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This paper is concerned with the problem of the coincidence between the classes of fine homotopy 
injections and equivalences of metric spaces, which was stated by Ancel in [1]. Such maps and relations 
between them are of importance when we deal with the problems of raising dimensions of spaces and the 
preservation of the property of being an absolute neighborhood extensor under cell-like maps (CE-maps). 
The classical result obtained by Kozlowski in [2] gives a fairly precise description of the situation in which 
these problems have positive solutions. 

T h e o r e m  1. I f  f :  X --+ Y is a CE-map of compact metric spaces and X E ANE, then the following 
conditions are equivalent: 

(1) f is a hereditary shape equivalence; 
(2) f is a fine homotopy injection; 
(3) f is a fine homotopy equivalence; 
(4) Y E ANE. 

Under each of these conditions, d i m Y  < d i m X .  

Let us also mention an important  result of Ancel [1], who proved that,  if the set Nf  of nondegenerate 
points of a CE-map f is an infinite-dimensional G~-set in Y, then f satisfies all the assumptions of 
Theorem 1 and therefore, dim Y < dim X .  

It was proved that ,  when any of conditions (1)-(4) in the statement of Theorem 1 is violated, there ex- 
ists a counterexample. In [3], Dranishnikov constructed an example of a CE-map f of a finite-dimensional 
compact AE space onto an infinite-dimensional one; therefore, this map is not a hereditary shape equiv- 
alence. 

The classes of maps under consideration form a decreasing sequence: the class of hereditary shape 
equivalences contains the class of fine homotopy injections, which, in its turn,  contains the class of fine 
homotopy equivalences. The first two classes are known to be different; the coincidence between the classes 
of fine homotopy injections and equivalences of metric spaces is known for X and Y with sufficiently good 
extensor properties, e.g., if X or Y is an absolute neighborhood extensor. This paper answers Ancel's 
question affirmatively for the case in which both X and Y have bad connectedness structure. 

T h e o r e m  2. Let f : X --+ Y be a map of metric spaces. Suppose that, for any cover o" E coy Y ,  there 
emists a map g: Y --+ X such that 

(a) Idy is (r-close to the composition Y -~ X ~ Y ;  

(b) Idx  is f - l (a)_homotopic  to the composition X s Y ~ X ;  
(c) f~fogof[relu]. 

Then the map f is a fine homotopy equivalence provided that X is complete with respect to some metric d. 
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C o r o l l a r y  1. Suppose that a map f :  X -+ Y of metric spaces is a fine homotopy injection and X is 
complete. Then f is a fine homotopy equivalence. 

C o r o l l a r y  2. Suppose that a map f :  X ~ Y of metric spaces is a hereditary shape equivalence and X 
is an ANE-space. Then f is a fine homotopy equivalence and Y is an ANE space. 

P r o b l e m .  Is Corol lary 1 valid if the completeness of X is not assumed? 

Preliminaries. T h e  set of all open covers of a space X is denoted by coy X ; w E coy X is an open 
cover of X .  We write  cal(w) or mesh(w) to denote  su p { d i am U  I U C w}. Th e  star of w E c o v X  about  
a s e t  A C X (or the neighborhood of  A relative w e c o v X )  is the set U { U [  U E w ,  U M A #  ;V};we 
denote  it by N(A,  w) or S t (A,  w).  The  star enlargement of a cover w with respect to another cover w' 
is St(w, w') = {S t (U ,  w') ] U E w ) .  We denote multiple star enlargements  St(wx, S t ( w 2 , . . . , w n ) . . .  ) 
by w , ~ o - . . o w 2  o w l  or,  if all wi coincide, by (wl) k. The  body of a system w of open sets is the set 
U { U  [ U E w} deno ted  by Uw. 

As usual, w >- wz means  tha t  w is a refinement of wl .  For maps  f ,  g: X --+ Y and  a cover w E coy Y,  
we write ( f , g )  -< w to denote  tha t  f and g are w-close. Maps f and  g are called w-homotopic 
( f  ~ g[relw] for short)  if there  exists a homotopy  F :  X • [0, 1] --+ Y between f and  g such that  
{ F ( x ,  [0, 1]) I x e X }  >- w. 

D e f i n i t i o n  1. A m a p  f :  X -+ Y of metric spaces is called a hereditary shape equivalence if, for any 
closed subset A C Y ,  the  m a p  f :  f - l A  -+ A is a shape equivalence. 

D e f i n i t i o n  2. A m a p  f :  X -+ Y of  metric spaces is called a fine homotopy injection if, for any 
cover cr E c o v Y ,  there  exists a m a p  g: Y -+ X such that  I d x  is f - l ( c r ) - h o m o t o p i c  to the composition 

X -~/ Y -~ X ;  if, in addi t ion,  I d y  is t r-homotopic to the composit ion Y ~ X ~ Y ,  then  f is a fine 
homotopy equivalence. 

The  p roof  of  the  following l emma  is a technical ma t te r ,  and we omit it. 

L e m m a  1. Suppose that cri E cov Y with i >_ 0 are locally finite covers of Y and (~ri+l) k+a >- qi .  
Then, for all l such that 1 < l < N ,  we have o'~ ovr~+ 1 oo'~+ 2 o . . .  o O'~v >-- o'~ +1 . 

P r o o f  o f  T h e o r e m  2. Let  us take an a rb i t ra ry  cover w E Y and cons t ruc t  a m a p  h:  Y -+ X 

such tha t  I dy  is w-homotopic  to the composit ion Y -~ X ~ Y and I d x  is f - l ( w ) - h o m o t o p i c  to the 

composit ion X -~/Y -~ X .  We const ruct  h in the form of an infinite composition of maps. 
For this purpose ,  we choose a cover (rl E coy Y for which (crl)s >._ w and cal(crl) < 2 -1 . By assumption,  

we can find a m a p  gl : Y -+ X such tha t  

( I d y , f o g x )  -< ~1, I d x  -~gl o / [ r e l f - ~ ( c q ) ] ,  

and therefore,  f ~ f o gl o f [ re lcr l ] .  
Take a cover q2 E cov Y such tha t  

(~,)3 >_ ~x, ca l (~)  < 2 -2, cal(fogl(~2))  < 2 -~, c ~ ( g l ( ~ ) )  < 2 -~,  9~(~)  >- f - ' ( ~ l )  

By assumpt ion,  there  exists a map  g2: Y --+ X for which 

( I d y ,  f 0 g2) -< a : ,  Idy  ~ g2 0 f[rel  f - 1  (~2)], 

and therefore,  f -~ f o g2 o f [ r e l a2 ] .  
The  maps  gl and  gl o ( f  o g2) are  2-2-close, because ( Id y ,  f o g~) -< -2 and  cal(gl (.2 )) < 2 -2 
We have cons t ruc ted  a basis for the induction.  To be more  persuasive, let us give a detailed description 

of one more  step.  Take a cover Vr s E COY X such tha t  

(~)~ > r cm(r < 2 -~, ca(/o g~(~)) + ca(/og~ o (/o s=)(r < 2 -~, 

cal(g2(r § o(f og2)(r <2 -3, (91o(f og2))(aa) >- f-I(~2). 
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By assumpt ion ,  there  exists a map  g3" Y -+ X for which 

( Idy ,  f o ga) "~ 0"3, Idx  -~ g3 o f [ r e l / - 1  (0"3)], 

and therefore,  f _ f o g3 o f[rel  f - 1  (0"3)]. Note tha t  

(g2,g2 0 ( /  og3)) < 2--3 , (gl 0 (f  0 g2) gl 0 ( /  0 g2) 0 ( f  o g3)) < 2 -3 , 

because ( Idy ,  f o 0"3) -< era and cal(g2(~3)) + cal(g~ o ( f  o g2)(0"3)) < 2 -3 �9 
Thus  we successively construct  maps  gi" Y --+ X and covers 0"i E coy Y,  where i - 1 ,2 ,  . . . ,  such that  

(1) 0"3 n+l  ~" 0"rt; 

(2) cal(a,~+l) < 2 -('~+1) , ca l ( f  o g,~)(0",~+1) < 2 -(~+1) , and cal(g,~)(0",~+l) < 2-('~+1) ; 
(3) cal(gm o ( f  o gin+l) o . . . o  ( f  o g,~))(0",~+1) < 2 -('~+a) for all m < n;  
(4) e~((fog~)o(yog~+~)o...o(/og,~))(,~,~+~)< 2-(~+~) f o r ~  m < ,~; 
(5) g~ o ( f  o 9~) o . . .  o ( f  o g ~ ) ( ~ + ~ )  ~-/ -~(~) ;  
(6) ( I d y ,  f o g , )  -< a,~ ; 
(7) I d x  _~ 9 .  o f [rel  f - ~  ( . . ) ]  ~ d  ] _~ / o 9 .  o ][rel  ~.]; 
(8) (gn, g,~o(fog,~+l)) < 2 -('~+1) , (gmo( fogm+l)o . . -o( fog ,~+l) ,  gmo( fogm+l)o ' " -o( fog ,~) )  < 2 -(n+l)  

fo raU m < n .  

Take m = 1 , 2 , . . .  and  consider the sequence {gin o ( f  o gin+l) o . . .  o ( f  o gn)},~_-m+l. This is a Cauchy 
sequence by (8), and  it converges to a map  hm" Y -+ X ,  because (X ,  d) is complete.  By (6) and (4), 
the maps  ( f  o gin) o . . . o  ( f  o gin+k) and  ( f  o gin) o . . . o  ( f  o g,~+k-1) are 2-(m+k)-close. The  definition 
of hm implies the es t imate  ( f  o h,~, f o gin) < 2 -(m+~) + 2 -(m+2) + " "  = 2 -m  �9 Since ( f  o gin, I d x )  -< 0"m 
and cal(0",~) < 2 - m  , we have ( f  o hm, I d x )  < 2-(m+1) ; thus l im(f  ohm)  = I d x .  On the other  hand,  the 
obvious equali ty hm = (gin 0 f )  0 hm+l valid for m > 1 and relations (7) imply tha t  

f o h ~  "-" ( f  o g~ o f )  o hm+l ~- f o hm+l[rel0"m]. 

Therefore, f o hi ~- l i m ( f  o h m )  = Idx[rel(0.x o 0" 2 O . ' -  >'- r 
TO show tha t  hi o f = lim,~__r~(gl o ( f  o g2) o . . . o  ( f  o g~) o f )  is f - l ( w ) - h o m o t o p i c  to the identity 

map I d x ,  we apply the following relations, which are implied by (5) and (7)" 

gl o ( f  o g2) o . . . o  ( f  o gn+l)  o f - gl o ( f  o g2) o . . . o  ( f  o gn+l o f )  

- - ~ g l o ( f o g 2 )  o " ' o ( f o g n ) o f [ r e l ( g l  o ( f o g 2 )  o . . . o ( f o g n ) ( 0 . n + l )  >- f - l ( 0 . n ) ) ] .  

Thus hi o f is homotopic  to gx o f with respect to the cover f - 1  (ax o 0.2 o 0.3 o . . .  ). But  (7) implies that  
gl o f ~_ I d x [ r e l f - X ( a l ) ] .  Therefore,  h~ o f ~_ Idx  [rel(f-~(~r 2 oh2 oct3 o . - .  ) >- f - ~ ( w ) ) ] .  D 
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