p q
RN RN
It is easy to see that Z. € C1(X,,R) and its differential is given by
(ZL(u), ) = / |Vu|P~2Vu - Vo dr + / |Vu|9™2Vu - Ve dr
RN RN
+ / V(ex)(ulP~2u + |ul"~2u) o dz — /f(u)godx
RN RN
for any u, p € X.. Now, let us introduce the Nehari manifold associated to Z., that is
Ne ={u € X\ {0} : (Z{(u), u) = 0},
and define
c. = inf Z.(u).
ueN,
Let us note that Z. possesses a mountain pass geometry [4].
Lemma 3.1. The functional Z. satisfies the following conditions:
(1) there exist a, p > 0 such that I.(u) > a with |jul|. = p;
(1) there exists e € X, with |le|le > p such that I.(e) < 0.
Proof. (i) Using (f2) and (f3), for any given ¢ > 0 there exists C¢ > 0 such that
[f ()] < &P+ Celt|™"  for any ¢ € R, (3.1)
C
P < S + S5l for any t € R, (3.2)
D r

Hence, taking & € (0,V}), we have

13 Ce
Vg~ Slulb— - luly

L) 2 Slull, + ¢
> Cillulf + 2 lull, — Cellul:
Choosing |lul[c = p € (0,1) and using 1 < p < ¢, we have [lu/|v,;, < 1 and therefore [[u|]{, , > ||ul[{, , which
combined with a* + b* > Cy(a + b)! for any a,b > 0 and ¢ > 1, yields
I (u) = Cllull? — Cellullz.

Since r > g we can find a > 0 such that Z.(u) > a > 0 for ||ullc = p.
(#i) By (f4), we can infer

F(t) > C1]t|” — Cy  for any t > 0,
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for some Cy,Cy > 0. Taking v € C°(RY) such that v > 0, v # 0, we have

tP td
T.(tv) < —|v)|P + =|lo||2 = t°Cy / v?dz + Cy| suppv| — —oc0 as t — oco.
p q
supp v

O

Now, in view of Lemma 3.1, we can use a version of mountain pass theorem without the Palais-Smale
condition [25] to deduce the existence of a (PS)-sequence {u,} at level ¢, namely

T(up) —c.  and  Zl(up) — 0,
where ¢/ is the mountain pass level of Z. defined as

! = inf Z.(y(1)),
ce = Inf max (v(1))

and T' = {y € 0°(]0,1],X.) : v(0) = 0, Z.(y(1)) < 0}.
Lemma 3.2. The following holds

. =c.= inf maxZ(tu).
ueX \{0} t>0
Proof. For each u € X, \ {0} and ¢ > 0, let us introduce the function hA(t) = Z.(tu). Following the same
arguments as in the proof of Lemma 3.1, we deduce that h(0) = 0, h(t) < 0 for ¢ sufficiently large and
h(t) > 0 for ¢ sufficiently small. Hence, max;>¢ h(t) is achieved at ¢ = ¢,, > 0 satisfying A/(t,) = 0 and
t,u € NE.
Note that, if u € N then u* # 0. Indeed, from (f;), we can deduce that

lullt, + ul,, = / fluyudz = / Flutyut da.

Now, if u* =0, then [|lully, , + [[u||{,, = 0, that is u = 0, and this is a contradiction in view of u € N;.
Next, we prove that t, is the unique critical point of h. Assume by contradiction that there exist t;
and ¢, such that ¢ u, tou € N., that is

gy + (vulg + 47 [ VP ae+ [Veourar= [ L0
RN

(tiu)a—!
RN {u>0}
and
57Vull + [Vuld + 570 [ V(ew)[ul?d 14 “de = Mize) gy
5 Vulb + [Vuld + 5 (ex)|ul? dz + (ex)|u|?dz = WU x.

RN RN {u>0}
Subtracting term by term in the above equalities, we get

e ) R L e T e R

RN {u>0}
Now, if #; < tq, from (f5) and recalling that p < ¢, we can infer

0 < —t5" )| Vulh + (#7 —t579) / V(ex)|ulP dz = / (thl(qj;;L—)l — ({2(3:_)1 uwidz <0,

RN {u>0}

which gives a contradiction. Now we can argue as in [25] to complete the proof. O
Next, we prove the following useful result.

Lemma 3.3. Let {u,} be a Palais-Smale sequence of I. at level ¢. Then
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(1) {un} is bounded in X..
(1) u, — 0 in X, and we may assume that u, > 0 for any n € N.

Proof. (i) From (f4), we have

1
9

1 1 1 1 1
= (3= 5) huality (5= 5 ) oty + 5 [ (e = 9P () @
RN
1 1 1 1
> (2= 5) bl (3= 5) el

> (2= 5) Qhunlly + )

Now, assume by contradiction that |u,||c — co. We shall distinguish among the following cases:
Case 1. |lup|lv,p — o0 and |Juy||v,q — 0.

C(1+ (unlle) > Ze(un) — (Tl (un), un)

Since p < ¢, we have, for n sufficiently large, that |lu, |, > 1, that is |lu, ||y, > |lun|Y,,, and thus

1 1
O+ lunll) = (7 = 5 ) (Nually + ual, )

> (HunHV,p + HunHV,q)p = C1ljun|lZ,

which gives a contradiction.
Case 2. ||up||lv,p — 00 and ||u,||v,q is bounded.
We can see that

1 1
€+ unllvg + lenllv) = (5 = 5 ) Tl

C lp + 1p_1 + ||u77«‘1‘)/7‘1 Z <1 _ 1) ,
||un||V,p ||un||v,p ”unHV,p q

and letting n — oo, we get 0 > (% — %) > 0, which yields a contradiction.

[lun||v,p is bounded and ||uy,||v,y — oo.
Case 3. We can proceed similarly as in the case (2).

Hence, {u,} is bounded in X, and we may assume that u, — u in X; and u,, — u a.e. in RN,
(1) Since (Z.(un),u, ) = 0n(1), where u;; = min{u,,0}, and f(¢) = 0 for ¢ < 0, we have that

implies

/ |Vu, P2V, - Vu, dz + / |Vu,|T 2V, - Vu, dr
RN RN

+ /V(sx)(\un\p_gun |7 2u) 4= dz = on(1),
]RN
from which it follows
g 19 + lun 15, = on(1),

that is u,, — 0 in X.. Moreover, {u,'} is bounded in X.. Now, we prove that Z.(u,}) — ¢ and Z.(u,}) =
on(1). Clearly, ||uyllvie = |lut]lvie + 0n(1) for t € {p,q}. On the other hand, by (3.2), the mean value
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theorem, and since u,, = u;” + u,, , we have

/F(un)dx— /F(u,t)dx < c/(|un|1’*1+|un|“1)\u;|dx

N RN RN
< Cluylp + Clug | < Clluy llvip + Clluy [lvig < Clluylle = 0n(1).

This shows that Z.(u,}) — c. Next, we claim that Z/(u,}) = 0,(1). Fix ¢ € X, such that ||¢||c < 1. Then
we have

= ‘/[|Vun|p_2Vun — |Vu P2V Ve dr + /[|Vun|q_2Vun — |Vu |12V | Vo de

RN o
4 [ VE 2+l 2u0) = (P2 + 72 e
RN

— [Utun) - e dal.

RN

Now, recalling that for all £ > 0 there exists C¢ > 0 such that
lla +b]"2(a+b) — |a|"2a| < &lal*™ + Celb|'™"  for all a,b € RN and t > 1,
we see that for ¢t € {p, ¢} the following holds

‘/[|Vun|t_2Vun — Vu |2V Ve d

< EVuL Vel + G Vuy [ Vel
< EC + Cgllug, 17"
Consequently,

limsup’/HVunP*QVun — |Vut 2V | Ve dr| < €C

n—oo
and by the arbitrariness of £ > 0 we get

nan;O [[Vun|" 2 Vu, — [Vu! " 2Vu Ve dr = 0.
RN
A similar argument shows that
Jim [V (ew)[(JunlP*un + Jun]*%un) = (g [P0 + a7 ;)] o da = 0.
RN
Observing that

[t - spas| = | [ suz)oar

N

C/hLW1+w|TUMMx
N

Cllun 57 elp + lun [ eelr)
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< Cllun 11277 + llun [I71) = 0n(1),
we can deduce that [(Z.(uy,), ) — (ZL(u)), )| = 0n(1). Since (Z.(un),p) = o0,(1), we conclude that
I (u)) = on(1). O

Since f is only continuous, the next results are very important because they allow us to overcome the
non-differentiability of N.. We begin by proving some properties of the functional Z..

Lemma 3.4. Under assumptions (V) and (f1)—(f5), for any € > 0 we have:

(1) Z. maps bounded sets of X, into bounded sets of X..
(13) I. is weakly sequentially continuous in X..
(#91) Z(tnuy) — —00 as t, — oo, where u, € K and K C X, \ {0} is a compact subset.

Proof. (i) Let {u,} be a bounded sequence in X, and v € X.. Then from assumptions (f2) and (f3) we
can deduce that

(Zi(un), v) < Cillun |27 0lle + Collun |2 o]l + Csllun |7 0]l < C.

(i1) Let u, — u in X.. By Lemma 2.3, we have that u,, — u in L} (RY) for all t € [1,¢7) and u,, — u
a.e. in RV, Then, for all v € C°(RY), it follows from (3.1) and the dominated convergence theorem that

(Tl (un),v) = (Ti(u),v). (3-3)

Since C°(RY) is dense in X., we can take {v;} C C°(RY) such that |[v; — v|. — 0 as j — oco. Note
that (3.1) and Lemma 2.3 yield

[(ZE (un), v) = (Z(u), 0)] < (TZ(un) — ZL(u), v5)] + (Z(un) — Z(u),v - v;)|
< [(Zi(un) = Z(u), )| + C /(lun\p_1 +ulP 7 fun " ful ) e — v e
RN
< [(Zi(un) = Z(u), v)| + Cllv; — vlle.
For any ¢ > 0, fix jo € N such that [jv;, — v < % By (3.3), there is ng € N such that
HZL(un) — I (u),v50)| < g for all n > ny.
Thus,
HZL(un),v) — (ZL(u),v)| < ¢ for all n > ng

and this shows that Z! is weakly sequentially continuous in X..
(#41) Without loss of generality, we may assume that |lul|. <1 for each u € K. For u,, € K, after passing

to a subsequence, we obtain that u, — u € S.. Then, using (f4) and Fatou’s lemma, we can see that

tP td
I (thun) = ?”Un”g + ;nnuan - /F(tnun) dx
RN

P q
< ([ |2 + [[un |2 _ / F(tnun) dr | = —oo asn — oo,

—n 9—p 9—q 9
t t
n n BN n

Lemma 3.5. Under the assumptions of Lemma 3.4, for € > 0 we have:
(1) for allu € S,, there exists a unique t, > 0 such that t,u € N.. Moreover, m.(u) = t,u is the unique
mazximum of I, on X, where S, = {u € X, : |lu]|. = 1}.
(i3) The set N. is bounded away from 0. Furthermore, N; is closed in X..



ZAMP Multiplicity and concentration results for a. .. Page 13 of 33 33

(#i1) There exists a > 0 such that t,, > « for each u € S, and, for each compact subset W C S., there
exists Cyy > 0 such that t, < Cyw for allu e W.
(iv) For each u € Nz, m-*(u) = S N:. In particular, N: is a reqular manifold diffeomorphic to the
sphere in Xc.
(v) cc =infp. Z. > p > 0 and Z. is bounded below on N, where p is independent of .

Proof. (i) The proof follows the same lines as the proof of Lemma 3.2.
(1) Using (3.1) and Lemma 2.3, for any u € N we have

3
lullyp + llully,y = /f(U)udx < gp vy + Cellulle.

Taking £ > 0 sufficiently small, we can deduce that
Cullully,, + llully,, < CllullZ.
Now, if [l > 1, we are done. If [ul. < 1, then [[ul[{,, > [lul[{;,, so we get

Cllullz = Cullully,, + llullbg = Collully,, + llullt,, = Caflull,

which implies that ||ul|. > & for some x > 0.
Next, we prove that N; is closed in X.. Let {u,} C M be a sequence such that u, — v in X.. From
Lemma 3.4, we infer that Z!(u, ) is bounded, so

(T2 (1) tm) — (T (), ) = (L) = T2 (), )+ (L1}t — 1) = 0,

that is (Z/(u),u) = 0, which combined with |lul|c > & implies that

[lulle = lim |luy|le > & >0,

n—oo

hence u € N..
(143) For each u € S, there exists ¢, > 0 such that t,u € N. Then, using |lullc > &, we also have
ty = ||tuti]|c > K. It remains we prove that ¢, < Cy for all u € W C S.. We argue by contradiction: we
suppose that there exists a sequence {u,} C W C S; such that ¢, — oo. Since W is compact, we can

find v € W such that u,, — v in X, and u,, — u a.e. in RV,
Now, using (f4) we have

T (u) = I (u) — é(lé(u),w

_ (; _ (1]) Vul? + (; - ;)RZ V(ex)|ulPdz — / (F(u) _ ;f(u)u> dz

RN

_ (; - 2) Il — / (F(u) - 2f(u)u> dz > 0,
s

and this is in contrast with Lemma 3.4-(i¢) by which Z. (¢, u,) — —00 as n — 0.
(iv) Let us define the maps 7. : X. \ {0} — M. and m. : S; — N¢ by setting

me(u) =t,u  and  me =m.ls.. (3.4)
In view of (i)—(i4i) and Proposition 3.1 in [23], we can deduce that m, is a homeomorphism between S, and
N and the inverse of m. is given by m-!(u) = . Therefore, N, is a regular manifold diffeomorphic

to S..
(v) For e > 0,t > 0 and u € X, \ {0}, we can see that (3.2) yields

[ulle

T (tu) > ﬁ|w|p+f|wq+/wax) P+ Cpge) dz— 2 V|u|pdx—cy/|u|rdx
TP g g p q V ’ :
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> O (1S i, + Dl — et
~p VO V,p q Vi,q 3 €
so we can find p > 0 such that Z.(tu) > p > 0 for ¢ > 0 small enough. On the other hand, by using

(i)—(i1i), we get (see [23]) that

Ce = u1€n/f/E T (u) = u@l{?\f{o} max T (tu) = ulgsfg max . (tu) (3.5)
which implies ¢. > p and Z.|n. > p. O

Now we introduce the following functionals U, : X, \ {0} = R and ¥, : S; — R defined by
Ve =Z(he(u))  and V. =W,
where . (u) = t,u is given in (3.4). As in [23], we have the following result:
Lemma 3.6. Under the assumptions of Lemma 3.4, we have that for e > 0:
(i) V. € CY(S,R), and
(WL (w), v) = [me(w)[|«(ZZ(me(w)),v)  for v € Tu(S.).

(13) {wn} is a Palais-Smale sequence for V. if and only if {m.(wy)} is a Palais-Smale sequence for I.. If
{un} C N: is a bounded Palais-Smale sequence for I., then {mZ-'(u,)} is a Palais-Smale sequence
for U,.

(#i7) u € S¢ is a critical point of V. if and only if m:(u) is a critical point of Z.. Moreover, the corre-
sponding critical values coincide and

iélsf U, = ij\I}fIE = C..

4. The autonomous problem

In this section, we deal with the autonomous problem associated with (P.), that is
{_%m—Aw+uww*u+wwﬁw=fw> in R

AP,
u€ WHPRMNWLIRN),  u>0in RNV, > 0. (4F)

The functional associated with (AP,) is given by
1 1 1 1
T (u) = Z;|Vu|§ + 5|Vu|g + 1 L}|u|£ + qu@ — /F(u) dx
RN
which is well-defined on the space Y,, = W1?(RY) N W14(RY) endowed with the norm
[l = Neullpep + lell g5

where

lull!,; = [Vul; + plulf  for all £ > 1.
It is easy to check that 7, € C*(Y,,R) and its differential is given by

(T (u), ) = / |Vu|P~2Vu - Vi dr + / |Vu|1?Vu - Vo dr

RN RN

+u /IU\p‘QWdH/IUIq‘Qde —/f(U)wdx
N ]RN RN
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for any u, ¢ € Y,,. Let us define the Nehari manifold associated with J,
M, ={u € Y, \ {0} : (T (u),u) = 0}.
We note that (f4) yields

Ty (u) = Ty () — §<J;<u>, )

= (2= Dot - [ (#00 - Li) as

RN

1 1
> (p — q) [ullf,, forall u e M,,. (4.1)

Arguing as in the previous section and using (4.1), it is easy to prove the following lemma.

Lemma 4.1. Under the assumptions of Lemma 3.4, for p > 0 we have:

(7) for all u € S, there exists a unique t,, > 0 such that t,u € M,. Moreover, m,(u) = t,u is the
unique mazimum of J, on Y, where S, = {ue Y, : |ul, =1}
(t4) The set M,, is bounded away from 0. Furthermore, M, is closed in'Y,,.
(1ii) There exists a > 0 such that t, > « for each u € S, and, for each compact subset W C S,,, there
exists Cyy > 0 such that t, < Cyw for allu e W.
(tv) M, is a reqular manifold diffeomorphic to the sphere in'Y,,.
(v) d,, =infa, T > 0 and J,, is bounded below on M,, by some positive constant.
(vi) Ty ts coercive on M,,.

Now we define the following functionals ¥,, : Y, \ {0} — R and ¥, : S, — R by setting

U, = Ju(myu(u) and W, =V,[s,.
Then we obtain the following result:

Lemma 4.2. Under the assumptions of Lemma 3.4, we have that for u > 0:
(i) ¥, € CY(S,,R), and
(W, (w), v) = [lmy ()| (T (mpu(w)),v)  for v € Tu(Sy).

(#3) {wn} is a Palais-Smale sequence for U, if and only if {m,(wy)} is ¢ Palais-Smale sequence for
Ty If {un} € M, is a bounded Palais-Smale sequence for J,,, then {m;'(un)} is a Palais-Smale
sequence for ¥,,.

(tii) w € S, is a critical point of ¥, if and only if m,(u) is a critical point of J,. Moreover, the
corresponding critical values coincide and

inf W, = inf T = d.

Remark 4.1. Asin (3.5), invoking (7)—(4i¢) of Lemma 4.1, we can see that d,, admits the following minimax
characterization

d, = ug}\ﬁ“ Tu(u) = ueﬁ\.l(il{‘{O} max T, (tu) = ulggf“ max Ty (tu). (4.2)
Lemma 4.3. Let {u,} C M, be a minimizing sequence for J,. Then {u,} is bounded in Y, and there
exist a sequence {y,} C RN and constants R, 3 > 0 such that

lim inf / |un|Tdz > 5 > 0.

n—oo

BR(yn)
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Proof. Arguing as in the proof of Lemma 3.3, we can see that {u,} is bounded in Y,. Now, in order to
prove the other assertion of this lemma, we argue by contradiction. Assume that for any R > 0 it holds

lim sup /|un|qu:O.

00 yeRN
Br(y)

Since {u,,} is bounded in Y, it follows by Lemma 2.1 that
u, — 0in L'(RY)  for any t € (¢,q%). (4.3)
Fix £ € (0, ). Then, taking into account that {u,} C M, and (3.1), we have
0= <~7;/L(un)aun>
> |Vun|5 + |Vun|g +u [|Un‘§ —+ |un|g] - §|un|§ - C§|un|:
2 Cilfunll?, + Callunlld — Cslunly,
and in view of (4.3), we have that ||u,], — 0. O

Next, we prove the following useful compactness result for the autonomous problem. For completeness,
we recall that a critical point u # 0 of J, satisfying J,(u) = infaq, J, = d, is called a ground state
solution to (AP,); see chapter 4 in [25] for more details.

Lemma 4.4. The problem (AP,) has a positive ground-state solution.

Proof. By virtue of (v) of Lemma 4.1, we know that d,, > 0 for each p > 0. Moreover, if u € M, satisfies
Tu(u) = d,,, then my ! (u) is a minimizer of ¥, and it is a critical point of ¥,. In view of Lemma 4.2, we
can see that u is a critical point of J,,. Now we show that there exists a minimizer of 7, \ M, By Ekeland’s
variational principle [25] there exists a sequence {v,,} C S, such that ¥, (v,) — d, and ¥/ (v,) — 0 as
n — oo. Let u, =m,(v,) € M,. Then, thanks to Lemma 4.2, J,(un) — d, and J},(un) — 0 as n — oo.
Therefore, arguing as in the proof of Lemma 3.3, {u, } is bounded in Y,, which is a reflexive space, so we
may assume that u, — u in Y, for some u € Y.

It is clear that 7/ (u) = 0. Indeed, for all ¢ € C°(RY),

/\Vun|t_2Vun-Vq’>dx—>/|Vu|t_2Vu-V</>dx, for t € {p, q},

RN RN

/ \un|t*2un¢> dr — / |u|t*2u¢dx, for t € {p,q},
RN RN

and using the fact that (7 (un), ) = 0n(1), we can deduce that (7 (u),¢) = 0 for all ¢ € C*(RY). By
the density of ¢ € C>°(RY) in Y,,, we obtain that u is a critical point of J,.

Now, if u # 0, then u is a nontrivial solution to (AP,). Assume that u = 0. Then |ju,||, /4 0 in Y.
Hence, arguing as in the proof of Lemma 4.3 we can find a sequence {y,,} C RY and constants R, 3 > 0
such that

lim inf lup|?dz > 6 > 0. (4.4)

n—oo

Br(yn)

Now, let us define

Un(x) = un(x + yn)
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Due to the invariance by translations of RV, it is clear that ||y, |t = ||wn|l e, With ¢ € {p, ¢}, so {0,} is
bounded in Y, and there exists ¥ such that 9, — @ in Y,,, 9, — ¥ in LI (RY) for any m € [1,¢*) and
0 # 0 in view of (4.4). Moreover, J,(9,) = Ju(un) and J;(0,) = 0,(1), and arguing as before it is easy
to check that J,(7) = 0.

Now, say u be the solution obtained before, and we prove that w is a ground-state solution. It is clear
that d,, < J,(u). On the other hand, by Fatou’s lemma we can see that

1 1
F(0) = Tuw) = (T} ) < Himind |7, () = (T} ). )| = e
which implies that d,, = J,(u).
Finally, we prove that the ground state obtained earlier is positive. Indeed, taking =~ = min{w, 0} as
test function in (AP,), and applying (fi) and invoking the following inequality
o=y Pz —y)a” —yT) 2 a” —y " V>,

we can see that

1+ Nl < [ 19007290 dady + [ e s
RN RN
+/|Vu|q72Vu-Vu7 dxdy—|—/,u|u|q72uu7 dz

RN

RN
= / fw)u™ dz =0,
RN

which implies that v~ = 0, that is « > 0 in RY. By the regularity results in [13], we have that u €
L®RN)NCLY(RN) and u(z) — 0 as || — oo (in the exponential way). Applying the Harnack inequality
in [24], we can see that v > 0 in RV, This completes the proof of the lemma. O

5. A first existence result for (P.)

In this section, we focus on the existence of a solution to (P.) provided that ¢ is sufficiently small. Let
us start with the following useful lemma.

Lemma 5.1. Let {u,} C N be a sequence such that Z.(u,) — ¢ and u, — 0 in X.. Then one of the
following alternatives occurs:

(a) u, — 0 in X,;
(b) there are a sequence {y,} C RN and constants R, 3 > 0 such that
lim inf / |up|?dz > 8 > 0.

n—oo
BR(yn)

Proof. Assume that (b) does not hold. Then, for any R > 0, the following holds

lim sup / |t |7dz = 0.
n—00  cRN
Br(y)
Since {uy,} is bounded in X, it follows by Lemma 2.1 that
u, — 0in L*(RY)  for any ¢ € (¢,q%). (5.1)

Now, we can argue as in the proof of Lemma 4.3 and deduce that ||u,|. — 0 as n — oo. O
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In order to get a compactness result for Z., we need to prove the following auxiliary lemma.

Lemma 5.2. Assume that Vo, < 0o and let {v,} C N be a sequence such that I.(v,) — d with v, — 0
in Xe. If vy, A 0 in X, then d > dy._, where dy, is the infimum of Jv.. over My, .

Proof. Let {t,} C (0,00) be such that {t,v,} C My, . Our aim is to show that limsup,,_, ., t, < 1.
Assume by contradiction that there exist 6 > 0 and a subsequence, denoted again by {¢,}, such that
t, >1+6 forany n e N. (5.2)

Since {v,} C X is a bounded (PS) sequence for 7., we have that (Z.(v,),v,) = 0,(1), or equivalently
Vol + Voo + /V(ex)\yn|de+ /V(ex)\vnpdx_ /f(vn)vn dr=o,(1).  (5.3)
RN RN RN

Since t,v, € My, we also have that

/ (f(tnvn) v dx = 0. (5.4)

01Tl + [Vonlg+ Ve [ fonpde Vi [ oaf1de - T
RN RN

RN
Putting together (5.3) and (5.4), we get

R{ <(f(tnvn) B f(vn)1> v? dz <R[(VOO — V(ex))|v,|9dz. (5.5)

tnvn)?t (vn)1~

Now, using assumption (V') we can see that, given ¢ > 0, there exists R = R(¢) > 0 such that
V(ex) > Voo — ¢ for any |z| > R. (5.6)

From this, taking into account that v,, — 0 in LY(Bg) and the boundedness of {v,} in X., we can infer

/(VOo —Viex))|v,|%dz = / (Voo — V(ex))|vp|9da + / (Voo — V(ex))|vp|9da

RN Br(0) RN\ Bg(0)
< Ve / | |Tdz + ¢ / |v, |7de
Br(0) RN\Br(0)
< o,(1)+¢C. (5.7)

Combining (5.5) and (5.7), we have
RN

thvn)Tt (vp) 7

Since vy, 7 0 in X, we can apply Lemma 5.1 to deduce the existence of a sequence {yn} € RY and two
positive numbers R, § such that

/ [vn|?da > 5> 0. (5.9)
Br(yn)

Let us consider ¥,, = v, (x 4+, ). Then we may assume that, up to a subsequence, v,, — v in X.. By (5.9),
there exists 2 C RY with positive measure and such that o > 0 in . From (5.2), (f4) and (5.8), we can

infer that
FO+0)80)  F0) Y o gr < o
o<ﬂ/(( = 1) ndr <op(l) +(C.

(1 +0)om)a=t (0n)1™
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Taking the limit as n — oo and applying Fatou’s lemma, we obtain

O<Q/<(f(<1+6)ﬁ) — 1) )f)qu<CC for any ¢ > 0,

(1+0)o)et  (d)e?

which is a contradiction.

Now we consider the following cases:

CASE 1: Assume that limsup,,_, . t, = 1. Thus there exists {¢,} such that ¢, — 1. Taking into
account that Z.(v,) — ¢, we have

c+on(l) =Z(vy)
=T.(vn) — Jv, (tnvn) + Tv.. (trvn)
> IE(UH) - jVoo (tnvn) + dVOQ~ (510)
Now, let us point out that
T (vn) = Jv, (tnvn)
1—tP 1—t4 1
= MW%\% + MWUHZ + - / (V(ex) — P V) |vp|Pda
P 4 P (5.11)
1
+ 5 / (V(ex) — tiVy) v |?da + / (F(t,vy,) — F(vy)) dz.
RN RN

Using condition (V'), v, — 0 in LP(Bg(0)), t, — 1, (5.6), and the fact that

Viex) —t2Veo = (V(ex) — Vo) + (1 = t2) Voo > —(+ (1 — t8)V for any |z| > R,
we get

/ (V(ex) — 10Vi) [vn Pz

RN

= / (V(ex) = 8 V) |vn|Pda + / (V(ex) = 8 V) |vn|Pda

Br(0) RN\BRr(0)
> (Vo —tPVy) / |v, [Pda — ¢ / [vn|Pde 4+ Vo (1 — £2) / |v, |Pda
Br(0) RN\Br(0) RN\Br(0)
>o0,(1) —¢C. (5.12)
In a similar fashion, we can prove that
/ (V(ex) —tlVy) lvp|fda > 0, (1) — (C. (5.13)
RN

Since {v,} is bounded in X., we can conclude that
(1)

P (1 B t%) q
Vo, |h = o0,(1) and T|an|q = o, (1). (5.14)
Thus, putting together (5.11), (5.12), (5.13) and (5.14), we obtain

T (vn) — Ty, (tnvn) > / (F(tpvn) — F(vy)) do + 0, (1) — CC. (5.15)

RN
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At this point, we aim to show that

/ (F(tpvn) — F(vy)) dz = 0,(1). (5.16)
RN
Applying the mean value theorem and (3.1), we can deduce that

/ F(twvn) — Fup)|dz < Clty — 1| / lon[Pdz + Clty — 1| / lon | .
RN RN RN

Exploiting the boundedness of {v,}, we get the assertion. Gathering (5.10), (5.15) and (5.16), we can
infer that

c+o,(1) > 0,(1) —CC +dy_,

and taking the limit as ( — 0 we get ¢ > dy__.
CASE 2: Assume that limsup,,_, . ¢, = to < 1. Then there is a subsequence, still denoted by {t,},
such that ¢, — tp(< 1) and ¢, < 1 for any n € N. Let us observe that

c+on(l) =TI (v,) — $<Ié(vn)vv">

_ <11) _ 611) lonll?, +/ (2f(vn)vn - F(vn)> da. (5.17)

Recalling that t,v,, € My__, and using (f5) and (5.17), we obtain
dVoo S ij (tnvn)

= jvoo (tnvn) - <k7\//OQ (tnvn)7tnvn>

11 1
= (5= et + [ (3reoto, - F0) ao
]RN

Q| =

p

< (2-3) ol +Rz (50100~ F(0)) o

=c+o,(1).
Taking the limit as n — oo, we get ¢ > dy,_. 0
At this point, we are able to prove the following compactness result.

Proposition 5.1. Let {u,} C N be such that Z.(u,) — ¢, where ¢ < dy_ if Voo < 00 and ¢ € R if
Voo = 00. Then {u,} has a convergent subsequence in X..
Proof. Tt is easy to see that {u,} is bounded in X.. Then, up to a subsequence, we may assume that

Up — uin X,

Up — u in LT (RY)  for any m € [1,q%), (5.18)

Uy — U a.€. in RY.
By using assumptions (f2)—(f3), (5.18) and the fact that C2°(RY) is dense in X, it is easy to check that
T (u) = 0.
Now, let v,, = u,, — u. By Lemma 2.5, we have

Ze(vn) = Ze(un) — Ze(u) + 0p(1)
=c—Z.(u) + 0n(1) = d+ 0,(1). (5.19)
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Now, we prove that Z.(v,) = 0,(1). For ¢t € {p, ¢}, by using Lemma 2.2 with 7,, = v,, and w = u, we get
/ ) — Alen) — ()| dz = 0,(1), (5.20)
R2N

and arguing as in the proof of Lemma 3.3 in [18], we can see that

/ V(x| [on] v — |tn|' 21 + ult~2u| dz = 0, (1). (5.21)

Hence, by using the Holder inequality, for any ¢ € X, such that ||¢|l. < 1, we get
(Zi(vn) — Zi(un) + Zi(u), @)

1
7

(N/ [ 14(w) = A(wn) = A dody ol

a’

+ (m/ |A(un) — A(vy) — A(u)|? dady [ls.q

p’ :
* /V(€$)||vn|p72vn*Iunlp’QunHUI”*?uP/dx /V(m)lw\pdx
N N
q H
* /V(fﬂﬁ)”vnlq”vn—Iunlq’zun+IUIq72“|qld$ /V(WWI"dJJ
N N

+ 1 n) = ) + Fa))slds,

and in view of (iv) of Lemma 2.5, (5.20), (5.21), Z.(u,) = 0 and Z.(u) = 0 we obtain the assertion.
Now, we note that by using (f4) we can see that
1
T (u) = T (u) — g(Ié(u),w > 0. (5.22)

Assume V,, < oo. It follows from (5.19) and (5.22) that
d<c<dy,

which together Lemma 5.2 gives v,, — 0 in X, that is u,, — u in X,.
Let us consider the case V,, = oo. Then, we can use Lemma 2.4 to deduce that v, — 0 in L™(RY) for
all m € [p, ¢*). This, combined with assumptions (f2) and (f3), implies that

/ f(vn)vndr = 0,(1). (5.23)

Since (Z.(vpn),vn) = 0,(1), and applying (5.23) we can infer that
[onll2 = on(1),
which yields u,, — u in X,. O

We conclude this section by giving the proof of the existence of a ground-state solution to (P.) (that is
a nontrivial critical point w of Z. such that Z.(u) = infy. Z. = ¢.) whenever £ > 0 is small enough.
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Theorem 5.1. Assume that (V) and (f1)—(f5) hold. Then there exists g > 0 such that, for any e € (0, ),
problem (P.) admits a ground-state solution.

Proof. By (v) of Lemma 3.5, we know that c. > p > 0 for each ¢ > 0. Moreover, if u. € N satisfies
T.(uc) = c., then m_!(u.) is a minimizer of ¥, and it is a critical point of ¥.. By virtue of Lemma 3.6,
we can see that u. is a critical point of Z.. It remains to show that there exists a minimizer of Z|s..
By Ekeland’s variational principle [25], there exists a sequence {v,} C S¢ such that ¥_(v,) — ¢. and
V. (v,) — 0 as n — oo. Let u, = mc(v,) € M. Then, by Lemma 3.6, we deduce that Z(u,) — c.,
(ZL(un),un) = 0 and Z.(u,) — 0 as n — oo. Therefore, {u,} is a Palais-Smale sequence for Z. at level
ce. It is easy to check that {u,} is bounded in X, and we denote by u its weak limit. It is also easy to
verify that Z/(u) = 0.
When V,, = o0, by using Lemma 2.4, we have Z.(u) = ¢. and Z/(u) = 0.

Now, we deal with the case Vo, < o0o. In view of Proposition 5.1, it is enough to show that c. < dy,_ for
small . Without loss of generality, we may suppose that

V(0)=Vy= inf V().
(0)=Vo = f V(z)

Let p € R be such that p € (Vp, V). Clearly, dy, < d,, < dy,_. Let us prove that there exists a function
w € Y, with compact support such that

Tu(w) = I{l;xgcjﬂ(tw) and J,(w) <dv,. (5.24)

Let ¢ € C®(RY,[0,1]) be such that ¢ = 1 in B;(0) and ¥ = 2 in RY \ By(0). For any R > 0, we set
Yr(r) = ¥(F). We consider the function wg(x) = ¢r(x)w(x), where w is a ground-state solution to
t

(AP,). By the dominated convergence theorem, we can see that
lim fwg —w"{l1p + [wr — w|l1q = 0. (5.25)
R—o0

Let tg > 0 be such that J,(tpwr) = max;>¢ J,(twg). Then, trwr € M,. Now there exists 7 > 0 such
that J,(trwr) < dy.. . Indeed, if J,(tpwr) > dv, for any R > 0, using tpwr € M, (5.25) and w" is a
ground state, we can deduce that tp — 1 and

dvoo < li}gninfjﬂ(tRwR) = j#(w“) = d# < dvoo,
which gives a contradiction. Then, taking w = ¢rw", we can conclude that (5.24) holds.
Now, by (V'), we obtain that for some & > 0
V(ex) <p forall z € suppw and € € (0,&). (5.26)
Then, in the light of (5.24) and (5.26), we have for all € € (0, &)
r&achE(tw) < max Tu(tw) = Ju(w) < dv_.

It follows from (3.5) that ¢, < dy,, for all € € (0,¢). O

6. Multiple solutions for (P:)

This section is devoted to the study of the multiplicity of solutions to (P-). We begin by proving the
following result which will be needed to implement the barycenter machinery.

Proposition 6.1. Let £, — 0 and {u,} C N, be such that T., (u,) — dy,. Then there exists {§,} C RY
such that the translated sequence

vn(x) = un(m + gn)

has a subsequence which converges in Yy,. Moreover, up to a subsequence, {yn} = {en¥n} is such that
Yn —y € M.



ZAMP Multiplicity and concentration results for a. .. Page 23 of 33 33

Proof. Since (Z! (un),un) = 0 and I, (u,) — dy,, we know that {u,} is bounded in X.. Since dy, > 0,

we can infer that ||u,|., # 0. Therefore, as in the proof of Lemma 5.1, we can find a sequence {g,} C RY
and constants R, 3 > 0 such that

n—oo

BR (gn)

lim inf / |un | dz > 5. (6.1)

Let us define

Un () = un(x + Un).
In view of the boundedness of {u,} and (6.1), we may assume that v, — v in Yy, for some v # 0. Let
{tn} C (0,00) be such that w, = t,v, € My,, and we set ¥, = €,¥n.
Thus, by using the change of variables z — a + ¢, V(x) > Vj and the invariance by translation, we can
see that

dv, < Jvy(wy) < I, (tyvn) < Io, (uy) = dy, + 0, (1).

Hence, we can infer Jy, (w,) — dy,. This fact and {w,} C My, imply that there exists K > 0 such
that ||wy,|lv, < K for all n € N. Moreover, we can prove that the sequence {t,} is bounded in R. In fact,
vy, #» 0 1n Yy, so there exists a > 0 such that ||v, ||y, > a. Consequently, for all n € N, we have

[tula < [tnvnllvy = lwallv, < K,

which yields |t,] < % for all n € N. Therefore, up to a subsequence, we may suppose that ¢, — to > 0.
Let us show that g > 0. Otherwise, if tg = 0, by the boundedness of {v, }, we get w,, = t,v, — 0in Yy,
that is Jy, (w,) — 0 which is in contrast with the fact dy, > 0. Thus, ¢y > 0 and, up to a subsequence,
we may assume that w, = w =1tov # 0 in Yy,.

Therefore,

Tvo(wy) — dy, and  w, = w#0in Yy,.

From Lemma 4.4, we can deduce that w,, — w in Yy, that is v, — v in Y.

Now, we show that {y,} has a subsequence satisfying y, — y € M. First, we prove that {y,} is bounded
in RY. Assume by contradiction that {y,,} is not bounded, that is there exists a subsequence, still denoted
by {yn}, such that |y,| — oc.

First, we deal with the case V,, = oo. By using {u,} C N, and by changing the variable, we can see
that

/ V(enz + yn)(|vnl? + |vp|?)da
RN

<0l +190alg+ [ Views+ )l +[on s

R
:R 4 Fun)up dz :R Z F(vn)on dz.

By applying Fatou’s lemma and v, — v in Yy, we deduce that

oo = lim inf / V(enz + yn)(|vnlP + |[vn|?)dz < lim inf / fop)vpde = / fw)vder < oo,
n—oo

n—oo
RN RN RN
which gives a contradiction.
Let us consider the case V, < co. Taking into account that w,, — w strongly converges in Yy, , condition
(V) and using the change of variable z = x + ¢, we have

dv, = Jv, (w) < Ty, (w)



33 Page 24 of 33 V. Ambrosio and D. Repovs ZAMP

1 1 1 1
< lim inf ];|an\£+5|an|3+/V(Enx—kyn) (p'w"p+q|w"q) dx — /F(wn)dx

n—oo

L RN RN

tP td tP td
— liminf | T2+ 27,2 + /V(anz) (”|un|p+”|unq) dz — /F(tnun)dz
p q p q
RN RN

n—oo

=liminf Z. (t,u,) <liminfZ. (u,) = dy, (6.2)

n—oo

which is a contradiction. Thus, {y,} is bounded and, up to a subsequence, we may assume that y, — y.
If y ¢ M, then Vi < V(y) and we can argue as in (6.2) to get a contradiction. Therefore, we can conclude
that y € M. 0

Let § > 0 be fixed and let ¢ € C*°([0,0), [0, 1]) be a nonincreasing function such that ¢ = 1 in [0, 3],
1 =01n [§,00) and |[¢'| < C for some C' > 0. For any y € M, we define

Yoy o) = w(len = oo ().

where w € Xy, is a ground-state solution to (APy,) which exists by virtue of Lemma 4.4.
Let tc > 0 be the unique positive number such that

Z:(t-Tey) = I?Zag{ Z:(tYey).
Define the map ®, : M — N by setting ®.(y) :=t.T.,. Then we can prove that
Lemma 6.1. The functional ®. satisfies the following limit

lin%IE(ée(y)) = dy, uniformly iny € M. (6.3)
E—

Proof. Assume by contradiction that there exist dgp > 0, {y,} C M and &, — 0 such that
|Ze, (®c,, (yn)) — dvg| = do. (6.4)

Let us observe that the dominated convergence theorem implies

VTeranlp+ [ ViEn)Tepn, P de =Vl + [ Vol da (6:5)
RN RN
and
|VTEmyn|g+/V(snx)|’r€myn|q dz — |Vw|] +/V0|W|q dx. (6.6)
RN RN

Since (Z., (tc, Ye, 4. ) te, Ye, y,) = 0, we can use the change of variable z = =»Z—¥* to see that

2,V e 0, [ e 14 [ V) (e, T P4 18, Ve, |7

RN

= /f(tsnTen)tenTEndx
]RN

- / F(te, ¥(lenz)0(2)te, (|en 2w (2) dz. (6.7)
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Now, we prove that t., — 1. First we show that t., — ¢y < co. Assume by contradiction that |¢., | — cc.
Then, using the fact that ¢(|x|) = 1 for x € B; (0) and that B%(O) CBs (0) for n sufficiently large, we

can see that (6.7) and (f5) imply

tg;q‘vranaerg + ‘VTEn,yn|g + / V(gnx) (tg;q|T5nuyn|p + ‘Tgnayn‘q) dx
RN

fte,w(2)) fte,w(2)) /
> — Idz > ———"— ad 6.8
> [ gy g EsE [ o o)

B (0) B (0)

2 2
where z € RY is such that w(2) = min{w(z) : |z| < $} > 0 (note that w € C(RY) and w > 0
in RY). Putting together (f1), p < ¢, t., — 0o, (6.5) and (6.6), we can see that (6.8) implies that
[Ye, 4., — oo, which gives a contradiction. Therefore, up to a subsequence, we may assume that
te, — tg > 0.If tg = 0, we can use (6.5), (6.6), (6.7), p < ¢ and (f2), to get

“Tsn,yn,||z\)/,p — 0,

which is a contradiction. Hence, ¢y > 0. Now, we show that ty = 1. Letting n — oo in (6.7), we can see
that

_ _ t
to Y Vwb + [Vw|] + / Vo(th ™ wPda + w?) da = / qu dz. (6.9)
RN RN
Since w € My, we have
|Vwlp + [Vw|] + /Vo(wpdx+wq)dx: /f(w)wdx. (6.10)
RN RN
Putting together (6.11) and (6.10), we find
- - fltow) — flw)
(to "= 1)|Vwb + (57 = 1) / Vow? dz = / ((tow)ql ~ widx. (6.11)
RN RN
By (f5), we can deduce that tg = 1. This fact and the dominated convergence theorem yield
nlLrI;o F(t., Y., ) do = / F(w)dx. (6.12)
RN RN

Hence, taking the limit as n — oo in
tgn P tgn q
Z., (P, (yn)) = D |VT€n,yn‘p + q |VT5n7yn|q

q

tgn P t€n
+ V(gnx) ?|T5nayn| + q

Ten,7yn, |q> d.’l:

RN
- /F(tsn'remyn)dx
RN

and exploiting (6.5), (6.6) and (6.12), we can deduce that
Tim ., (€, (5) = Foow) = dy,

which is impossible in view of (6.4). O
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Now, we are in the position to introduce the barycenter map. We take p > 0 such that Ms C B,(0), and
we set x : RN — R as follows
x if x| < p,
X() = 9§ pe

& if |x| > p.
We define the barycenter map 3. : No. — RY by
J x(ex) (|uf? + [ul?) dz
N
ﬁs(u) == f

RN

(lul? + Jul?) dz

Lemma 6.2. The functional ®. verifies the following limit

liH(l) Be(®e(y)) = y uniformly iny € M. (6.13)
E—

Proof. Suppose by contradiction that there exist 6o > 0, {y,} C M and ¢, — 0 such that
|ﬂsn ((I)sn (yn)) - yn‘ > do. (6.14)

EnT—Yn
En

Using the definitions of ®. (y,), B, , ¥ and the change of variable z = , we can see that

e 4 0) = P + ol ()
Ben(@enlum) =um + TP + [o(Enew (@) s

RN

Taking into account {y,} C M C B,(0) and applying the dominated convergence theorem, we can infer
that

‘ﬁsn ((I)sn (yn)) - yn| = On(l)
which contradicts (6.14). O
At this point, we introduce a subset N of N by taking a function h : Ry — Ry such that h(e) — 0 as
e — 0, and setting
N. = {u €N, : I.(u) < dy, + h(e)},
where h(g) = sup, ey |Z:(P=(y)) — d;,|. By Lemma 6.1, we know that h(e) — 0 as ¢ — 0. By definition

of h(e), we can deduce that for all y € M and & > 0, ®.(y) € N. and N. # (). Moreover, we have the
following lemma.

Lemma 6.3. For any § > 0, the following holds
lim sup dist(B:(u), Ms) = 0.
T ueN.
Proof. Let €, — 0 as n — co. For any n € N, there exists {u,} C N-, such that

sup inf |B: (u) —y| = inf |G (un) —y|+ on(1).
g 15,0 =3l = g 15 () = ]+ on(1)

Therefore, it suffices to prove that there exists {y,} C M; such that
Jim |5, (un) = ya| = 0. (6.15)
Thus, recalling that {u,} C /\~f5n C N, , we can deduce that
dy, < ce, <TIc, (uy) < dy, + h(en)
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which implies that Z., (u,) — dy,. By Proposition 6.1, there exists {7, } C RY such that y,, = e,7, € Ms
for n sufficiently large. Thus,
f X(enz + Yn) = Yn)(|un (2 + Gn) [P + [tn(z + §n)|?) dz
N
ﬂsn (un) =Yn+ £

J (un(z + Gn)P + [un(z + §)|9) dz
RN

Since uy, (-+9y, ) strongly converges in Yy, and e, z2+y, — y € M, we can deduce that 5., (u,) = yn+on(1),
that is (6.15) holds. O

Now we show that (P.) admits at least catps, (M) solutions. In order to achieve our aim, we recall the
following result for critical points involving Ljusternik—Schnirelmann category. For more details, one can
see [10].

Theorem 6.1. Let U be a C1! complete Riemannian manifold (modeled on a Hilbert space). Assume that
h € CY(U,R) is bounded from below and satisfies —oo < infyyh < d < k < 0o. Moreover, suppose that h
satisfies the Palais-Smale condition on the sublevel {u € U : h(u) < k} and that d is not a critical level
for h. Then

card{u € h® : Vh(u) = 0} > catya(h?),
where h = {u € U : h(u) < d}.

With a view to apply Theorem 6.1, the following abstract lemma provides a very useful tool since relates
the topology of some sublevel of a functional to the topology of some subset of the space RY; see [10].

Lemma 6.4. Let 2, Q1 and Qs be closed sets with 1 C Q9 and let wm: Q — Qo, 1 : Q1 — Q be continuous
maps such that wo1 is homotopically equivalent to the embedding j : 1 — Qa. Then catq(Q) > catq, (21).

Since MV, is not a C'! submanifold of X,, we cannot directly apply Theorem 6.1. Fortunately, by Lemma 3.5,
we know that the mapping m. is a homeomorphism between N. and S,, and S, is a C'' submanifold of
Xc. So we can apply Theorem 6.1 to U, (u) = Z.(m.(u))|s. = Zc(me(u)), where W, is given in Lemma 3.6.
In the light of the above observations, we are ready to give the proof of the main result of this work.

Proof of Theorem 1.1. For any € > 0, we define a. : M — S, by setting a.(y) = m-1(®.(y)). By using
Lemma 6.1 and the definition of ¥., we can see that

lin%) U (ae(y)) = lir%l's(fbs(y)) =dy, uniformly in y € M.
£— E—

Set S. = {w € S. : ¥ (w) < dy, + h(e)}, where h(e) = supy ey |Ve(ae(y)) — dy,| — 0 as e — 0. Thus,
a:(y) € S. for all y € M, and this yields S, # 0 for all & > 0.

Taking into account Lemma 6.1, Lemma 3.5, Lemma 3.6 and Lemma 6.3, we can find £ = &5 > 0 such
that the following diagram

M2 NS 8 NS g
is well defined for any € € (0,). By using Lemma 6.2, there exists a function (e, y) with |0(e,y)| < $
uniformly in y € M, for all € € (0,), such that B.(P:(y)) =y + 0(e,y) for all y € M. We can see that
H(t,y) = y+ (1 —t)f(e,y), with (¢,y) € [0,1] x M, is a homotopy between [. o ®. = (5. o m.) o ar
and the inclusion map id : M — Mjy. This fact and Lemma 6.4 imply that catg_ (S.) > catpr,(M). On
the other hand, let us choose a function h(g) > 0 such that h(e) — 0 as € — 0 and such that dy, + h(e)
is not a critical level for Z.. For ¢ > 0 small enough, we deduce from Proposition 5.1 that 7. satisfies
the Palais-Smale condition in A.. So, by (7) of Lemma 3.6, we infer that U, satisfies the Palais-Smale
condition in S.. Hence, by using Theorem 6.1, we obtain that W, has at least catg_ (gg) critical points on

S.. Then, in view of (7i) of Lemma 3.6, we can infer that Z. admits at least catz, (M) critical points.
O
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7. Concentration of solutions to (P.)
Let us start with the following result which plays a fundamental role in the study of the behavior of
maximum points of solutions to (F;).

Lemma 7.1. Let v, be a weak solution of the problem
—Apvn — Agvp + Vo () (|0n [P~ 20, + [0a|7720,,) = f(vn) in RY
vy € WHP(RN) N IWLY(RY), v, > 0 in RY,

where V,,(z) > Vo and v, — v in WHP(RN) N WL4(RYN) for some v # 0. Then v, € L>=(RY) and there
exists C' > 0 such that |v,|e < C for all n € N. Moreover,

(Pv,)

lim v, (x) =0 uniformly in n € N.

|z|—o0

Proof. We follow some ideas in [3,13] by developing a suitable Moser iteration argument [19]. For any
R>0,0<r <% let n e C®RY) such that 0 < <1, =1in RY \ Bg(0), n = 0 in Br_,(0) and
|[Vn| < 2/r. For each n € N and for L > 0, let

_ q(B-1) _ B—1
ZLn = nqvnvL’n and  wr, = NURVL s

where vr, ,, = min{v,, L} and § > 1 to be determined later. Choosing zr, ,, as a test function in (Py,),
we have

/ IV, [P 2V, - Ve 4 Vo |92V, - Vepp + Vi (0 + 08 Y2, de = / fon)zr n de.
RN RN
By assumptions (f1) and (f2), for any & > 0 there exists C¢ > 0 such that
|F ()] < EJtPY 4 Celt| ! for all t € R.
Hence, using (V1) and choosing £ € (0,V}), we have

,n

/ iV V.|t dz < Ce / vl 7l Y dz — g / 0", |V, |12V, - Vi da.
RN RN RN
For each 7 > 0, we can use Young’s inequality to obtain
/nqv%(ﬁ*l)\anW dz < C¢ / v?jn%%ﬁiil) dx + qT/ |an|qv%(7i71)nq dx
RN RN RN
+qC- /vZ|V77|qu(’i71) dz
RN
and taking 7 > 0 sufficiently small, we get
/nqv?jﬁq”an\qu < C’/U?jn%%ﬁﬁ_l) dz + C'/ |Vn|qvfbv%(fl_l) dz. (7.1)
RN R3 RN

On the other hand, using the Sobolev inequality and the Holder inequality, we can infer

. gc/ \VwL,nde:C/ V(o] on)|? da

RN RN

|wL,n

<Cp? /|V77|qvgvz(f;1) dx + /nqu(’?;l)\ande . (7.2)

N RN



ZAMP Multiplicity and concentration results for a. .. Page 29 of 33 33

Combining (7.1) and (7.2), we find

b opt /\V?ﬂqquLn 2 dm—i—/ n qu(’Z Yz | . (7.3)
RN

We claim that v, € L (|x| > R) for R large enough and uniformly in n. Let 8 = *. From (7.3), we
have

go<opr /|V77|qquandar+/vq n? ULn ?dx
RN

or equivalently

q q q,,q,,4" —4q 44,4 —49,a" —q
|wL,n|q* Scﬁ /|V77‘ ’UnUL,n dl‘—|—/’l}n77 UL,n Un dx
]RN

Using the Holder inequality with exponents % and %, we obtain

ro<opt /|V77|q qunqu + Cp1 /vnnvL; ) da vl dx

N x> 8

From the definition of wy, ,,, we have
q
%

a*—aq .
/(vnm}L,fL )4 da <Cp? /|V77|qv%v%7nqu
N

N

a_
aF

+Cpe /(vnnvﬁ)q*dm / v,q; dx

N @|> %
Since v, — v in WHP(RM) N WL4(RN), for R > 0 sufficiently large, we get
/ v? dz < e uniformly in n € N.
|| >4

Hence,

Q

/ (vnnvLj; )7 da < Cﬂq/vﬁv{;q dz < Cp? /v;{ dz < K < 0.

z|>R RN RN

Using Fatou’s lemma, as L — oo, we deduce that

(a*)2
/ v Y dr < o0

lz|2R
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(a9)?
q(q*—q)’

and therefore the assertion holds. Next, choosing § = ¢*

and v, € L%(M > R —r). From (7.3), we find

% with t =

[wrnlg- < CB / quL(n Dz + / vl vL(fL b
R>|z|>R—r |¢|>R—r
or equivalently
- < COp / vl da + / vl "1 dx
R>|z|>R—r |z|>R—r

Using the Holder inequality with exponents ;=5 and ¢, we get

t—1 1 1

t t t

dez| + /

R>|xz|>R—r |z|>R—7r

a8t

[wr,nlg- < CB? vyt de vl@ — Dt dg

R>|z[>R—r

2

Since (¢* — ¢)t = (¢*)?, we deduce that

-
|
-

L. <opf

o

Note that

B
021500512 )

IN

<Cpe
R>|z|>R—r
= CB|on| "y
Lt=T(Jz|>R-r)
which combined with Fatou’s lemma with respect to L gives

v |98 < CpBv

vnlTq B(|z|>R) | "| 2L (2> R—r)

q (t 1)
at

qt

Taking y = and s = ;%5, it follows from the above inequality that

CZL 1 X Ile 18X |Un

‘ ”|Lx7"+ls(| |>R) = ‘Lq*(|w\2R—7')

which implies that [vn]pe(jzj>r) < Clon|pe® (21> R—r)- Since v, — v in WHIRY

exists R > 0 such that
|Vn|Loe(j2j>r) < € foralln eN.

This completes the proof of the lemma.

ZAMP

wehave6>1,t‘i—tl<q*

dx

qBt

vyt de

), for all € > 0 there
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Lemma 7.2. There exists § > 0 such that |vy|e > for all n € N.

Proof. Assume to the contrary that |v,|lec — 0 as n — o0o. By (f2), there exists ng € N such that
f(vnleo

[on |8

< % for all n > ng. Therefore, in view of (f5), we can see that

f(lvnlso)

STl

Vo
|an|§ + |an|3 + Vb(lvn|£ + ‘Unlg) < [vn[Pdz < ?‘Unlgv

which leads to a contradiction. O

End of the proof of Theorem 1.1. Let u., be a solution to (P, ). Then v, (z) = u., (x + §,) is a solution
to (Py,) with V,(z) = V(epx + €,9n), where {g,} is given by Proposition 6.1. Moreover, in view of
Proposition 6.1, up to subsequence, v, — v # 0 in Yy, and y,, = €,9,, — y € M. If p,, denotes a global
maximum point of v,, we can use Lemma 7.1 and Lemma 7.2 to see that p, € Br(0) for some R > 0.
Consequently, z., = p, + Un is a global maximum point of u. , and then e,2., = e pn + enfn — ¥
because {p,} is bounded. This fact and the continuity of V yield V(e,z.,) — V(y) = Vp as n — oo.

Finally, we prove the exponential decay of u., . We use some arguments from [13]. Since v,(z) — 0 as
|z| — oo uniformly in n € N, and using (f1), we can find R > 0 such that

Flon(@)) < L@ (@) + o w) for all fa] > R
Then, by using (V1), we obtain
~gn = Ao+ R o) = flo) - (Va2 ) 027 4
> (7.4)
< f(vp) — 70< P~y 0= <0 for |z| > R.

Let ¢(2) = Me°*l with ¢, M > 0 such that ¢?(p — 1) < %2, ¢?(g — 1) < %2 and Me % > v,,(z) for all
|z| = R. We can see that
Vo -1 -1
*Apd)*AqQSJF ?(pr er)q )
N -1

||

N-1
||

Vi \%
=Pt (20 —Pp-1)+ cp_l) + 0! (20 —cl(g—1)+ cq_l) >0 for |z| > R.

(7.5)

Using 1 = (v, — ¢)T € Wy (RN \ Bg) as a test function in (7.4) and (7.5), we find

0> [ (9P V6P IV6) Vit (Yt v, ~ [V61290) - V)
{lz|ZzR}"{vn>¢}
T RN ) PR

Since for t > 1 the following holds (see formula (2.10) in [22])
(J2]22 — |yl ?y) - (x —y) 20 forall 2,y € RY,

and U, v, are continuous in RY, we deduce that v, (z) < ¢(z) for all |z| > R. Recalling that u., (z) =
V(2 —7,) and {p,} is bounded, we conclude that u., (z) < Cre~C21*=2enl for all z € RN. This completes
the proof of Theorem 1.1. O
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