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Abstract. We consider the following (p, g)-Laplacian Kirchhoff type problem

—(a—i—b/ |Vu|1’dx>Apu—<c+d/ |Vu|"dx>Aqu
R3 R3

+ V@) (lulP72u + w7 u) = K(x) f) inRY,
where a, b, ¢, d > 0 are constants, % <p<q<3V:R> Rand K : R* - R are positive continuous functions allowed
for vanishing behavior at infinity, and f is a continuous function with quasicritical growth. Using a minimization argument and
a quantitative deformation lemma we establish the existence of nodal solutions.
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1. Introduction

This paper deals with the existence of least energy nodal solutions for the following class of quasilinear
problems

—(a—{—b/ |Vu|pdx)Apu— (c—{—d/ |Vu|qu)Aqu
R3 R3

+ V) (Jul”2u+ |ul!%u) = K(x) f(u) inR?, (1.1)

where a, b, c,d > 0 are constants, % <p<q<3V:R > RandK : R? - R are positive
functions, and f is a continuous function with quasicritical growth.

In recent years, a considerable interest has been devoted to the study of this general class of problems
due to the fact that they arise in applications in physics and related sciences.

Whena =c¢ =1and b =d = 0, equation (1.1) becomes a (p, g)-Laplacian problem of the type

—Apu — Agu+ V) (Jul”2u+ [uf%u) = K(x) f(u) inR. (1.2)
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As underlined in [27], this equation is related to the more general reaction-diffusion system
= di — p—2 q—2
u; = div(Du)Vu) + c(x,u) and D(u) = [Vul"~> 4+ |Vu|17?,

which appears in plasma physics, biophysics and chemical reaction design.

In these applications, u represents a concentration, div(D(u#)Vu) is the diffusion with the diffusion
coefficient D(u), and the reaction term c(x, u) relates to source and loss processes. Usually, the reaction
term c(x, u) is a polynomial of u with variable coefficient (see [27]). This kind of problem has been
widely investigated by many authors, see for instance [27,31,32,39,42-44,46] and the references therein.
In particular, in [17], using a minimization argument and a quantitative deformation lemma, the authors
proved the existence of nodal solutions for the following class of (p, g) problems

—div(a(|Vul?)|Vul?>Vu) + V()b (Jul”) ul”u = K (x) f(u) inR",

where N > 3,2 < p < N,a,b, f € C'(R), and V, K are continuous and positive functions (see also
[16]).

We stress that in the nonlocal framework, only few recent works deal with the fractional (p, ¢)-
Laplacian. In [25] the authors established the existence, nonexistence and multiplicity for a nonlocal
(p, g)-subcritical problem. Ambrosio [7] obtained an existence result for a critical fractional (p, q)-
problem via mountain pass theorem. In [21] the authors investigated the existence of infinitely many
nontrivial solutions for a class of fractional (p, g)-equations involving concave-critical nonlinearities in
bounded domains. Holder regularity result for nonlocal double phase equations has been established in
[29]. Applying suitable variational and topological arguments, in [12] the authors obtained a multiplicity
and concentration result for a class of fractional problems with unbalanced growth. We also mention
[1,11,36] for other interesting results.

We underline that there is a huge bibliography concerning the nonlinear Schrédinger equation (that is
when p =g = 2in (1.2))

—Au+ V(x)u=K(x)f(w) inR, (1.3)
and we would like to point out that an important class of problems associated with (1.3) is the so called
zero mass case, which occurs when the potential V' vanishes at infinity. Using several variational meth-

ods, many authors attacked this equation; see for instance [2,3,5,6,18,19,22].
Whena =c, b =d(# 0) and p = g = 2, problem (1.1) becomes the following Kirchhoff equation

—<a +b |Vu|2dx>Au +V@)u= f(x,u) inR>. (1.4)
]R3

This problem is related to the stationary analogue of the Kirchhoff equation [41]

0%u Do E (L 2 0%u
S - dx |25 =0,
o (h T, x) o2

u

ox

forall x € (0, L) and ¢ > 0. This equation is an extension of the classical D’ Alembert wave equation
taking into account the changes in the length of the strings produced by transverse vibrations. In (1.4),
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u(x, t) is the lateral displacement of the vibrating string at the coordinate x and the time ¢, L is the length
of the string, & is the cross-section area, E is the Young modulus of the material, p is the mass density
and py is the initial axial tension.

The early studies dedicated to the Kirchhoff equation (1.4) were done by Bernstein [20] and Pohozaev
[50]. However, the Kirchhoff equation (1.4) began to attract the attention of more researchers only after
the work by Lions [45], in which the author introduced a functional analysis approach to study a general
Kirchhoff equation in arbitrary dimension with external force term. For more details on classical Kirch-
hoff problems we refer to [13,15,48,49]. In [34] the authors established the existence of a least energy
nodal solution to the following class of nonlocal Schrédinger—Kirchhoff problems

M(f |Vul|? dx +/ V(x)uzdx)(—Au +V@u)=Kx) fu) inR.
]R3 ]R3

Moreover, when the problem presents symmetry, they proved the existence of infinitely many nontrivial
solutions. We also mention [30,33] where the existence of nodal solutions for problems like (1.4) has
been obtained.

In the nonlocal framework, Fiscella and Valdinoci [35] proposed the following stationary Kirchhoff
model driven by the fractional Laplacian

u(x)—u(y)|? *.& :
—M ([ fgon " dx dy)(—=A) u = Af (v, u) + ¥ Pu in €, (1s)
u=>0 inRV\ Q,
where Q@ C RY is an open bounded set, 2 = %, N > 2s,5 € (0,1), M : R" — R is an increasing

continuous function which behaves like M (1) = a + bt, with b > 0, and f is a continuous function.
Based on a truncation argument and the mountain pass theorem, the authors established the existence
of a non-negative solution to (1.5) for any A > A* > 0, where A* is an appropriate threshold. We
also mention [8-10,14,47,51] in which the authors dealt with existence and multiplicity of solutions for
(1.5), while concerning the existence and multiplicity of sign-changing solutions for fractional Kirchhoff
problems only few results appear in the literature [24,26,40].

Finally, if a = ¢, b = d(# 0) and p = g # 2, we have the following p-Laplacian Kirchhoff-type
equation

—(a +b | |Vul? dx)A,,u +VE)|u"u= f(x,u) inR>. (1.6)
]R3

Very recently, in [38] using a minimization argument and the Nehari manifold method, the authors
investigated the existence of least energy nodal (or sign-changing) solutions to (1.6). We also mention
[23,28,37,55] for results regarding Schro dinger—Kirchhoff equations involving the p-Laplacian.

Motivated by the interest shared by the mathematical community toward (p, ¢)-Laplacian problems,
the goal of the present paper is to study the existence of nodal solutions to (1.1). In order to state
precisely our main result, we first introduce the main assumptions on the potentials V and K and on the
nonlinearity f.

We assume that V, K : R* — R are continuous functions and we say that (V, K) € K if the following
conditions are satisfied (see [3]):
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(VK;) V(x), K(x) > Oforall x € R} and K € L®(R?);
(VK;) If (A,) C R3is a sequence of Borel sets such that the Lebesgue measure |.A4,| < R, for all
n € N and for some R > 0, then

lim Kx)dx =0,
=00 JANBS(0)
uniformly in n € N, where 55;(0) := R\ B,(0).
Furthermore, one of the following conditions is satisfied:
(VK3) & e L¥(R%);
or
(VK4) There exists m € (g, g*) such that
K (x)

q*—m

V(x)©r

— 0 as|x| > oo.

Let us point out that the hypotheses on the functions V and K characterize problem (1.1) as a zero
mass problem.

Regarding the nonlinearity f, we assume that f € C(R, R) and f fulfills the following conditions:
(f1) limy—o L0 — 0if (VK3) holds,

|t|2[’_]
(f1) limy o p’% = 0if (V Ky4) holds, with m € (g, ¢*) defined in (V Ky),
(f2) limyjooo 7527 = 0,

(f3) im0 52 = o0, where F(1) := [, f(7)dT,
(fs) Themap t — | lf;f;f] is strictly increasing for all |¢| > O.

We note that from assumption ( f3) it follows that ¢ +— ﬁ f(t)t — F(¢) is increasing for ¢ > 0 and also

that t — if(t)t — F(t) is decreasing for t+ < 0 (see Remark 2.1 below).
Our main result can be stated as follows:

Theorem 1.1. Assume that (V, K) € K and f satisfies conditions ( f1) (or (fl)) and (f>)—(f4). Then
problem (1.1) admits a least energy sign-changing weak solution. If in addition, f is an odd function,

then (1.1) has infinitely many nontrivial solutions.

A weak solution of problem (1.1) is a function u € E such that

a |Vu|”_2Vu-V<pdx—|—b< |Vu|”dx)/ |VulP~2Vu - Vo dx
R3 ]R3 ]R3

+c |Vu|q2Vu»V<pdx+d(/ |Vu|qu) |Vul?2Vu - Vo dx
R3 R3 R3

+/ V) (lulPug + [ul"*up) dx —/ K&x)f(wepdx =0 (1.7)
R3 R3
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for all ¢ € E, where
E= {u e D'(R) N DM (R?) : / V) (Jul” + ul?) dx < oo}.
]R3

By a sign-changing weak solution to problem (1.1) we mean a function # € E that satisfies (1.7) with
ut = max{u, 0} # 0 and u~ = min{u, 0} # 0.

The proof of Theorem 1.1 is achieved by using suitable variational techniques inspired by [4,16,17,
34]. In order to study (1.1) we consider the following functional Z : E — R given by

b : d :
I(u)sz |Vu|”dx—|——<f |Vu|pdx> +5f |Vu|qu—|——( |Vu|qu>
P Jr 2p \Jgs q Jrs 2g \Jrs

1 1
+/ V(x)(—lulp+—|ulq) dx—/ K(x)F(u)dx.
R3 p q R3

It is easy to check that 7 € C'(E, R) and its differential is given by
(T, ) = a/ |Vul?">Vu - Vo dx + b(/ |Vu|pdx) |Vul?">Vu - Vo dx
R3 R3 R3

+c |Vu|q_2Vu-chdx+d(/ |Vu|qu) |Vul|?>Vu - Vo dx
]R3 ]R3 R3

+ fR3 V) (JulPug + |ul? *up) dx — /R} K(x)f(u)pdx.
Then, we define the nodal set
M={weN:w* #0,(T'(w), w") = (T'(w), w") =0},
where
N ={u e E\{0} : (T'(u), u) = 0}.

In order to get least energy nodal (or sign-changing) solutions to (1.1), we minimize the functional Z on
the nodal set M. Then we prove that the minimum is achieved and, by using a variant of the quantitative
deformation lemma, we show that it is a critical point of Z. Finally, when the nonlinearity f is odd, we
obtain the existence of infinitely many nontrivial weak solutions not necessarily nodals. We point out
that our paper extends the results obtained in [34,38].

Problem (1.1) is called nonlocal due to the presence of the Kirchhoff term ( fR3 |Vul|? dx)A pu, this
causes some mathematical difficulties which makes the study of such a class of problems particularly in-
teresting. We underline that here we are considering the sum of two Kirchhoff terms: ([53 |Vu|? dx) A pu
and ( fR3 |[Vul|? dx)Agzu, with p < g. Moreover, due to the fact that the nonlinearity f is only continu-
ous, one cannot apply standard C'-Nehari manifold arguments due to the lack of differentiability of the
associated Nehari manifold /. We were able to overcome this difficulty by borrowing some abstract
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critical point results obtained in [53]. Furthermore, to produce nodal solutions, instead of using the Mi-
randa Theorem to get critical points of g, (&, ) = Z(§u™ + Au~) we use an iterative process to build a
sequence which converges to a critical point of g, (&, A).

The paper is organized as follows. In Section 2 we introduce the variational structure. In Section 3
we give some preliminary results which overcome the lack of differentiability of the Nehari manifold.
Section 4 is devoted to some technical lemmas used in the proof of the main result. In Section 5 we
prove Theorem 1.1.

1.1. Notations

We denote by B (x) the ball of radius R with center x and we set By (x) = R3\Br(x).Let1 < r < 00
and A C R?. We denote by |u|Lrca) the L"(A)-norm of the function u : R — R belonging to L' (A).
When A = R3, we shall simply write |u],.

2. Variational framework

Let us introduce the space
E = {u e D'(R) N DM (R?) : / V) (Jul? + ul?) dx < oo}
R3

endowed with the norm

1
q

lull = (/ (alVul” + V(x)lul”)dx)F + (/ (cIVul? + V(X)Iulq)dx) .
R3 R3

Let us define the Lebesgue space

Ly (R) = {u : R — R : u is measurable and /
R

Kx)|ul"dx < oo}
3

equipped with the norm

1
tll o sy = (/ K(x)lul’dx) .
R3

We recall the following continuous and compactness results whose proofs can be found in [17]:

Lemma 2.1. Assume that (V, K) € K.
() If (V K3) holds, then E is continuously embedded in L', (R?) for every r € [q, g*].
(ii) If (VKy4) holds, then |E is continuously embedded in L' (R?).

Lemma 2.2. Assume that (V, K) € K.
() If (VK3) holds, then E is compactly embedded in L', (R?) for every r € (q, g*).
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(i1) If (V K4) holds, then IE is compactly embedded in L} (RY).
The last lemma of this section is a compactness result related to the nonlinearity (see [17]).

Lemma 2.3. Assume that (V, K) € K and f satisfies (f1)—(f2) or (f])—(fz). If (u,) is a sequence such
that u, — u in E, then

/K(x)F(un)dx%f K(x)F(u)dx
R3 R3
and
/K(x)f(un)undxa/ Kx)f(wudx.
R3 R3

We conclude this section by giving the following useful remarks.

Remark 2.1. Let us point out that from assumption ( f;) it follows that ¢ i f (&)t — F(t) is increasing
for ¢t > 0. Indeed, let 0 < f, < t;, then using ( f3) twice we get

1 1 n
o Flh = F(0) = o fah — Fo) - / F()dr
q 2q t

1 .
= 5o —F(n)—/ L0 e
> —f(rl)n — F() — tfzi O
= —f(ll)ll — F() — f(tl) tl >
1 q
_ 1 f(tl) 2q
=2 th_ — F(f)

> %f(fz)fz — F(n).
Similarly, it is possible to prove that t i f()t — F(¢) is decreasing for ¢ < 0.
Remark 2.2. Take u € E with u™ % 0 and £, A > 0, then
V(" +m0)|" = [V(§u?) " + |[VOuT) "

and using the linearity of F and the positivity of K we also have

/ﬂg}K(x)F(Squ—i—)uu_)dx:/ K()(F(Eu™) + F (™)) dx.

R3
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Hence, for any u € E with u® # 0 and &, A > 0 we have
Z(§u" +ru”) = Z(Eu®) + Z(ru™). 2.1)

Moreover,

2
<T(§“++W)»Eu+)=5p/ (a|vu+|p+V(x)|u|p)dx+b§2p<./ Ivu+|”dx>
R3

R3
2
+$‘1/ (C|Vu+|q+V(x)|u|q)dx +d§2’1<f |Vu+|qu>
R3 R3
—/ K@) f(§uT)éu™ dx
R3

and
2
(T'(u™ +ru™), Eut) = )J’f (a|Vu™|" + V() |ul?) dx + bA*? ([ |V~ | dx)
R3 R3

2
+ )»‘1/ (C|Vu7|q + V(x)|u|‘1) dx + d\* (f |Vu|qu>
R3 R3

—/ K(x)f(ku_)ku_dx.
R3

3. Preliminaries
The Nehari manifold associated with 7 is given by
N ={u e E\{0} : (T'(u), u) = 0}.
We denote by
M={weN:w* #0,(Tw),w")=(Tw),w )=0},
and by S the unit sphere on E. We note that M C N.
Once f is only continuous, the following results are crucial, since they allow us to overcome the

non-differentiability of N.

Lemma 3.1. Suppose that (V,K) € K and f satisfies conditions (f1) — (fs). Then the following
properties hold:

(a) Foreachu € E\ {0}, let ¢, : Ry — R be defined by

@u (1) = L(tu).
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Then there is a unique t, > 0 such that
@, (t) >0 forte(0,t,) and ¢,(t) <0 fort e (t,, 00);
(b) There is T > 0, independent of u, such that t, > t for every u € S. Moreover, for each compact

set K C S, there is Cx > 0 such that t, < Cg for everyu € K;

(c) The map m : E\{0} — N given by m(u) := t,u is continuous and m := m|s is a homeomorphism
u

between S and N'. Moreover, m~'(u) = Tull”

Proof. (a) Let us assume that (V K3) holds. Then, using assumptions ( f1)—( f2) given ¢ > 0 there exists
C, > 0 such that

|f@O)| <elt)?™" + Colr1r"
Therefore

a c tP 19

L(tu) = —t? [Vul? dx + —t4 [Vul|? dx + V)| —|ul? + —|u|? ) dx
p R3 q R3 R3 p q
—8t”f K(x)|u|”dx—C€t"*/ K (x)|ul® dx

R3 R3
a c tP 19
> —t? |Vul? dx + —t4 [Vul|?dx + VOl —lul? + —|u|? ) dx

P R3 q R3 R3 p q

— &

K * *
rf’f V) ul? dx = C1IK oot )
) R3

K
V‘w)t” /R3 V(x)|ul? dx

11 * *
+ ;/ (cIVul? +V (0)[ul?) dx — CIK |oot? [lu]|®".
R3

a 1
> —t? |Vu|”dx+(——8
p R3 p

Choosing ¢ € (0, 2p| % loo) 1), we get £y > 0 sufficiently small such that
0 < @,(t) =Z(tu) forallz e (0, ty).

Now, we assume that (V K,) is true. Then, there exists a positive constant C,, such that, for each ¢ €
0, C,,) we get R > 0 such that forany u € E

/ K () lul™dx < s/ (VO lul? + ul?") dx.
BB%(0) B%(0)
Using assumptions ( f1) and (f»), the Holder and Sobolev inequality we get

tP td
I(tu) > ftp/ |Vu|pdx+£tq/ |Vu|qu+/ V(x)<—|u|p+—|u|q> dx
p R3 q R3 R3 p q
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—Clt’"(/ K(x)|u|mdx+/ K(x)|u|mdx)—c2ﬂ*/ K(x)|ul? dx
Br(0) B%(0) R3

a c t? 14
> —t? |Vul? dx + —t4 [Vul|?dx + V)| —ul? + —|u|? ) dx
p R3 q R3 R3 p q

— Cut" K| g |ull - clz'"efB (V) lul? + |ul”) dx — Cyt?" | K |oo ||
% (0)

g% —m

a c tP 11
> —t* |Vul? dx + —t4 [Vu|?dx + V)l —lul? + —|ul? ) dx
p R3 q R3 R3 p q
— Cot K |oollull”” = Co"[IK ] _g_luly + ellull” + e lu] "]
q*—m

Therefore there exists #y > 0 sufficiently small such that

0<e,@t)=Z@u) forallt € (0,1).

Let A C suppu be a measurable set with finite and positive measure. From F(¢) > 0O for any ¢ € R,

1 < p < g, and combining assumptions ( f3) together with Fatou’s lemma, we obtain

I(tu)

e T
hmsup{1 : ~|—i : +l 1 i
oo | P12 P|ul?P4=P  2p 24P |u|2a=r) g raflull?  2q

F(u)( u 24
_/AK()‘)OM (m) dx}
2q
<4 _ liminf/ K(x)M(L> dx < —oo.
2g 1o Sy (tu)?a \ |Ju|

Hence there exists 7 > 0 large enough for which ¢, () < 0. By virtue of the continuity of ¢, and using

(fa), there exists ¢, > 0 which is a global maximum of ¢, with t,u € N.
Next, we aim to prove that such ¢, is the unique critical point of ¢,. Assume by contradiction that

there exist 0 < #; < t, which are critical points of ¢,. Then, from the definition of ¢, we get

1 b S|
p p q q
—tfq_” /R3(a|vbt| + V@)lulP)dx + —— TR (/R3|vu| dx) +tq /]R}(cwm + V(x)|ul?) dx

1
AGLD)
+d< R3|Vu|qu> /K( (tu)lz W dx =0

and

b S|
/ (a|Vu|P_|_V(x)|u| )dx+ 2(q o (/ |Vu|f’dx> —{——q/ (C|Vu|q+V()C)|u|q)dx
R3 R3 t R3

2q—p
t2 b
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2

f(tau) 2
+ Vul? — Kx)————u"?dx =0.
d( RS| u| dx) . (x)(tzu)Z‘I*‘u dx =0

These equalities together with assumption ( f;) imply that

0 ! ! Vul|? r)d b ! ! Vul?d 2
>\ 2~ ) [ @Vl + V) di 4 b gy = g ) ] 1Vul” dx
1 2 1

2
1 1
+ (—q - —q) / (cIVul? + V(x)|ul?) dx
t2 [1 R3
. flow) — fau) \ 5
= /1;3 K(X)((tzu)z‘l_] (tlu)zq_l)u 1dx >0

which leads to a contradiction.

(b) By (a) there exists #, > 0 such that ¢, (z,) = 0, or equivalently (Z'(z,u), t,u) = 0, and arguing as
before, we find a positive T independent of u such thatz, > 7.

Now, let K C S be a compact set and assume by contradiction that there exists (#,) C K such that
t,, — oo. Hence, there exists # € K such that , — u in E. Proceeding as in (a) we can prove that
Z(t,,u,) — —oo in R. Since 7,,u, € N, from Remark 2.1 and recalling that | < p < g we get

L,
I(tu,lun) = I(tunun) - Z(Z (tunun)v tunun>

11 b1 1\, b\
=(=——=— & | (alVun|”+ V(©)lu,?)dx + = — — = )i.” |V (u)|” dx
P 2q) 7" Jgs 2\p q) " \Ups

1
+ —1d / (cIVun|? + V)|u,|?) dx
R3

zq Un

1
+ / K(x)[_f(tunun)tunun - F(tunun):| dx 2 O,
R3 2q

which leads to a contradiction.

(c) Note that 72, m and m~" are well defined. In fact, from (a) we deduce that for each u € E \ {0}
there exists a unique m(u) € N.

On the other hand, if u € N then u # 0, and we deduce that m~'(u) = ﬁ e S and m™' is well
defined. We point out that

_ _ tou
m 1(m(u)) =m ' (t,u) = Tl =u foranyu €S,
. U u
m(m™' () =m| — | =t =u foranyu € N,
flull b o |

so m is bijective with its inverse m ! continuous.
Now, let (u,) C E and u € E \ {0} such that u, — u in E. Using (b) we can find #; > 0 such that

tuy ln || = 10— 1o Therefore ¢,, — ﬁ Using the fact that #,,u,, € N and taking the limit as n — oo
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we deduce that ”’ui”u e Nandt, = ”tui” This implies that 771 (u,) — m(u), hence it and m are continuous
functions. [

Let us define the maps

A

Yv:E—-R and ¢ :S—> R,

by ¥ () := Z0Aw)) and ¢ := Vls.
The next result is a consequence of Lemma 2.1 (see [53]).

Proposition 3.1. Suppose that (V, K) € K and f fulfills (f1) — (f4). Then the following properties
hold:

(@) ¥ € C'(E\ {0}, R) and
ll772 () |

[l

<1/A//(u), v> = (I’(n%(u)), v) forallu € E\ {0} and v € E;

(b) ¥ € C'(S,R) and (' (), v) = |m@)||(Z'(m(w)), v), for every v € T,S;

(¢) If (u,) is a (PS), sequence for r, then {m(u,)},en is a (PS), sequence for L. Moreover, if (u,) C
N is a bounded (PS), sequence for I, then {m~"(u,)},en is a (PS), sequence for the functional
.‘//;

(d) u is a critical point of ¥ if and only if m(u) is a nontrivial critical point for Z. Moreover, the
corresponding critical values coincide and

inf = inf Z(u).
inf ¥ ) = jnf 700
We notice that the following equalities hold:

doo := Inf Z(u) = inf maxZ(tu) = inf max Z(tu). (3.1
ueN ueR\{0} >0 ueS >0

In particular, from (a) of Lemma 2.1 and (3.1) it follows that

ds > 0. (3.2)

4. Technical lemmas
For each u € E with u™ # 0, let us introduce the map g, : [0, 00) x [0, co) — R defined by
gu€ N =T(Eut +hu™).

Lemma 4.1. Suppose that (V, K) € K and f fulfills (f1)—(f4). Then the following properties hold:
(1) The pair (&, \) is a critical point of g, with &, .. > 0 if and only if Eu™ + Au™ € M.
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(i1) The map g, has a unique critical point (§,,1_), with&é, = &, (u) > Oand A_ = A_(u) > 0
which is the unique global maximum point of .

(iii) The maps a,(r) := 3‘2” (r,A_)and a_(r) = dagf (&, r)r are such that a, (r) > 0ifr € (0,&,),

ar(r)y <0ifre(Ey,00),a_(r)>0ifr e (0,A_)anda_(r) <0ifr € (A_, 00).

Proof. (i) Let us point out that the gradient of g, is given by

g, g,
Veu(E 1) = < fg . 1), a‘i <s,x))

= ((Z'(6u™ + 2u7), ") (T (5u™ + dae™) u))

= @(z/(gbﬁ +Au”), Eu), %(Z/(fu—’_ + Au”), MF)).

Now, the pair (£, A), with &, A > 0, is a critical point of g, if and only if
(T'(6u® +2ru”), &ut)=0 and (T'(5u™+Au"),2u")=0

thatis Eu™ + Au~ € M.

(ii) First we prove that M # (. For each u € E with u® = 0 and A fixed, let us define the function
g1(§) : [0, 00) — [0, 00) by g1(§) = gu(§, 2o).

As in Lemma 2.1, the map g; has a maximum positive point and furthermore there exists & =
& (u, o) > 0 such that g{(§) > 0 for & € (0, &), g;(§) < O for & € (&), 0o) and g; (&) = 0.

Hence, it is well defined the function 7, : [0, c0) — [0, o0) defined by n;(A) := &(u, A), where
&(u, A) satisfies the properties just mentioned with A in place of Ay. Exploiting the definition of g;, for
all A > 0 we get

08u
0

gim) = —=(m@),x) =T (m®u* +ru~), mu)=0. (4.1)

Note that, when u® # 0 and the support of u™ and u~ are disjoint in R?, it follows that (4.1) is equivalent
to

2
7)1()»)”/ (a|Vut|" + V() |ut|”) dx +bn1(k)2ﬁ(/ \Vu*‘pdx>
R3 -
2
+’71Wf (C!Vf!q+V<x>}u+\q)dx+dm<x>2q(/ |vu+|qu>
R -

= /Rs K@) f(m@ut)n(u dx. 4.2)

First we note that 1, is a continuous map. Indeed, let (A,,) be a sequence such that A, — Ay asn — oo in
R, and assume that n;(A,) — oo asn — oo. We aim to prove that (1;(X,)) is bounded. By contradiction,
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let us suppose that there us a subsequence, still denoted by (1), such that n,(A,) — co asn — oco. In
particular, for n sufficiently large we have that n;(A,) > A,. From (4.2) we get

! b 2

: +14 41 f i >2
+771()»n)" /R3(c|vu [+ Vu |)dx+d< Ra'vu | dx

_ FGa)u®) g
_/Rf(x)(mm)u+>2q—l(” ) dx.

recalling that n;(%,) — ocasn — 00, A, — Ao as n — oo and exploiting (f3), (fs4) and Fatou’s
lemma, we get a contradiction. This shows that (1;(A,)) is bounded. So there exists & > 0 such that
N1 (Ay) — & as n — o0o. Now, using (4.2) with A = X, and taking n — oo we deduce

é-o/ (a|vut]” + V) lut]’) dx + bg, </ ‘Vu+‘l’dx)

+sg/ (c|vut|" + V) lut]) dx + d&, (/ yvu+’qu)

= fR 3K(x) f(&ou™)gout dx
that is
g1(E0) = 28 (&5, 20) = 0.
1\S0 a%_ 0,5 M0

Hence, &, = n,(Ao) which implies that 7, is a continuous map.
Moreover, n;(0) > 0. Indeed, if we suppose by contradiction that there exists a sequence (A,) such
that n;(A,) — 0" and A, — 0 as n — oo, then gathering (4.2) with (f;) we get

2
S O)u™) 2
d( R3|Vu+|qu> < /M K(X)W(u+) “dx — 0,

which gives a contradiction. Finally, we can also see that n; (1) < s for s sufficiently large.

In a similar fashion, for each & > 0 we define g>(A) = g, (&, 1), and we can introduce a map 1, that
satisfies the same properties as 7;. In particular, there exists a positive constant A; such that for each
&, L > A itholds that n(A) < A and np(§) < &.

Let Ay := max{max;c(o, 4,1 71 (1), maxgcpo,4,1 72(§)} and set A := max{C, C»}.

Next, we introduce the map @ : [0, A] x [0, A] — R? defined by ® (£, 1) = (17; (L), n2(£)). First we
note that & is a continuous map due to the continuity of n; and n,, moreover for every s € [0, A] we
can see that

ifA > A then (M) <A< A
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if A < A1 then 771()\.) < max 771()\.) < A2 <A
r€[0,Aq]

and similarly

> A, then (&
<A

if§ )
if§ 1 then 12(§)

SI<A
<

max <A,
[max i(€) <

hence ®([0, A] x [0, A]) C [0, A] x [0, A]. Applying Brouwer’s fixed point theorem there exists
(&4, 1) €10, A] x [0, A] such that

D(Ep, A) = (m(s-), m(t)) = (E4 Ao).

Since 71, 1, are positive functions, £, A_ > 0. In addition Vg, (§;, A_) = 0, hence (§,, A_) is a critical
point of g,,.

Next, we show the uniqueness of (£, A_). First, take w € M. By w = w* 4+ w™ and the definition of
gw it follows that Vg, (1, 1) = (0, 0), hence (1, 1) is a critical point of g,,. Our aim is to show that (1, 1)
is the unique critical point of g,, with positive coordinates. With this goal, let (&;, A¢) be a critical point
g0 gy With 0 < &y < 4. Using = 8w (50, Ao) = 0, which is equivalent to (Z'(§ow™ + Agw ™), Eqw™) = 0,
we can see that

1 b 2
= p/ (a|vu*|” + V@ w*|") dx + == (/ \vw+|1’dx)
& 3 R3

2
t g [ Elvur s Voot dxsa( [ [y ax)
Eo R3 R3

fEwh) 2
= As K(X)W(er) T dx.

Exploiting the fact that w € M we have
2
[ alvur | + v lwt])ax + b(/ !Vw+}pdx)
R3 R3
2
- (c;vm\q+v<x)|w+\q)dx+d(/ }Vw*\qu)
R3 R3

= / I((x)f(ufr)w+ dx
R3

and subtracting we have

1 1 2
(g 1) Latww "+ velo Pyas o g =1 ) ([ 9o )
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1
e (&=1) [ vt vl as
So R3
+ +
R3

GowH)2~  (wh)™

Using (4.3) and (fy) we get & > 1.
Similarly, from % (&0, Ag) = 0 we obtain

1 Yy _ip b o\
)%q—p/]m(aww "+ V)|w })dx—i—W(/RJVw | dx)

2
s [ (C‘Vw_’q+V(x)‘w_’q)dx+d</ \Vw—rfdx)
Ay JR3 R3

=/ K(x)M(w_)zqu.
R3

(how™)2a~1

Note that from w € M we also deduce that
2
[ alvur |+ v lu])ax+ b(/ Ww—y’dx)
R3 R3
2
—i—/ (c\Vw_|q + V(x)|w_|q)dx +d</ \Vw_|q dx)
R3 R3

:/ K(x)f(wf)wfdx.
R3

Subtracting these last two equality and using assumption (f;) we get 0 < & < A9 < 1. Hence &, =
Ao = 1, this shows that (1, 1) is the unique critical point of g,, with positive coordinates.

Next, take u € E such that u™ # 0. Let (&, A;) and (£,, A») be two critical points of g, such that
&,) > 0fori =1, 2. Define

U =&ut+1u" and U, =&ut 4+ hu™.
Then we have that U;, U, € M and U li # 0. Furthermore, recalling that £;, A; > 0 we have

A A
§—2U1+ + —2U1‘ = é—zslf + 20 =6ut +du =Ur e M
&1 Ay &1 A
hence from (i) we deduce that (%’ i—f) is a critical point of gy,. Due to the fact that U; € M we infer
that % = % = 1, thatis & = &, and A| = X,, from which follows the uniqueness.
Now we prove that g, has a maximum global point. Let Q C suppu™ and Q~ C suppu~ be positive
with finite measure. Gathering (2.1) with (f3) and Fatou’s lemma we get

gu(%—a A) = I(Su+) + I()‘u_)
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b 2
= {gl’/ (a‘Vu+‘p+V(x)‘u+{p)dx+—521’(/ ‘Vqu‘de)
R3 2p R3
2
vt [ (v Vool + e ([ v ax)
R3 26] R3
—f K(x)F(Su+)dx}
Qt
o [alvar vl Pyaxs ([ |de)
+)ﬂ/ (c|Vu|" + V) |u~|") dx + A2q</ |Vu~ |qu)
—/ K(x)F(,\u—)dx}
b 2
< {s"f (a\W*\”+V<x)\u+|”)dx+—szf’(/ \Vu*\”dx>
R3 Zp
w0 [ (vt Vool yax+ 2 (/ \Vuﬂqu)
—cls2‘1/ K(x)(qu)zqu}
Qt
b 2
+ {)J’/ (a‘Vlf}p + V(x)‘u_‘p) dx + —A2p<[ ‘Vu‘pdx>
R3 2p R3
d 2
+)ﬂ/ ( ‘Vu ‘q-l-V(x)‘u ‘)dx—l— A2q</ ‘Vu_‘qu>
R3
—Clxzq/ K(x)(u_)zqu}

+ G|K (|27 |+ |Q7]) > —00  as |, 1) = oo.

Combining the fact that g, is a continuous function with g, (§, 1) — —oo as |(§, )| — oo, we conclude
that g, assumes a global maximum in (€, 1) € (0, 00) x (0, 00). Using (2.1), for any &£, A > 0 we get

8u(5,0) + 8,0, ) =Z(5u™) + Z(hu™) = Z(§u™ + 2u™) = gu(&, 1),

therefore

u ’ u 7)\': Ll_vi
0<gl§gg($0)<£§)g(é ) =2gu&, 1)



388 T. Isernia and D.D. Repovs / Double phase Kirchhoff problems with vanishing potentials

and

0 (0, A W(E ) = guE, A
<ri1>a(>)<g( )<£g%g(€ ) =8&u(§, 2)

showing that (€, 1) € (0, 00) x (0, 00). By virtue of the uniqueness of the critical point of g, we have
that (£,, A_) = (£, 1), hence (£, A_) is the unique global maximum of g,.

(iii) From Lemma 3.1(a) we get i]—?(r, ) > 0ifr € (0, &), *’i;(@, A_) = 0and f’;g (r,A2) > 0if
r € (&4, 00). Similarly fora_(r). O

Proceeding as in [38] we can prove the following lemma.
Lemma 4.2. If (u,) C M and u,, — u in E, then u € E and u* # 0.
Now, we denote by

s = inf Z(u). 4.4
c nf (u) 4.4)

From M C N it follows that ¢, > dos > O.

5. Proof of Theorem 1.1
Let (#,,) C M be such that
I(u,) = cx InR. 5.1

First we show that (u,,) is bounded in [E. Suppose that there exists a subsequence still denoted by (u,,)
such that

|u,|| — oo asn — oo.

Set v, = =

T luall

for all n € N. Hence (v,) is bounded in [E so by Lemma 2.2 we may assume that

v, = v Ink,
v, — v ae.inR, (5.2)

v, —> v in L’(R3) forr € (q.4%).
Now, from u,, = ||u,| v, it follows that

lunllvy + llunllv, = lugllv, = u, € M



T. Isernia and D.D. Repovs / Double phase Kirchhoff problems with vanishing potentials 389

and by Lemma 4.1 we have &, (v,) = A_(v,) = |lu,l|. Recalling that (§£,, A_) is the unique global
maximum point of g, with positive coordinates, for any £ > 0 we infer

L(u,) = I(”unllvrz)
=Z(& (Wavy + - (n)v,)
= g0, (E+ (W), A— () > 80, (5, €) = Z(Evy)

&7 b , 2
== (ale,,I”-l—V(x)lvnl[’)dx—l-—é p Vv, |? dx
P Jrs 2p R3

g4 d , 2
+ = | (cIVual? + V(@©)|val?) dx + £ |Vv,|? dx
q Jrs 2q R3

—/ K(x)F(Ev,)dx. (5.3)
R3
Note that ||v,|| = 1, hence
f (alVu,” + V(x)|v,P)dx <1 and / (cIVulT 4+ V(x0)|v,|?) dx < 1.
R3 R3

Using 1 < p < g, and assuming without loss of generality that & > 1 so that £9 > &7, and exploiting
the following inequality

a?’ +b? > Cyla+b)? foralla,b>0andg > 1

from (5.3) we deduce

T(u,) > S—pf (a|an|P+V(x)|vn|”)dx+§—q/ (V0,1 + V() lunl?) dx

P JRr3 q JRr3

—/ K () F (§v,) dx
R3
%‘p

> 52C, luall —/ K (x)F(£v,) dx
q R3
S[’

_e, - f K (x)F(Ev,) dx. (5.4)
q R3

Assume by contradiction that v = 0. From (5.2) and Lemma 2.3 we deduce that for any £ > 0

lim | K(x)F(v,)dx = 0. (5.5)

n—oo R
Taking the limit in (5.4), and using (5.1) and (5.5) we have
EP

Coo = ;Cq forany & > 1,

which gives a contradiction. Therefore v # 0.
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On the other hand
Tw,) 1

lual??  pllu,

b 2
alVu,|” + V(x)|u,|” dx+7< IVun|”dx)
/|24 /R3( ) 2pllunl?? \ Jrs

d 2
Vu,|*+V ) d —_— Vu,|?d
ﬂmwéﬁ'w*'um”)“dmmw(w'w 0
Fuy,
_/ K (x) (”2) dx
R3 24,1127
o 1 N b n 1 n d
S plluall?ar " 2pllunlP@r T gllugllt - 2g
F(|lu, 2
_f K(x) “'”"'”’;)( ol ) dx. (5.6)
R3 (e va) =0 \ ey |
Combining assumption ( f3) together with Fatou’s lemma we get
F n n n 2q
lim/ K () U ”UZ)( - ) dx = +00 (5.7)
n—>00 Jgs (lnllva)*7 \ Mlun |l

so taking the limit in (5.6) we get a contradiction in view of (5.1), |lu,|| — oo as n — oo and (5.7). So
(u,) is a bounded sequence in [E and there exists u € E such that u,, — u in E. From Lemma 4.2 we
have u* # 0 and by Lemma 4.1 there are &, A_ > O such that £, u™ 4+ A_u~ € M, from which

1 ) B b . ?
e /ﬂ@(a‘Vu ‘p-i-V(X)‘u ‘p)dx+W</R3|Vu |pdx)

2
+iq (c!Vrf!q—i-V(x)‘u_‘q)dx—i-d(/ ‘Vu_‘qu)
AL Jgrs R3

— f()‘—ui) —\2¢q
B Lllppu K(X) ()\,_u—)zq—l (I/t ) dx. (58)

Our aim is to prove that &, = A_ = 1. Without loss of generality, let us suppose that 0 < &, < A_.
First we prove that 0 < &, < A_ < 1. Note that from u,, — u in E and exploiting Lemma 2.3 we have

lim K(x)f(uff)uflE dx = / K(x)f(ui)ui dx (5.9)
n—>oo ]R3 RS

and also
lim / K(x)F(uy)dx = / K (x)F (u™) dx, (5.10)
n—>00 Jp3 R3

and combining (#,) C M with Fatou’s lemma we get

T'(u), u™) < liminf(Z' (u,), u™) = 0,
( (u) ) < ), Uy,
n—>0oo
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which yields
2
[ (alvup s veolePyax o [ 9| ar)
R3 R3
2
# [ s vele Py +a( [ v ar)
R3 R3

< / K(x)f(u_)u_dx. (5.11)
suppu~

Subtracting (5.8) and (5.11) we obtain
1 —|P —|P 1 —\P 2
}¥2_qu_1 /R3(a|vu { +V(X)|M } )dx+b W_l AS‘VM ‘ dx
+ (iq — 1)/ (C‘Vl/l_‘q + V(x)|u_}q) dx
)\.7 R3

JO_u™) u- 5
g »[uppu K(x)<()x_u_)2q—1 N (u—)Zq—l)(u ) dx

and using assumption ( f3) we deduce 0 < A_ < 1. Hence, 0 < &, < A_ < 1.
Next we show that

I(S+u+ + )»_uf) = Coo- (5.12)
Now, from (4.4), 0 < &, < A_ < 1, assumption (f3), (5.9) and (5.10) we obtain

Coo < I(§+u+ + )»_uf)

=T(Eut +r_u™) — —(T'(sut +Au™), Eu + Au”)
1 1
- (; B Z) / (a] V(™ +0u)[" + Vg + A |") d

b1 1 TS
- rra

+ % (c|V(§+u+ + )»,u_)iq + V(x)|§+u+ + )»,u_iq) dx
R3

+ /R 3 K(x)(%f(&u*)(&u*) - F(éw*)) dx

- /R 3 K(x)(%f (r-u")(ru") = F (k—u‘)) dx
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11 b1 1 2
= <— — —)/ (aquI”-l—V(x)lulp) dx—l——(— — —)( |Vu|1’dx)
P 2q) Jws 2\p ¢ R3

1
- 2% L}(dww + V(x)|ul?) dx

+ /R3 1<(x)<%f(u+)u+ — F(u+)> dx + /M K(x)(if(u)u — F(u)) dx

11 b1 1 2
= <— — —>/ (aqu|p + V(x)|u|P) dx + —(— — —)( |Vu|pdx)
P 2q) Jw 2\p ¢ R3

1 1
+ —/ (C|Vu|‘1 + V(x)|u|‘1) dx +/ K(x)(—f(u)u — F(u)> dx
2q Jrs R3 2q

. 11 b(1 1 2
< liminfl | — — — (alVu,|? + V(@) u,l")dx + | — == |Vu,|” dx
n—oo |\ p 2¢q) Jgrs 2\p 4 R3

+ i/ (c|Vunl? + V(x)|u,|?) dx +f K(X)<if(un)u - F(un)> dX}
2g Jgs R3 2q
. . B
= hnnlg.}f{l(un) — Z(I (uy,), un>} = Cxo

which implies that (5.12) holds true. In particular it follows that§, = A_ = 1.

Next, we prove that the minimum point u = u™ + u~ is a critical point of Z. Assume by contradiction
that Z'(u) # 0. Then, due to the continuity of Z’ we can find «, 8 > 0 such that ||Z’(v)|| > B for all
v € E with |Jv — u] < 3a.

Define D = [1, 21x[4, 2]and E* = {u € E : u™ # 0}, and let us consider the function G, : D — E*
defined by setting

Gu(E, ) =&ut 4+ Au.

Using Lemma 4.1 we can see that Z(G, (1, 1)) = co and Z(G, (&, 1)) < ¢ in D \ {(1, 1)}.
Define

T = max I(Gu(g’)"))’
(&,1)edD

then 7 < c.
SetS ={vekE:|v—u| <a}andchoose ¢ = min{%(cOo —¥), By, By Theorem 2.3 in [54] there
exists a deformation n € C([0, 1] x [E, [E) such that the following assertions hold:

(@) &, v) =vifv ¢ B ([coo — 26, oo + 2¢]);
(b) Z(n(1,v)) < coo — € foreach v € E with ||[v — u|| < o and Z(v) < ¢ + €;
(©) Z(n(1,v)) < Z(n(0,v)) =Z(v) forall v € E.

From (b) and (c) we get

max Z(n(1, G,(§, 1)) < coo. (5.13)
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Now we prove that
n(1,Gu,(D)) "M # 0 (5.14)

because the definition of ¢, and (5.14) contradict (5.13).
Let us define

(&, 1) = (1, Gu(E, 1)),
o€, 1) = ((T/(Gu(&., 1)), €u™), (T/(Gu(1, 1)), 2u”)),
1

1
Y15, 0) = (E(I/(cbu(s, D). &) ¢ D). (T (@, (1. 1), &, (1. A))).

Exploiting Lemma 4.1(iii), the C' function y, (§) = g,(£, 1) has a unique global maximum point

& = 1. By density, given ¢ > 0 small enough, thereis y, . € COO([%, %]) such that ||y — y+,8||cl([%7%]) <

¢ with &, being the unique maximum global point of y, . in [%, %]. Hence, [y, — Vfr,g“c([% iy <&

yjﬁs(l) = 0 and yjr”s(l) < 0. Analogously, set y_(A) = g,(1, A), then there exists y_, € C"O([%, %])
such that ||y/ — Vi,g”(:([l 3y < & yjﬁg(l) =0and yjr’,g(l) < 0.

2°2

Let us define ¥, € C*°(D) by setting
Ve (€, 2) = (§v1 .6), ay. (V).

We note that ||[v. — Yollcipy < %8, (0,0) ¢ ¥.(0D), and (0, 0) is a regular value of i, in D.
Since (1, 1) is the unique solution of ¥, (&, A) = (0,0) in D, by the definition of Brouwer’s degree,
we can infer that, for ¢ small enough, it holds

deg(o, D, (0,0)) = deg(v., D, (0, 0)) = sgnJac(y,)(1, 1), (5.15)

where Jac(,) is the Jacobian determinant of v/, and sgn denotes the sign function.
We note that

Jac(y) (1, D) = [y (D + 7). (D] x [y (D +y" (D] =y, D) xy” (1) >0, (5.16)
so combining (5.15) with (5.16) we find
deg(v0, D, (0,0)) = sgn[y] (1) x y” (D] = 1.

By the definition of T and the fact that ¢ = min{i(coo —¥), @} we have that for any (§, A) € 9D

I -
T(Gu(E, 1)) < max T(Gu(E, M) < =(T + o) = oo — 2( =1 ) < 0 — 26
(E0)EID 2 4

This and (a )yields that G, = &, on d D. Therefore, ¥r; = 1y on d D and consequently
deg(¥1, D, (0,0)) = deg(v, D, (0,0)) = 1,

which shows that v (¢, A) = (0, 0) for some (&, 1) € D.
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Now, in order to verify that (5.14) holds, we prove that

i (LD = ((T'(@u(&, D), @u(1, D), (T'(@u(1, D), @, (1, D7) = 0. (5.17)

As a matter of fact, (5.17) and the fact that (1, 1) € D, yield ®,(1, 1) = n(1, G,(1, 1)) € M.
We argue as follows. If the zero (£, A) of y; obtained above is equal to (1, 1) there is nothing to prove.
Otherwise, we take 0 < §; < min{|§ — 1|, [ — 1|} and consider

D 1 511+31 1 311+(Sl
=|1-—, — | x[1—-—= — .
! 2 2 2 2

Therefore (§, A) € D \ D;. Hence, we can repeat for D, the same argument used for D, so that we
can find a couple (&1, A1) € D; such that (&1, A1) = 0. If (&1, A1) = (1, 1), there is nothing to prove.
Otherwise, we can continue with this procedure and find in the n-th step that (5.17) holds, or produce a
sequence (§,, A,) € D,_1 \ D, which converges to (1, 1) and such that

Y€y, Ay) =0, foreveryn € N, (5.18)

Thus, taking the limit as n — oo in (5.18) and using the continuity of i; we get (5.17). Therefore,
u =u" 4+ u~ is a critical point of Z.

Finally, we consider the case when f is odd. Clearly, the functional v is even. In the light of (3.2)
and ¢, > dy > 0 we can see that i is bounded from below in S. Moreover, using Lemma 2.2 and
Lemma 2.3, we deduce that v satisfies the Palais—Smale condition on S. Hence, applying Proposition 3.1
and [52], we conclude that 7 has infinitely many critical points.
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